
I 

J j • 

l 
i ~ 

f 
! 
, 

~ It 
I 

• 

·' 

. . -

TECHNICAL REf'ORT STANDARD TITLE PAC! 

I • I . I . r 't=. ~G~!rf"'1~ ~lle:··~~-n N~ u~ I 
D 0 E S N 0 T r: 1 ,~~-:\ ;': 1 ~ ·l_' AT E · .. TII-2-8-73-18-3 '-' '-' '--' 

1. Report No. 3. Recipient' 1 Catalog No. 

~~~~~~------------~-------------------------+~~~~------------------J 4. Title and Subtitle S, Report Dote _j 
Prediction of Thermal Reflection Cracking in West March, 1976 
Texas 6. Performing Orgontzatton Cod• I 
7. Author1s) 8 '" 0 R N • retformtng rgani zation eport o. I 
Hang-Sun Chang, Robert L. Lytton, and Samuel H. 
Carpenter Research Report No. 18-3 
9. f'erforming Organization Nome ond Address 

Texas Transportation Institute 
Texas A&M University 

10. Worlc Unit No. 

11. Contract or Grant No. 

l<\tunv Nn ?-A-73-18 College Station, Texas 77843 
t'-"7.:--::----~----:---:-~-:-:--------------------~ 13. Type of Report and Period Covered 

12. Sponsoring ~Agency Nome ond Address 

Texas State Department of Highways and Public Trans Interim_ September, 1972 
March, 1976 portation; Transportation Planning Division 

P. 0. Box 5051 
Austin, Texas 78763 

15. Supplementary Notes 

14. Sponaoring Agency Code 

Research performed in cooperation with DOT, FHWA. 
Study Title: "Environmental Deterioration of Pavement" 

16. Aba tract 

An economical means of rehabilitating deteriorated pavement is through the use 
of an overlay. The performance of overlay systems has, however, been far from 
satisfactory as the performance of any one system has varied widely among different 
installation sites. This study presents a rational approach for the prediction of 
overlay life and gives recommendations which are expected to extend the life of 
overlays. 

The predictions are made using linear elastic and viscoelastic stress analysis 
and viscoelastic fracture mechanics. Initially, a prediction scheme for viscoelastic 
thermal stresses in the overlay and old asphalt surface is used to predict thermal 
stresses more accurately than any previous attempt. These stresses are then applied 
to the crack surface to study the effects of material properties on crack develop
ment. The stress intensity factors necessary for this analysis are calculated using 
the finite element technique with the crack tip elements developed by Pian. Pre
dictions of service life are made using the empirical relationship developed by 
Paris. 

The results show that there are three states of crack growth in an overlay each 
of which require different layered arrangements of material properties to lower the 
stress intensity factor and thus retard crack growth. The influence of viscoelasti
city properties on reduction of crack growth are presented with the service lives 
for typical asphaltic concretes. 

Computer codes are developed for each calculation step and are fully documented 
The analysis oerfcrmed usino these codes reoresents an initial 7continued on back 

17. Key Word• 18. Dl•wlllution Stotement 

Thermal reflection cracking, pavement, 
overlays, prediction of service life. 

No Restrictions. This document is avai
lable to the public through the National 
Technical Information Service, Spring
field, Virginia 22161. 

19. Security Clauif, (of lfti• repot"t) 20. Security Clouif. (of thi a page) 21· No. of P ogea 22. f' rice 

Unclassified Unclassified 102 

Form DOT F 1700.7 ta-u1 

\. . 

I 



1 
1 
' j 

J 
1 ., 
~ 
' . 

i 
-l 
i 

\ 
\ 
.. \ 

\ 

\ 
f 

I 
1 

I 
J 

step in a rational design process to produce overlays resistant to environmental 
reflection cracking. 

• 



< 

I 
j r 

i 

I 
•' 
!. 

' -I 
; 
; 

i. 

1 • 

~ 
.! 

I . . 
! 
1 -
; 

PREDICTION OF THERMAL REFLECTION CRACKING 
IN WEST TEXAS 

by 

Hang-Sun Chang 
Robert L. Lytton 

Samuel H. Carpenter 

Research Report Number 18-3 

Environmental Deterioration of Pavement 
Research Project 2-8-73-18 

conducted for the 
State Department of Highways 

and Public Transportation 

in cooperation with the 
U.S. Department of Transportation 
Federal Highway Administration 

by the 

Texas Transportation Institute 
Texas A&M University 

College Station, Texas 

March, 1976 



I ~ 

' 

j 

' 

' ' i 
.J 

TABLE OF CONTENTS 

TABLE OF FIGURES 

PREFACE 

DISCLAIMER 

LIST OF- REPORTS. 

ABSTRACT .... 

IMPLEMENTATION STATEMENT 

I. INTRODUCTION . . . . 

II. THERMAL STRESS ANALYSIS ........•... 
The Equivalent Viscoelastic Analysis ..... . 
Nonisothermal Behavior of Asphalt Concrete .. . 
Calculation of Viscoelastic Thermal Stresses. 

III. MECHANISTIC APPROACH TO REFLECTION CRACKING IN PAVEMENTS 
Fracture Mechanics Concepts . • . . . . . . . . . . • . 
Fatigue Crack Growth Law ..•....•......... 

IV. STRESS INTENSITY FACTORS ................ . 
Stages of Crack Propagation Within the Pavement Structure 

Stage 1 - Crack within the old pavement layer ..... 
Stage 2- Crack touching the interface. 
Stage 3- Crack within the new overlay ...•. 

Determination of Stress Intensity Factor ..... 

V. PREDICTION OF OVERLAY LIFE 
Prediction Scheme ...•. 
Common Values for A and N 

VI. CONCLUSIONS AND DISCUSSION 

REFERENCES . . . . . . . . • . . 

APPENDICES 
A. Determination of Constants s and Ta in Eq. 2-12b ...... . 
B. Computer Program for Prediction of Viscoelastic Thermal Stress 
C. Finite Element Computer Code with Crack Tip Element 
D. Calculation of Service Life by Numerical Integration ..... 

i 

Page 

i i 

iv 

iv .. 

v 

vi 

vii 

1 

6 
6 
7 

13 

19 
19 
23 

27 
27 
27 
29 
31 
31 

38 
38 
47 

48 

53 

58 
60 
67 
88 

• 



,.. 
~ 

1 I • 
I 
j 

1 
l 
i 
l 

t 

t 
l 

I 
; 

i 

' 

i 

l 
~ 
l 
' 

t 
> 

.I 

i • . . 

; 

. 

. 

• 

. 

. 
. 

. 

Figure 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

TABLE OF FIGURES 

Master Creep Compliance Curve at Reference Temperature 
of 40° F . . . . . . . . . . . . . . . . . . . . . . . 

Relaxation Modulus Curve at Various Temperatures with 
Master Curve . . . . . . . . . . . . . . . 

8 

10 

Comparison of Measured and Curve Fit WLF Shift Factor 11 

Example of the Method for Graphical Determination of 
Power Law Constants S and Ta . . . . . . . . . . . 14 

Modulus Ratio for Simultaneous Cooling (or Heating) and 
Straining . . . . . . . . . . . . . . . . . . . . . . . 17 

Comparison Between Measured and Predicted Tensile Thermal 
Stresses for Various Predictive Techniques . . . . . . . 18 

Three Modes of Crack Opening Displacement (a) Mode I -
opening mode, (b) Mode II - shearing mode, (c) Mode III 
tearing mode . . . . . . . . . . . . . . . . . 21 

Stress Components on Element of Material and Coordinate 
System with Crack Front Along Z-axis 22 

Ratio of Stress Intensity Factor in a Bi-material Plate 28 

Ratio of Stress Intensity Factor of Semi-Infinite Crack 
Touching an Interface . . . . . . . . . . . . . . 30 

The Superposition Principle of an Infinite Body Containing 
a Crack . . . . ·. . . . . . . . . . . . . . . . . . . . 33 

Finite Element Representation of Pavement Structure, 
(a) Five-node Tip Element fo·r Symmetric Case, (b) Nine-
node Tip Element for Non-symmetric Case . . . . . . . . 35 

A Schematic Diagram Showing the Assumed Behavior of 
Pavement Temperature, and the Consequent Asphalt Pave-
ment Stiffness, Thermal Stress and Stress Intensity 
Factor During a Day . . . . . . 37 

Cracked Pavement Model 39 

Maximum Thermal Stress Induced By Different Daily 
Minimum Temperatures .......... . 40 

Maximum and Minimum Pavement Temperature Profile During 
Freeze in West Texas (Winter, 1966) ......... . 41 

i i 



Figure 

17 
• 
l 18 
1 
1 
l 
i 19 ' 

20 

B-1 

C-1 

C-2 

TABLE OF FIGURES (continued) 

Calculated Maximum Thermal Stresses Witnin.Pavement 

Stress Intensity Factor Versus Crack Length Within 
Overlay . . . . . . . . . . . . . . . . . . . . 

The Effect of Material Constants on the Overlay Service 
Life . . . . . . . . . . . . . . . . . . . . . . . 

A Recommended Overlay Design Concept for a Cracked 
Flexible Pavement ................. . 

Flow Chart for Viscoelastic Thermal Stress 

Three Possible Cases of Surface Tractions on Element 
Side I -J . . . . . . . . . . . . . . . . . . 

Possible Cases for Crack Element Nodal Data 

iii 

Page 

42 

44 

46 

50 

61 

73 

74 

• 



! i 

I i , 
I I 

l 
;; 

i 
l • 

I 

I 
' 

PREFACE 

This report details the analytical study of reflection cracking in overlays. 

The thermal activity of the overlay and original material are studied from a 

mechanistic viewpoint that gives a theoretical explanation of the observed 

behavior of some innovative overlay systems. This report is one of a series of 

reports from the study entitled 11 Environmental Deterioration of Pavement." The 

study~ sponsored by the State Department of Highways and Public Transportation 

in cooperation with the Federal Highway Administration is a comprehensive 

program to verify environmental cracking mechanisms and to recommend maintenance 

and construction measures to alleviate this pavement cracking problem. 

DISCLAIMER 

The contents of this report reflect the views of the authors, who are 

responsible for the facts and accuracy of the data presented herein. The 

contents do not necessarily reflect the official views or policies of the 

Federal Highway Administration. This report does not constitute a standard, 

specification or regulation. 
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ABSTRACT 

Prediction of Thermal Reflection Cracking in West Texas 

An economical means of rehabilitating deteriorated pavement is through the 

use of an overlay. The performance of overlay systems has, however, been far 

from satisfactory as the performance of any one system has varied widely among 

different installation sites. This study presents a rational approach for the 

prediction of overlay life and gives recommendations which are expected to 

extend the life of overlays. 

The predictions are made using linear elastic and viscoelastic stress 

analysis and viscoelastic fracture mechanics. Initially, a prediction scheme 

for viscoelastic thermal stresses in the overlay and old asphalt surface is used 

to predict thermal stresses more accurately than any previous attempt. These 

stresses are then applied to the crack surface to study the effects of material 

properties on crack development. The stress intensity factors necessary for this 

analysis are calculated using the finite element technique with the crack tip 

elements developed by Pian. Predictions of service life are made using the 

empirical relationship developed by Paris. 

The results show that there are three states of crack growth in an overlay 

each of \lhich require different layered arrangements of material properties to 

lower the stress intensity factor and thus retard crack growth. The influence 

of viscoelasticity and elasticity properties on reduction of crack growth are 

presented with the service lives for typical asphaltic concretes. 

Computer codes are developed for each calculation step and are fully 

documented. The analysis performed using these codes represents an initial 

step in a rational design process to produce overlays resistant to environmental 

reflection cracking. 
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IMPLEMENTATION STATEMENT 

i At present overlays for badly cracked pavements are designed either from 
j 

l the design engineer's experience or from empirical results. These designs have 

i consistently oroduced an overlay that would perform in one situation but fail 

l misera~ly in another. A major reason for such poor performance lies in the lack 
l 
1 of a rational mechanistic approach to overlay design. Only very recently has 

the problem of reflection cracking been examined in the light of the relatively 

new findings available in the field of viscoelastic fracture mechanics. 

The data presented in this report represent a significant step forward in 
j 
1 the prediction of the service life of an overlay based on its elastic and visco-
j 
1 elastic properties. The relationships, established from a sound theoretical 
1 

approach, clearly demonstrat~ the basic principles responsible for the excellent 

performance of certain overlay systems such as the stress relieving interface. 

The importance of having a mechanistic description for the behavior is that it 

will allow a wide variety of materials to be studied without requiring a field 

installation for each material, which even then only shows the behavior of 

the overlay under one set of environmental conditions. 

The computer codes developed for viscoelastic thermal stress calculations, 

stress intensity factor calculations, and service life predictions represent 

the best techniques currently available and are much more efficient and 

accurate than many numerical techniques currently being used. These techniques 

will have a wide range of application in the development of a description for 

envi-ronmental behavior of pavement systems. 

Based on these calculations, recommended ranges of overlay material properties 

which are expected to extend the life of overlays considerably are presented and 

suggestions for long-lasting overlay layered design are given. 

vii 
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... CHAPTER I 

INTRODUCTION 

The most visible form of pavement distress is the appearance of cracks on 

the asphalt surface. These cracks may be either environmental or traffic 

induced. In west Texas the predominant cracking pattern is transverse which 

may be attributed primarily to environmental influences on the pavement. To 

the driving public cracked pavements are merely uncomfortable and may become 

an irritation. To the engineer, however, the presence of cracks indicates that 

severe problems are present in the existing structure and future problems will 

be accelerated due to the cracking. Loss of load transfer ability, weakening 

of subgrade strength parameters due to the free access provided for moisture 

intrusion, debonding, and accelerated rutting are common results seen after 

cracking is first noticed. Cracking may not initially lower the serviceability 

of the pavement, thus, the driving public will not complain initially. The 

effect of such distress, however, severely reduces the long term serviceability 

resulting in a drastically shortened life for the highway. 

When cracking has progressed to a stage where rehabilitation is needed 

there are two methods available. These are: 1) reconstruction of the entire 

pavement structure, and 2) use of an overlay to level the riding surface and 

improve vehicle-surface interaction characteristics (1). When the traffic and 

environment have not deteriorated the structural properties excessively, the use 

of an overlay is by far the most economical means of rehabilitation available. 

Existing methods of overlay design, however, are based primarily on the field 

experience of the design engineer and empirical results obtained from studies 

of constructed overlays. As a result the designed overlays have varied widely 

in their performance. When using an economical design most overlays fall far 

short of their predicted life when the existing cracks reflect through the new 
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lowers the performance of the overlay and produces a pavement in nearly the 

same condition as existed prior to the overlay. This reflection cracking 

problem often requires repeated costly maintenance much earlier than planned. 

Thus, an understanding of the mechanism causing the reflection cracking would 

allow knowledge of material properties to be used in determining the degree 

of success to be expected in any rehabilitation project. 

The fact that these relatively large amounts of highway cracking could 

not be directly attributed to traffic loading spurred a growing concern 

for thermally induced cracking of pavements in the last decade (£). The 

majority of these studies have been mainly concerned with the fracture 

susceptibility of asphalt concrete under extremely low temperatures (1, ~). 

The finding of these studies could not provide results satisfactory enough 

to explain the same form of cracking found in moderately cold climates. 

The most co11111on form of low-temperature cracking that is first visible in a 

pavement is typically the transverse crack. Carpenter, Lytton and Epps 

(~) have found that transverse cracking in areas similar to west Texas 

occurs as a result of thermal activity in the base course material. In 

these climatic areas freeze-thaw cycling predominates as the major climatic 

variable and typical base course materials commonly used in west Texas 

are susceptible to cracking due to excessive tensile stresses induced 

by freeze-thaw cycling. The base course is actually more susceptible 

than the asphalt to cracking in these areas, and as a consequence could 

initiate cracks that would then reflect up through the pavement surface due 

to the accumulating damage of freeze-thaw cycling. 

The effect of an overlay would be to insulate the base course from the 

thermal changes. The effect of the freeze-thaw cycles would be centered 

mainly in the cracked original asphaltic concrete surface. The facts indicate that 

2 



rather than low temperature the effects of thermal cycling are important in the 

mechanism of reflection cracking of overlays in the west Texas area. There 

exists a need to further examine the development of crack growth due to repeated 

cycles of thermal change within the pavement. Such a study should result in 

predictions of service life to provide field engineers with guidelines for 

more efficient rehabilitation procedures. 

Pavement damage associated with repeated loading is often designated as 

a fatigue failure. The phenomenologically based Miner's law typically used to 

describe fatigue damage does not satisfactorily account for the influence of 

geometry and inhomogenieties, nor does it provide a quantitative measure of 

the cracking in the pavement. The more complicated mechanism of thermal 

cycling should not be expected to follow f~iner's Law. Amoresophisticatedapproach 

is necessary to relate thermal activity to the amount of observed cracking. 

During recent years the development and application of linear elastic 

and viscoelastic fracture mechanics concepts have progressed to a point where 

they now provide a rational design and experimental approach to the problem of 

crack propagation. Recent experimental work at Ohio State University (Q, 1, ~. ~) 

involved sand asphalt beams and slabs resting on elastic foundations. The results 

of these experiments verify the applicability of fracture mechanics in predicting 

fatigue life of asphalt mixtures. The results indicate that the rate of crack 

propagation in asphalt mixtures can be predicted using the empirical power law 

relation developed by Paris (10), 

~~ = A(ilK) 
n 

where ilK= stress intensity factor amplitude, 

A, n =fatigue parameters of the material, 

dc/dN = rate of crack growth, 

c = crack length, and 

N = number of stress repetitions 

3 
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Techniques presently used in the stress analysis of pavement structures have 

been developed from the general theory of stress and strain and displacement in 

a layered system as first introduced by Burmister (ll) based on the theory of 

elasticity in a two layered system. A highway pavement is typically composed 

of three or more layers of various soils with rigid or flexible surface course. 

The two layer analysis. while providing initial values for stress and strain 

is only· a first approximation. 

Improvements have been made and the techniques for stress analysis have 

been extended to three and more layers. Recently computer codes such as BISTRO 

and CRALAY (1£, lJ) have been developed that provide a better understanding of 

the stress state within the pavement. While these analyses provide descrip

tions of the stress state, necessary in the fatigue analysis of the pavements 

life, the use of these analyses to study the life of an overlay is questionable 

since most pavements requiring ov.erlay are cracked extensively on the surface. 

The imperfections at the interface of the old and new surface courses cause 

stress concentrations at the tip of the crack which can result in unexpected 

failure of the overlay. 

The problem of crack initiation and growth has resulted in the rapid 

development of the theory of fracture mechanics as a separate branch of solid 

mechanics. The use ·of fracture mechanics principles has proceeded most rapidly 

in the study of polymer and solid rocket fuel propellant bebavior. This 

theory proposes that fracture is the process of crack initiation and propagation 

where the fractures are all progressive, proceeding by crack extension. Through 

the proper app)ication of fracture mechanics a rational approach is available 

to predict the conditions under which fracture will occur, thus, allowing a 

better selection of materials to be made to resist fracture. 

Recently these results have been applied to material combinations which 

could be considered similar to a pavement system (~, li, 34, 35). The use of 
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these results has been complicated somewhat by the need for suitable numerical 

techniques to calculate the stress intensity factor. The more general approach 

involves use of the technique of finite elements. Special elements modeling 

the crack tip have been developed andused in finite element computer codes 

with results being more accurate than previous attempts "(48, 49, 50). The 

newer crack tip elements do not require extremely fine element sizes near the 

crack tip which greatly reduces computation time. 

The remainder of this study will address itself to: 

a) the prediction of thermal tensile stresses using the theory of 

linear viscoelasticity, 

b) the application of fracture mechanics principles to an overlay, 

c) the development of an efficient and accurate computer code 

to utilize the thermal stresses to predict stress intensity 

factors, and 

d) the prediction of overlay life as a function of material pro

perties and stress intensity factor. The final result of this 

study will be to provide a rational procedure by which overlay 

performance may be evaluated under environmental conditions . 
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CHAPTER II 

THERMAL STRESS ANALYSIS 

The Equivalent Viscoelastic Analysis 

The rheological characteristics of asphaltic concrete as a function of 

time and temperature, termed viscoelastic properties, have been defined by 

various research studies (27, 28, 29). Although nonlinear in behavior the 

linear viscoelastic analysis provides a very good approximation to the actual 

behavior of the asphaltic concrete in-situ. 

Historically, two different approaches have been used in the development 

of the application of stress-strain equations within a viscoelastic medium. 

The first approach utilizes mechanical models consisting of linear springs and 

dashpots. The second approach has as its basis the hereditary integral and 

as such covers a broader class of materials and is often easier to apply. In 

general, the current stress and displacement response in viscoelastic media will 

depend on the entire history of the applied loads. For a nonaging material the 

one-dimensional constitutive equation is: 

t 

a = fa E ( t-•) ~~ dT ( 2-1 ) 

The inverse of Eq. (2-1) is of the same general form and represents another 

useful one-dimensional constitutive equation: 

where 

r t dcr 
<:: = lo D (t-T) dc" dT (2-2) 

cr = stress 

<:: = strain 

E(t) = relaxation modulus, stress response due to unit strain applied at t=O 

D(t) = creep compliance; strain response due to unit stress applied at t=O 

If the relaxation modulus is known, then Eq. (2-1) enables us to calculate 

6 



the stress due to general str.ain histories. In an experiment one usually 

applies constant strain in a relaxation test or constant stress in a creep test. 

However, since constant strain relaxation tests are rather difficult to perform 

with stiff materials, the creep compliance will be the experimental result 

most often obtained. The creep compliance and relaxation modulus of asphalt 

concrete normally obey a power law representation. Figure 1 shows the creep 

compliance derived from Monismith's data (1) which is approximated by the 

power law 

D(t) = o
0 

+ o
1

tm (2-3) 

where m is the slope of the straight line region and o1 is the intercept of 

straight line with log t = 0. Both m and o1 are positive constants with 

0 < m < 1. The product may be expressed as: 

E(t)D(t) = sin(mTI) 
mTI (2-4) 

and forms the relationship for creep compliance to the power law relaxation 

modulus in the power law range of behavior (23). 

Nonisothermal Behavior of Asphalt Concrete. The mechanical response of 

viscoelastic materials is normally very sensitive to temperature change. 

Therefore, nonisothermal behavior is of considerable practical importance. 

For asphalt concrete, the modulus increases with a decrease in temperature. 

A common type of temperature dependence, the so called thermorheologically 

simple behavior, will be assumed to represent the effect of temperature on the 

' relaxation modulus,E(t, T). With this assumption the data at different 

temperaturescanbesuperimposedto form a single continuous master curve by 

means of horizontal translation to a reference temperature, TM. The horizontal 

distance between a master curve and any one of the curves at temperature T 

is independent of time and is written as log aT. Thus, the time and temperature 

dependence of the rheological characteristics can be sufficiently defined by 

7 
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the following equations: 

E ( t, T) = EM ( t,;) (2-5) 

where 
t 

~ = -- (2-6) 
aT 

EM(~) i~ the master curve of relaxation modulus as shown in Figure 2. The 

quantities t,; and aT are called the 11 reduced time" and 11 horizontal shift factor" 

respectively. When temperatures are above the glass transition temperature, 

Tg' of a particular material (i.e., when T>Tg), the so called WLF equation 

normally applies, as shown in Figure 3. The WLF equation is: 

(2-7) 

where 

T = the temperature for which aT is determined, 

TM = the reference temperature of the master curve, and 

F1 and F2 are constants and can be calculated by solving the simultaneous 

equations of two proper points on the curve as follows: 

1 og aTl] . 

log aT2 

log aTl] 

log aT2 

Estimation of thermal stresses developed within the pavement has been of 

great concern in areas which suffered a large quantity of transverse temperature 

cracking. Christison (~) has evaluated several available numerical methods 

(Jl, 32) to determine the viscoelastic thermal stress. The main difficulty 

in applying these techniques is that the predicted stress is often very 

dependent on the time interval used in the numerical integration. The results 

calculated may vary up to 50% when using different time increments. Thus, 

users may have to find the right answer through several unnecessary trials. 

A slightly modified form of the existing theory is described and 

recommended in the JANNAF handbook (33). This approach, which is more accurate 

9 
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. and efficient, is discussed here. 

The uniaxial stress cr due to an axial strain E and temperature change, 

b.T = T-To, is 
t 

cr = Ee(E-ab.T) + a ( b.E(t;-t;l )d(E-ab.T) d-r 
~0 d-r 

where 

J0 = temperature at stress free state 

a = thermal expansion coefficient 

Ee = long-time equilibrium modulus; Ee ~ 0 for asphalt 

b.E(t;) = the transient component of the relaxation modulus; 

b.E(~) = E(~) - Ee 

aF = temperature dependent coefficient arising from the free energy 

change; aF = 1 for thermorheologically simple materials. 

Also ~ and ~~ are integrated forms of reduced time, 

~ : rt dt 1 
t ~ 1 : r L dt 1 

lo aT J o aT 

(2-8) 

(2-9) 

where aT' the horizontal shift factor, is a function of temperature. Note that 

for a perfectly constrained pavement, E = 0. 

If we assume a constant thermal expansion coefficient a and constant rate 

of straining and cooling (or heating) starting at time t = 0, then 

E = Rt (R = constant rate of strain) 

b.T = T~To = RTt (RT = constant rate of temperature change) and Eq. (2-8) 

becomes 

(2-10) 

where 

t = time for loading 

ET = strain due to stress 

Eef = effective modulus; Eef = a 1t E + _f. 
e t 

0 
b.E(~-~~ )dt' (2-11) 
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~E and aT can be expressed as the following power laws. 

llE(~) = E 1 ~-m 

a = T 

T T 6 
( M - a) 

T - T a 

(2-12a) 

(2-12b) 

where TM is the reference temperature for the master curve and E1 is the intercept 

of a straight line region with log (~) = 0. Both E1, m, and 6 are positive 

constants and Ta may be a positive or negative constant. The temperature Ta 

is approximately 10 to 20°F below the glass-transition temperature. With these 

two power laws, Eq. (2-11) may be analytically integrated. Appendix A and 

-l Figure 4 illustrate the determination of constants 6 and Ta. The effective 

i 
i 

--, 

modulus then becomes 

(2-12) 

where 

Es = isothermal constant strain rate secant modulus at temperature T; 

For cooling (T ~To): 

I = 1-m (-1 
T (6+1) 1-m 

For heating (T ~To): 

I = 1-m ( 1 
T (6+1) 1-m 

6+1 
(~T +1) 

+ _,_)1-m r n 
~Tn }, 

(2-13) 

(2-14a) 
(-6- + m-2) 

{1-X)-m(X) S+l dX 

(2-14b) 

6 -
(- + m-2) 

(X-1)-m(X) S+l dX 

These results are expressed in terms of the normalized temperature change, 

~Tn' defined as: 

~T = T - To 
n To - Ta 

Calculation of Viscoelastic Thermal Stresses 

(2-15) 

To efficiently use the theoretical relationships just developed a computer code 

13 
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has been written which can calculate the viscoelastic thermal stresses due to expan

sion or contraction. The code is explaine1 in Appendix B. It is to be noted 

that each of the integrals for the factor IT {Eq. 2-14) have a singularity at 

either the upper or lower limits. To improve the convergence rate of the 

numerical integration these two equations can be reformulated as follows: 

(i) For-the cooling process, the integral can be written as, 

where 

1 
IH.;: Xa (1-X)bdX (0 .s_ H .s_ 1) 

H = 

a = 

(LH +l)S+l 
n 

B 
(S+l) + m- 2 

b = -m 

which have been defined in Eq. 2-12b. 

the equation becomes 

or 

I = ( 1 XA-1 ( 1- X) B-1 dx 
H JH 

= (01 } n xA-1 ( 1-X) B- l dx 

IH = G(A, B) - GH(A, B) 

= G(A, B) [(1-P(H))] 

(2-16) 

If we let A = a + 1 and B = b + 1, 

(2-17) 

(2-18) 

where G{A, B) and GH(A, B) are complete and incomplete Beta functions 

respectively (38). P(H) is the probability that the random variables follow 

~ the Beta function with the degree of freedom of A and B; and further: 

i 
-; 

' 

P(H) = GH(A, B)/G(A, B). P(H) may be solved using an IMSL scientific 

subroutine MESETA (39) which is called directly from the IBM 360/65 computer's 

1 oca l l i bra ry. 

( i i) For the heating process the integral 

IH =lH Xa(X-1)bdX (H :::_ 1) 

15 
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Since b is a negative constant, the recurrence formula (40) is used to 

avoid the singularity at the lower limit. The equation then becomes 

H 
I = 1 [xa+l (X 1 )b+l (a+b+2){ xa (X l)b+l dxl 
H ( b+ 1 ) - - J l - J (2-20) 

The above integral is calculated by the trapezoidal integration rule. 

Since the upper limit, H, is increased exponentially, a step by step integration 

is used to achieve accuracy with an acceptable conver~ence rate. It can be 

shown that: 
H n H.+l 

IH. =j i Xa(X-l)b+ldX =L: f 1 

Xa(X-l)b+ldX (n=l, 2, ... , 10) 
1 1 i =0 H . 

1 (2-21) 

where 

(2-22) 

Once the values of IH have been obtained for each increment ofT, a curve, 

as shown in Figure 5, representing the modulus ratio derived from the test 

data given in Figures 1, 2, 3, and 4 is incorporated into the computer code for 

calculating thermal stresses. For any intermediate value ofT, a straight line 

l interpolation between the calculated points is performed to obtain IT' 
f 

l A comparison with experimental data for viscoelastic thermal stress, 
l 
l . 
J shown in Figure 6, demonstrates that this newly developed computer 
I r 

t _ code is capable of predicting tensile stresses much more accurately than 
l 
j • existing codes (JQ, ~- A comparison of the computer codes on an individual 
; 

I 

I -
j' 
i 
' 

basis would show that the proposed method is much more straightforward and 

efficient. 

16 
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CHAPTER III 

MECHANISTIC APPROACH TO REFLECTION CRACKING IN PAVEMENTS 

Fracture Mechanics Concepts 

In 1920, Griffith (}!) first developed these concepts by assu~ing the existence 

of a flaw in a thin elastic plate and described the energy terms controlling the 

growth of cracks. This elastic body may contain two kinds of potential energy: 

(1) surface energy (y) and, (2) elastic strain energy (Ue). The system would become 

unstable and the crack would increase in size if the difference in strain 

energy released with crack extension is greater than the energy required to form 

the new free surface. This criterion leads directly to the expression for the 

critical stress, ocr' 

( 3-1 ) 

where E = modulus of elasticity, 

Ccr = critical half crack size, and 

ocr = critical tensile stress, or the tensile strength of the specimen. 

This equation provides a relation between the tensile strength of the specimen 

and the size of flaw. 

Irwin (1§) extended Griffith's theory to include the situation of general 

interest. In this extension the surface energy term, y, was replaced by an 

experimentally determined quantity, the so-called crack extension force, G. 

This is the quantity of stored elastic energy released in a cracking specimen 

as the result of the virtual extension of an advancing crack. When this 

quantity reaches a critical value, Gc, the crack will propagate rapidly. For 

a crack length of 2C in an infinitely wide plate under uniaxial tension the 

critical stress becomes: 

(3-2) 
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Utilizing linear elasticity theory, researchers have only recently approached 

the problem of developing mathematical formulations to make practical application 

of fracture mechanics. Attention has been focused on the intensity of the 

stress field near the crack tip. This stress field possesses a singularity of 

the form{l/lr~for both linear elastic and viscoelastic materials. The strength 

or amplitude of this field is referred to as the 11 Stress Intensity Factor 11
, K. 

Three fundamental modes of relative crack surface displacements (l§) are shown 

in Figure 7. Any particular problem may be treated as a combination of any 

of these displacement modes. For example, in the immediate vicinity of the crack 

tip the stress and displacement for a mode I crack,opening mode, using the 

coordinate system as defined in Figure 8, may be expressed by the following 

equations: 

ox = K 1 (2rrr)~ cos(~)(l-sin~ sin ~) 

cry= K 1 (2rrr)~ cos(~)(l+sin~ sin~) 

Txy = K 1 (2rrr)~ sin(~)cos(~)cos(3~) 
Kr r !.:: (e) 2 e U = 2~ (2rr) 2 cos 2 (R- 1 + 2 sin (2)) 

V = ~~ ( 2~)'> sin(n(R + 1 - 2 cos2 (~)) 
Txz - Tyz - 0 

where U and V = horizontal and vertical displacements respectively, 

K1 = mode I stress intensity factor, 

r = distance from crack tip, 

~=shear modulus,~= E/2 (1 + v), 

v = poisson's ratio, 

R = 3 - 4v for plane strain, and 

R = (3 - v)/(1 + v) for plane stress. 

20 
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Figure 8. Stress Components on Element of Material and Coordinate 
System with Crack Front Along Z-axis 
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, "Note that fore= 0° the major stresses become equal, namely: 

; 

; 
I 

cr = cr = K (2Tir)-~ 
X y I 

and for e = TI the opening or vertical displacement becomes simply: 

where ~e = 4/E for plane stress and 

Ce = 4(1-v2)/E for plane strain. 

(3-4) 

(3-5) 

The crack propagation in an elastic body will become unstable when the 

stress intensity factor reaches the so called critical stress intensity factor, 

KIC' i.e., failure occurs. The quantity, KIC' is a material constant related 

to the free surface energy, y, by the following relationship: 

(3-6) 

Due primarily to the straight forwardness of the assumptions involved in 

the stress intensity factor approach and the ability to ignore the little 

understood surface energy and plastic work phenomena which accompany fracture 

development, the use of the stress intensity factor is now preferred over use 

of the free surface energy (11). 

j -
1 Fatigue Crack Growth Law 
I j - According to the A.S.T.M. definition, fatigue describes the behavior of 

l materials under repeated cycles of stress or strain which causes deterioration 
l 
l of the materials and results in a progressive fracture (18). Fatigue behavior 

may be distinguished by three main features: 1) loss of strength, 2) loss of 

ductility and 3) an increased uncertainty in both strength and service life. 

All these consequences stem from the inhomogeneity of real materials. 

Deterioration resulting from fatigue manifests itself primarily in the 

formation of cracks in the material. Most cracks responsible for fatigue 
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failures start at visible discontinuities which act as stress raisers. The 

subsequent development of cracks due to fatigue in engineering materials can be 

divided into three phases: (1) crack initiation (2) stable crack growth 

(3) castastropic fracture. The material of interest, asphalt concrete, behaves 

as a non-crosslinked polymer. It has been demonstrated that crack initiation 

occupies only a small portion of time when compared to the total fatigue life (~). 

Thus the prediction of service life can be obtained by knowing the number of 

loading cycles required for a crack to grow to a critical size. 

Various factors that affect the fatigue behavior that must be considered 

are the environment, stress state, load history and flaw type of the materials. 

Paris (~, ZQ) first suggested that for fatigue crack propagation in metal the 

crack growth rate was almost exclusively dependent on the change in the stress 

intensity factor during each cycle (~K); and only secondarily dependent on mean 

stress and frequency. He proposed the following equation based on these 

assumptions, to describe the crack growth rate: 

where 

de = A(~K)n 
dN 

c = crack length, 

N = number of cycles, 

~K = stress intensity amplitude, ~K = Kmax - Kmin' and 

A,n =material constants obtained from experimental tests. 

(3-7) 

Experimental data collected by Ohio State University (._2,~, _a) from tests on 

sand asphalt beams and slabs resting on elastic foundations indicate that 

the crack propagation process in an asphalt mixture can be predicted using this 

power law relation. The prediction of total fatigue life Nf can then be obtained 

by integrating expression (3-7) to obtain the number of cycles to failure: 

1 de 
A(~K)n 

(3-8) 
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~ where C0 and Cf are, respectively, the initial and final crack size within the 

overlay. Once the material constants A, n and Krc have been found a prediction 
: 

of fatigue crack propagation can be determined if the history of the stress 

intensity factor, K, is known for a particular loading sequence, crack length, 

and set of boundary conditions. 

In addition to elastic fracture mechanics, theories also exist for predicting 

fracture initiation time and crack growth in viscoelastic media (21, 22). 

Recently Schapery (2], 24, ~) has developed a general theory of crack growth 

in viscoelastic media. This theory of fatigue crack propagation in asphaltic 

concrete was derived from the power law relation (2-7), upon integrating: 

de _ B (6.K)2(l+l/m) (3-9) dN - t 

where t+tp 1 

2 m 
~1 2 (1+1/m) dt 

Bt 
(1-v )D1t..mTI 

= 
2m+l l/m 2 2 

y Om !1 

m = slope of the straight 1 ine region of the creep compliance curve, 

o1 = intercept of straight line with log t = 0 in the creep compliance 

curve (See Fig. 3) 

!.: 

A = 3(TI)
2
r(m+l) r =Gamma function 

m 4(~)r(m~) 

W = W(t) which defines the wave shape of the stress intensity factor, 

y =fracture energy density (lb/in per unit area), 

am = maximum stress a material can sustain, 

Il = a diQensionless integral' 0 < Il ~ 2 and 

tp = time of loading for a given stress pulse. 

i - 25 f 
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Obviously, equality of the empirical Eq. (3-7) and the theoretical Eq. (3-9) 

requires that 

A = B 
t 

and n = 2{1+1/m) (3-10) 

under the conditions for which the extended correspondence principle established 

by Graham (26) is applicable. This result enables us to predict the response 

in a viscoelastic media using the results of elastic solutions and to relate 

the fatigue constants to material properties. 
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CHAPTER IV 

STRESS INTENSITY FACTORS 

Stages of Crack Propagation Within the Pavement Structure 

Linear fracture mechanics was mainly developed for homogeneous and 

isotropic materials. It is only recently that the structural design of composite 
-

material has brought the attention of engineers to fracture at the bond between 

dissimilar materials such as an asphaltic concrete. For practical applications 

to pavement design, the crack growth within a pavement overlay system may be 

categorized into three stages: (1) when the crack tip is within the old layer 

growing toward the interface between the old pavement and the new overlay, 

(2) when the crack tip is resting on the interface, and (3) when the crack is 

within the new overlay. Each stage produces a different stress intensity factor 

for the crack tip that gives a new rational insight into material selection. 

Stage 1 - Crack Tip Within Old Pavement Layer 

Williams {34, 35) first discussed the stress state around a crack in 

dissimilar media and found that the stresses at the crack tip were of the form 

(>. = -!a ± iB) ( 4-1 ) 

where >. is a complex number for the solution of bi-material problems and B is 

zero if the crack is in a homogeneous medium. The numerical approach by 

Leverenz (36) studied the problem of a bi-material plate as shown in Figure 9 

subject to uniform displacement, containing a crack perpendicular to the 

interface. He concluded that if a plate containing a crack is bonded to a 

second material with a higher elastic modulus, the value of the stress 

intensity factor will be smaller when compared with that of only one material. 

The reverse effect is also true. 

Cook and Erdogan (]]) solved the problem of two bonded elastic half planes 

f containing a finite crack fully embedded in one of the half planes. Similar 
I 

1 
\ -
' 
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effects for the modulus of the second material on the stress intensity factor 

as shown in Figure 9 were found. In this case, the stress singularity at the 

crack tip is in the form of 
1-A cr rv r (4-2) 

When the crack is perpendicular to the interface, A is real and is the solution 

of the following characteristic equation: 

2 2a1cosrrA - (a2A + a3) = 0 (4-3) 

where a1 = (m + R2) (1 + mR
1
), 

a2 = -4(m + R2) (1 - m), 

a3 = (1 - m) (m + R2) + (1 + mR
1
) (m + R2) -m(l + R1) ( 1 + mR1), 

m = u2tu1 as defined in Figure 10 

u is the shear modulus and R=3-4v for plane strain, R=(3-v)/(l+v) for 

plane stress conditions 

Stage 2 - Crack Touching the Interface 

For the special case when a semi-infinite crack is touching the interface, 

the stress intensity factor is dependent on the bi-material constants, and: 

(4-4) 

where Al is the root of Eq. (4-3). Figure lOalso shows the calculated values 

of K1 for various material combinations. The same trend for stress intensity 

factor under distributed loads has been found to be similar (37). In the case 

of a homogeneous medium, Al = ~' and Eq. (4-4) reduces to the following known 

result. 

= f (L)~ 
Ko 1T r o (4-5) 

It is important to note that Figure 9 and Figure lOshow the opposite 

effect on stress intensity factor given the same combination of material 
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' constants. From this it can be concluded that a higher modulus for the overlay 

material will reduce the stress intensity factor of those cracks still embedded 

in the pavement. However, for the crack already touching the interface, a 

lower modulus layer will serve as a stress relieving medium. The experimental 

findings of field tests (~, ~' ~) are consistent with the results predicted 

using these theoretical approaches. 

Although some experiments have produced encouraging results, documentaries 

as to the reasons for success or failure are scarce. Roberts (2a) reported 

that experiments in Iowa showed a substantial difference in reflection cracking 

between asphalt mixtures made with 80 and with 115 penetration asphalt. It has 

been found that softer asphalt can reduce reflection cracking approximately 

50% over that of the stiffer asphalt (80 penetration). Haas (~) in Canada 

also reinforced the use of softer material. An NCHRP report (1) recently 

recommended a stress relieving layer between the overlay and existing pavement. 

From these findings, it may be surmised that the asphalt stiffness can be a 

significant factor in the elimination or delay of cracking. The major point 

however, is that the theory presented in this chapter clearly illustrates the 

basis for the visual findings of the cited research efforts. They represent 

perhaps the first theoretical explanation of observed field experience. 

Stage 3 - Crack Within the New Overlay 

Once the crack tip has reflected through the surface, and the surface has 

been overlaid, however, the development of the stress intensity factor is the 

most important factor in predicting the thermal fatigue life of the overlay. 

The prediction of the stress intensity factor will be discussed in the remainder 

of this chapter. 

Determination of Stress Intensity Factor 

The finite element method is generally accepted because of its ability to 

handle very general geometries, a variety of material properties, and 
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loading conditions. Early studies on fracture mechanics problems involving the 

finite element were conducted by Tuba (.!2) and Kobayashi (~). They 

attempted a straight-forward application of the technique with no special 

attention given to the stress singularity at the crack tip. Computational 

experiments indicated the need for very large degrees of freedom and raised 

serious questions about the reliability under the given conditions (~, ~). 

New improvements using the energy method approaches such as the energy release 

rate method (~) and the J-integral method (47) still require the use of an 

extremely fine mesh near the crack tip and are restricted to only Mode I 

analysis (See Figure 2). 

Recently Pian and Tong (48) adopted the hybrid-element concept and the 

complex variable technique to construct a special element for the tip region 

and combined it with the conventional finite element solution scheme. This 

technique permits the proper consideration of the stress intensity at the crack 

tip and also leads to a very efficient program (19, 50). The use of such an 

element has been shown to be very efficient and highly accurate even when a 

coarse element mesh is used (50). 

A Fortran computer program (Appendix C), which incorporates Desai •s (51) 

constant strain finite element program with Pian's tip element, has been 

modified into double precision on the IBM 360/65 for the analysis of pavement 

reflection cracking problems. This program calculates both Mode I and Mode II 

stress intensity factors and also provides an option which calculates the 

strain energy of the plane structure for an alternate solution by the energy 

method. 

When dealing with boundary values over an infinite region such as a pave

ment structure, the problem can be analyzed as the superposition of two 

problems (22) as shown in Figure 11. The solution for problem (a) is trivial 
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as the stress is the same everywhere. The magnitude of the stress intensity 

factor for problem (b) is the same as for the overall problem. Thus the 

analytical approach can be simplified by applying the tensile forces as 

compression forces over the finite region of the crack surface. 

Figure 12 shows the finite element representation of a pavement structure 

and two types of tip elements. The cracks, assumed to be propagating upward, 

were studied in incremental lengths. Since the crack is assumed perpendicular 

to the interface, only the mode I stress intensity factor will be considered 

in this study. Thus the five node crack tip elements are used because of the 

nature of symnetry. As a rule of thumb, the size of the tip element is chosen 

as r < c/10 where c is the half crack length. The distances of the crack from 

the remote boundaries are determined such that the solutions will not be 

affected by the presence of the boundaries. 

A proper choice of the crack tip length, z, where the forces cannot be 

applied directly is a major consideration. In this region, a solution for the 

stress intensity correction factor, CK' following Barenblatt (53) is used, 

in which: 

= ( )ki· z cre (t;)dt; 
CK 2 

ovt 
(4-6) 

where t; is the distance away from crack tip and cre(t;) is the surface stress 

inside the crack tip element, i.e., -cre is the thermal stress at the depth 

near the tip region. 

If z is sufficiently small, cre(t;) can be assumed as a constant, cre(t;) = cre. 

The correction factor CK' for this case then becomes 

C = (~)~ · cre · (Z)~ K rr 
{4-7) 

and the resultant mode I stress intensity factor will be: 

(4-8) 
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where K is the computed solution obtained when forces are applied at the crack 

surface. 

Figure 13 is a schematic diagram of pavement temperature, thermal stresses, 

stiffness and stress intensity factor history during a single cycle. As can be 

seen from the figure, the stiffness and thermal stress of the pavement material 
-

will increase as its temperature decreases. At the same time the stress 

intensity factor, which depends upon both the stress and the stiffness, increases 

to a maximum when the temperature reaches its minimum value. In the computer 

program written to predict crack growth, it is assumed that the instantaneously 

stable crack growth occurs when the pavement reaches its minimum temperature. 

Consequently, the calculated maximum stress intensity factor Kmax' is used for 

the prediction of fatigue life which is done in the following Chapter. 
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Prediction Scheme 

CHAPTER V 

PREDICTION OF OVERLAY LIFE 

The problem to be analyzed is a four layer flexible pavement which is overlaid 

by a relatively thin asphalt concrete surface. A crack is assumed to be existing 

in the base course and old surface layer as shown in Figure 14. Each layer is 

characterized by an elastic modulus and·Poisson's ratio, which are reported else-

l where {l], 54, 55). A plane strain condition is assumed for the pavement structure. 
i 
l Pavement temperature profiles calculated from West Texas climatic variables 

l 
.j 

t 

l 

1 
1 
1 . 

were calculated by Carpenter {56) using Dempsey's heat-transfer computer program (57). 

A preliminary thermal stress analysis was performed for the asphalt concrete 

specified in the previous chapter using the viscoelastic thermal stress computer 

code. The results, shown in Figure 15, indicate that due to the viscoelastic 

nature of the asphalt, thermal stresses may be negligible when pavement temperatures 

are above the freezing temperature (32°F). Therefore it seems reasonable to assume 

that cracks will propagate during the more severe weather conditions present in 

winter. 

Figure 16 shows a typical temperature profile when pavement temperatures are 

below freezing. Thermal stresses were computed by assuming the maximum temperature 

of each layer to be the stress free state temperature. Since the viscoelastic 

properties of the base course layer are not known at this time, only the elastic 

thermal stress (i.e., a= a · E · (6T))is calculated for the base course. The 

resultant thermal stresses versus depth are shown in Figure 17. The type of 

thermal stresses exhibited are rather unusual. Because of the different thermal 

activity possessed by each layer, however, and the creep effect of the asphalt 

concrete, these data are realistic. 

For the prediction of service life, the important factors to be considered 
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are as follows: 

1. The stress intensity factor history during the stable crack growth (e.g. 

K1 = K1(C)), where C is the crack length within the overlay. 

2. The fatigue parameters A and n. 

3. The critical stress intensity factor Krc· 

Using the finite element method with the crack tip elements previously 

discussed, stress intensity factors were calculated by increasing the crack 

length within the overlay. Figure 18 shows that the stress intensity factor 

increases with increasing crack length. Figure 18 also shows that an increase 

in the overlay modulus will decrease the stress intensity factor. It is to be 

noted that the basic assumptions of the fracture mechanics computer code are only 

valid for the crack tip nearly h1/l5 away from either boundary (i.e., either the 

interface or the pavement surface). Therefore extrapolation was used to extend 

those values to the boundary. 

The Fortran computer code developed for the estimation of service life is 

shown in Appendix D. A second order polynominal developed within the program 

is used to fit the function KK = K1(c), shown in Figure 18. Integration was 

performed using Simpson's rule. The criterion for overlay failure is defined 

as the time when either, (1) the stress intensity factor reaches the critical level 

for a specified material or, (2) the crack tip reaches the surface plane of an 

overlay. 

As discussed previously n is related to the viscoelastic property m, the 

slope of the creep compliance curve, as given by Equation (3-10). 

n = 2(1 + l) 
m (3-10) 

Normally m varies as 0.5 < m < 1 for the asphalt concrete, therefore a variation 

of n, 4 ~ n ~ 6 can be anticipated. A value of m=l indicates a soft asphalt. 

The experimental results have also shown that for beams and plates resting on 
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foundations with sufficient rigidity, a typical value of n will be 4 at 77°F. 

Probably due to strain effects (e.g. crack tip blunting), values of n somewhat 

less than 4 have been reported for the unsupported specimens (1, a). Also, it is 

noted that n increases with decreasing temperature (§). 

It is important to recall from the viscoelastic fracture mechanics approach 
-

that A can be related to Bt as was shown in equations (3-9) and (3-10). Values 

of A are direct function of o1 and an inverse function of the fracture properties 

(y, crm). A decrease of o
1 

indicates a higher modulus and a lower value for A. 

Also, an increase of either y, the fracture energy, or crm, the maximum stress a 

material can sustain, will result in a decrease in A which results in a decrease 

in the rate of crack growth. 

It is important to note that an increase in the overlay modulus will have 

two major effects on the crack growth equation. These are: 

a. It will decrease A, thus decreasing the rate of crack growth, and 

b. It will decrease K for a fixed stress level. 

In order to examine the net effects of the variation of these material 

properties on the service life of the overlay, the following typical range or of 

the fatigue parameters for asphalt concrete was utilized in the computer code 

developed in Appendix D. 

1. lo-14 <A< lo-10 

2. 3 < n < 6 

The results, shown in Figure 19, demonstrate the wide range of calculated service 

life for the wide range of material properties. 

The calculations for service life show that changes in the modulus of the 

overlay had a small effect on the stress intensity factor. This result provides a 

basis for use of equation (3-8) to predict service life. 

N J · 1 
de 

f = A(~K)n 
(3-8) 
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The stress intensity factors being used are the result of calculations which assume 

that pavement moduli fall within a fairly broad range of values. 

Common Values of A and n 

The values for A and n necessary for this study are not reported together 

frequently in the literature. Christison reported stiffness modulus data which 

converted to an n value of 5.0 with a standard deviation of 0.24 for seven asphalts 

in Canada (l). Shahin and McCullough (!L) report that for the stiffest asphalt 

concrete mixture an A value of Bxlo-13 would be approximately correct. These values 

are not for the same material; therefore they cannot be used together to predict a 

service life of 1000 cycles. This is not an unreasonable life span, however. 

Monismith (30) reports ann value of 5.1 for the asphaltic concrete used in 

his study, however no value of A is given as the fatigue problem was not addressed. 

Ramsamooj, et al. (I) gave values for A and n for sand asphalt slabs in various 

configurations. They reported data for unbonded slabs, top surface slabs, beams 

on an elastic solid and slabs. The values for n were all 4.0. The values for A 

varied from 3.5x1o-12 to 5xlo-12 . It becomes apparent that asphaltic concrete may 

possess a rather narrow range of material properties, however, a variation in these 

properties changes the results appreciably. 
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Conclusions 

CHAPTER VI 

CONCLUSIONS AND DISCUSSION 

The design of pavement overlays to resist reflection cracking involves many 

complex and interrelated variables. In this study, the principles and concepts 

of linear elastic and viscoelastic fracture mechanics were used to study the 

crack propagation in flexible pavement due to thermal contraction and expansion. 

A successful overlay should eliminate or at least delay the reflection 

cracking. Many experiments have been done on reducing the reflection cracking, 

however, most of the efforts have only been empirical field trials. Treatments 

that worked in one area failed in another (~). This study has examined the 

effects of mechanical properties on the service life expectancy of an overlay 

and has proposed a rational approach to estimate the service life of the 

overlay. The procedure is quite general and permits evaluation of general 

temperature effects on the growth of pavement cracking. 

The crack propagation law for the asphalt concrete dc/dN = A(~K)n, which 

was verified by the experiments at Ohio State University, was used as the 

basis of the mechanistic approach. Viscoelastic fracture mechanics was used 

to relate the fracture phenomena to the material properties. 

It was shown in Figures 18 and 19 that an overlay with a higher modulus 

tends to reduce the stress intensity factor within the pavement. The fatigue 

parameter, A, which is a function of the elastic modulus, can be controlled by 

the asphalt content, aggregate gradation and fracture properties of the 

1 mixture. The other parameter, n, is related to the asphalt penetration or 
i 
J · hardness. These two parameters are the significant factors in determining the 

l service life expectancy. Therefore, Figure 19 provides a valuable guide for 

l
l • -

choosing the appropriate overlay material which may increase its service life. 
; 
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The following conclusions may be drawn from this study: 

1. The best overlay design to reduce the appearance of cracking is, as 

shown in Figure 20, namely: 

a) a thin layer with soft asphalt (low n) and low modulus of elasticity 

to serve as a stress relieving medium overlaid by, 

b) a layer with soft asphalt (low n) and a high modulus of elasticity. 

Although this arrangement will hasten the propagation of unseen cracks through 

the surface of the old pavement, it will slow them down considerably when they 

reach the surface and contact the underside of the stress-relieving layer. 

2. The use of the finite element analysis in conjunction with the crack 

tip element is an accurate and simple method for the determination 

of stress intensity factors. 

3. The stress intensity factor is a measure of crack opening force and 

is proportional to the applied stresses. Therefore the reduction 

of the pavement thermal activity i.e., the value of thermal expansion 

coefficient, ~, would reduce the reflection cracking substantially. 

4. The fatigue parameter A can be related to, and is some function of 

material properties such as elastic modulus (~ or o1) and fracture 
1 

properties {y, am). The other fatigue parameter, the exponent, n, 

is inversely related to the slope, m, of the creep compliance curve. 

These parameters can be controlled by the choice of asphalt content 

and mixture properties. 

5. A pavement overlay with soft asphalt (low n) and higher asphalt concrete 

modulus tends to reduce the stress intensity factor. However, a 

stress relieving layer is needed for those cracks touching the interface. 

6. Both A and n play an important role in determining the expected service 

life. Smaller values of A and n will extend the expected life. 
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Discussion 

Although this report clearly shows that a rational design procedure for 

overlays is obtainable there are several areas that require further work before 

the process could be considered a complete procedure. 

First, the thermal stresses predicted from the viscoelastic approach are 

more accurate than those predicted by previous viscoelastic techniques. 

Equations (3-9) and (3-10) however, assumed a linear change in the pavement 

temperature from maximum to minimum during the daily cycle. Further development 

of the theory and laboratory testing will be necessary before the non-linear 

temperature change and its effect on the residual modulus can be accounted 

for accurately. The shift produced by this consideration will move predicted 

stresses closer to measured values. 

Secondly, the study of traffic induced cracking conducted at Ohio State 

University should be combined with the results of this study. This would 

produce a general prediction scheme that would combine traffic and environmental 

influences into a system that would logically analyze overlay systems and 

predict service life. 

Finally, this study examined only one overlay thickness in developing the 

prediction scheme. This thickness, 1~ inches, is typical of the most commonly 

used overlay, but the effect of thickness on the behavior and service life of 

the overlay should be studied. This would be merely an extension of the work 

presented in this study. 

This study is an analytical study that applies concepts which have been 

developed and validated in other industries, namely the polymer and solid rocket 

fuel industries. The application of these concepts is logically done and initial 

research, as cited, clearly shows that these concepts are proper for the study 

of asphalt concrete. The results developed in this study will be verified by 

laboratory testing in an overlay testing device currently under construction as 
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an integral part of this research study. This verification of the performance 

of actual overlay systems in the laboratory, coupled with a proven analytical 

technique to predict performance will provide the basis for a comprehensive study 

of reflection cracking due to environmental effects and later even allow the 

inclusion of traffic effects to formulate a complete design system for overlays . 
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APPENDIX A 

Determination of Constants s and Ta in Eq. 2-12b 

The determination of constants B and Ta in Eq. (2-12b) can be 

accomplished from experimental data as follows: 

1. Estimate a value of Ta = TM- x, and substitute it into 

Eq. (2-12b), then plot the data in the form log aT vs log 

{T-Ta). 

2. If the points fall approximately on a straight line, the es

timate of Ta is the correct value and s is the slope of the 

log-log curve. If not, estimate another value of Ta and 

repeat the process. 

The following computer program was developed by assuming that F1 
and F2 in Eq. ( 2-7 ) are known. The subroutine Plot 1 provides a 

graph, as shown in the example print out, which could narrow the 

range of searching values of x. 

Guide for Data Input 

Card 1 (FlO.O) 

cc 1-10 TM Reference temperature for master curve 

Card 2 (FlO.O) (See Eq. 2-12b and Figure 5) 

cc 1-10 Fl A WLF shifting factor 

11-20 F2 A WLF shifting factor 

Card 3 (FlO.O) (A set of cards) 

cc 1-10 X Trial value for Ta = TM- x 

Card 4 (blank) One blank card allows normal termination of the computer 

program 
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APPENDIX B 

Computer Program for Prediction of Viscoelastic Thermal Stress 

This appendix contains a computer program for calculating thermal 

stress of a restrained bar subject to a linear temperature change 

with time betweerrmaxiMum and minimum temperature. 

The program consists of a main program and five subroutines: 

MAIN Calls the subroutines and calculates modulus ratio and 

resultant thermal stress. A flow chart of the main program 

is shown in Figure B-1. 

DATAIN - Reads in parameters required for the numerical computations 

of the viscoelastic stress equation. These parameters will 

be defined in the input data guide. 

INTGRT - Provides numerical integrations using the trapezoidal rule. 

This subroutine is called by subroutine HEAT. 

CURVE Establishes the modulus ratio curve within this program. 

COOL Calculates the cooling process. 

HEAT - Calculates the heating process. 

MDBETA Calculates incomplete Beta function. This subroutine is 

provided by the IBM IMSL local computer program library. 

Input Data Guide 

Card 1 (10A8) Title of the problem 

Card 2 (15, 5X, 2Fl0.0) (See Figure 3 and Figure 4) 

cc 1-5 INDEX 0= data read from master creep compliance curve 

1= data read from master relaxation curve. 
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r------_,.----+ Read in Parameters 

Yes 

Establishes Modulus Ratio IT 

Curve Within the Program 

Compute Intermediate Values of 
Modulus Ratio 

Compute Thermal Strain and Stress 

No 

Fig. B-1. Flow Chart for Viscoelastic Thermal Stress Analysis 
Computer Program 
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cc 11-20 01 

cc 21-30 OF 

Card 3 (8Fl0.0) 

cc 1-10 CN 

cc 11-20 CM 

Value of interception with log t=O. 

Initial value of creep curve. 

Slope of creep compliance curve 

Slope of power law curve for shift factor (Figure 

6 and Appendix A) 

cc 21-30 ALPHA Thermal expansion coefficient,a 

cc 31-40 TM 

cc 41-50 TR 

cc 51-60 TA 

cc 61-70 Fl 

cc 71-80 F2 

Card 4 (15) 

cc 1-5 NPR 

Reference temperature of master curve 

Stress free state temperature 

Power law constant for shift factor (Figure 6) 

Constants for WLF shift factor (Figure 5) 

Constants for WLF shift factor (Figure 5) 

Number of problems 

Card 5 (15, 5X, 4Fl0.0) A set of NPR cards 

cc 1-5 IX 0= Plane stress 

1= plane strain 

cc 11-20 TMIN Minimum (for cooling) or maximum (for heating) 

temperature 

cc 21-30 PERIOD Total thermal loading time (hours) 

cc 31-40 STEP The intermediate time step (hours) 

cc 41-50 UNU Poisson•s ratio 
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( 
( 
C ~ISCOFlASTIC lHER~Al STOESS A~ALYSIS FOR CC~STANT PATE COOLING OR 
C HEATING IN A AESTRAI~EC BEA~ QD SLAB 
( 
( 

I"PLICIT REAL•e 11-H,O-ZI 
OIME~SION T~llli,TCilll 
CO~MON/IN/ChoC~,AlPHA,l~,TRoTA,Flof2oft,fC. 

Ol"f hSI ON HC 131 
CATA ~C/ 1 CCCLI~G •,•HE~TihT •,•ISOTHE~H'/ 

CALL OAHIN 
CALL CURVEITh,TCI 
REAI)I!ioll ~PR 
FORMAT( I 51 
DO 2 I= lo hPR 
REAOI5o31 tM,l~IN,PERICO,SlEPoUNU 

l FORHATII5 0 5X,~F10.0I 
C IX = 0 --PLA~E STPfSS 
( IX = 1 --PLANE ~TRAIN 

DEll • T~lli- TR 
HIJUR : OoCO 
loR I TEl b ,2001 

200 FQPMATI'1' 0 4X,'PRCESS',5X,•TEMPo'o2Xo'CAll'o2Xo'~GRHALIZED'o4X, 
1 ·~OOULlJS', 5 ~.'SECANT' obX, 'EfFECTIVE' o4X, 'STPAI N', bX,' STRESS', 
2 6Xo'TIME' ,8), /,' 'o22Xo'LOG.'o1X, 'lE~P. CHANGE•, 
3 4Xo'RATIO'o6Xo'HOOULUS',5Xo'H00ULUS'I 

1000 CONTINUE 
~OUR = HOUP + STEP 
IFCHOUR.GT.PEAICOI HOUR = PERIOC 
RR = OELTIPERICO 
OT = RR•HCUR 
TIME = 110UR*l600. 
TTN = TIME **C-Chl 
t "' TR + DT 
All a -Fl*ll-THI/IF2+T-TMI 
AT a 10.00** All 
ATN "' AT*• CN 
{lfN a OT/CTR-UI 
OTR • OABSI01"*10.1 
NN "' IOINTIOTIII 
Olf a OTR - NN 
II = NN + 1 
If CCELTI90,100,ll0 

90 IIATIQ = lfCCI'I+li-JfiNII*Dif +TCINI 
J = 1 
GO TO 120 

tOO R.HIO " 1.00 

J • ~ 

(0 Tr) 120 
110 q~TIC"' ITHC~+II-T~Ihii*OIF + THINI 

J = 2 
IZC COIITI~UE 

oSS • ATN•El*lT~/11,00 -CNI 
EEF • EE + R~llrJ•C~~S -EEl 
5T•,lh "' AlP~· ~ CT 
Gl : [IFLOHC PI Ill.- UNUI 
IF II x.EI:.OI Gl = l. 
STOFSS = Gl • STRAIN • EEF 
WRITEC6,1501 I,HCIJI,T , 41t,OTN,RAT(O,~SS,EEF,ST.AIN, 

1 STAf5~ 0 HOLR 
150 FO~HATI'0'oi3,.8,3F8.2,2X,Fl2.2o2Xo4Gl2.4oFB.ZoZitX,Gllo~ll 

IFCHO~R.LT.PERICOI GO 11 1000 
2 CONTINUF 

loR I Te It .t 40 I 
l'oO FOP~ATC '1'1 

STOP 
E"D 
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c 
SUBROUTINE DA141N 
IMPLICIT REAL*I IA-H,O-ZI 
CO~MGN/IN/CN,CH,ALPHA,TM,TR,JA,F1,FZ,E1,EE 
OIMF~SICN TITLEI101 
RUDI5t lliT I TLE 
READI5,121 INVEX,OI,OF 
OF ~ 10.DD**DF 
o 1 • 1o.oo•• 01 
READI~olll CN,CH,ALPHA,T~,TR,TA,FI,FZ 

ll ~OR HAT ll0A81 
12 FOPHATII5,5X,2F10.0I 
ll FORMATIEF10.0I 

~RI1EI6tl~l TITLE 
lio FORMATI'I'tiOllt'* * * 'tlOA8,' • **'I 

IFIINDEX.EQ.11 GO TO 17 
PI = 3.1~15926 
PIN = PI * CN 
E I • 1.00101 •IOSIIIiiPl"'IIPI~I 
IFIDF.EQ.I.I GO TO 15 
Ef = 1.00/DF 
GO TO 18 

15 EE = o.oo 
GO TO 18 

17 E 1 • 01 
EE = OF 

18 CONTINUE 
~AlTEI6,ioll ~I' 
loRITEit:,~21 TR 
~AlTEit:,loll ALPHA 
.. RITEI6tl91 f1,EE,CN,CH 

lol fODHAT1'0',5X,'REFEQfNCF TEMP. FCR ~ASTER CURVE.',T"8,G13.iol 
io2 FORMATI'0',5X, 1 REFERENCE TEI'P. FOR ZERC STRESS STATE. 1 o1io8,GI3.1ol 
io3 FD~HATI 1 0',5~,'CDEFF. IJF THERMAL EXPANS[OII; .•,HB,GH.iotl/1 
19 FOPMATI'0',5Xo 1 * * * f1= 1 oG1!.1o,ZXo'EE= 1 oC.IJ.Io,/, 

I 5X,'* * * CN=',G13.1o,2Xo'CH•',G13.1o,/l 
WRITEI6o1COI 

100 FORMATI 1 0',2Xo'CURVE FQR EFFECTIVE MODULUS RATID'I 
RETURN 
END 

c 
c 
c 

···- -~--~~-_ .. ____ .. ·- .... ·-·¥---· ~ ·--·-"'~·--····----·" .... - J-. "--~---.:..1.:.:-.. : ..•.. 

SUBRCUTINE HEATIA,B,H,INT,F,AREA,HSI 
IMPLICIT REAL*~IA-H,O-ZI 
CJMENSIC'4 O:IJNTI 
C (HHON HH 1111 ,Z l 
C'l~'ION/MK/ I 
OA • H**IA+1.1•1-l.+HI**I8+l.ll18+1.1 
OR = -IA+8+2.1/IB+I.I 
DO I 0 J = l ,I 1\ T 
XX • HHIII + HS•IJ-11 

10 riJI = xx••A•I-1o+XXI**I8+1.1 
CALL INTGRTIINT,F,HSoARI 
ll = Zl + AR 
A~fA : DA • ll*DB 
~ETU~N 

END 

SUBROUTINE COOLIA,R,H,AREAI 
I<~PLIClf PEAL *81A-H,O-ll 
HAL•io SII,SA1,SBZ,SP 
C.CMM(II:/r.T I GAI!1 
Al • A • 1.00 
81 = a • t.co 
p = o. 
SH • ~NGLIHI 
SAl • 'iNGLI All 
582 z SI\GLI8ll 
SP z 'iNGUPI 

.. "" 

CAll I'IOBF"l41SH,SAl,S82,SP,IERI 
IFIIEP.EC.OI GO TO 10 
kR!TEit,ZOI IEP,Sp,SH,SA1oS82 

zo Fo•u4ATI•-•,so~.· • • ERROR IER•,t.x,•P•,tox,•H•.lox, •.t.•,10X,'8', 
1 /, •o•, 58,, 15oltG12.41 

10 CONTINUE 
P = 08lfiSPI 
H = 08LEISHI 
AI= 06LECSAII 
82 • 08LEI SR2 I 
AREA • Gt.fH * I 1.00 - PI 
RETURN 
FND 
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( 

SUfiiOUT!>;E CUR.VFCTH,TCI 
IMPLICIT RE~t•a CA-~,Q-ZI 
OIMfMSION T~C111,TCI111 
C0"~0N/!N/C~oCI\,AlPH4oTH,TR,TA,F1oF2,E1oEE 
0111EI\S!ON HCI21 
DATA ~C/•CPOLI~G '•'~EATING 'I 
CC1'14011/GT/ G~81 
Ol"ft.S!O'I Ff501 
CCM'40N 1-'H Clll • z l 
COIOIMCH/KK/ I 

100 CONTI1'4UE 
INT • ItO 
A • CN/ICM+1el • co;- z. 
8 • -CN 
OM • C1.-CNI/ICH + 1.1**(1.-CNI 
loA! TE 16, 1 <I 

12 FQD~ATI 0- 0 ,13•o'OTN'o10Xo'CGI\S 0 o10X,••~EA 0 t10X, 0 RATIO' I 
(A • CGAMMAIA+1.1 
G81 • OGAMM418+11 
GA81 • GA•GBl/ DGAHMAIA+B+2.001 
THI 11 • leDO 
1((11 • 1.00 
TCI111 • 0.00 
00 ItO INOH •1o2 
loR ITEC6ol'll 

lit FORHATI' 'I 
H .. lll,. 1. 
AREA • o. 
ll = o. 
OTN • o. 
00 10 1•1.10 
OTN • I'ITII • 0.1 
OTR • OAI'SIOTNI 
IFIINCEX.EQ.11 GO TC 21 

C • • • FOR .. EATING P~OCFSS • t • 
c 

c 

H • IDTN+l.l••tCM+lel 
Htll l+ll • H 
HS z IHHII+ti-HHIIII/II"lT-11 
c•tt HEATCA,e,H,I~l,F,AR~A,HSI 
CONS s DM•Ile+lo/DTNI••tl.-C>;I 
111 =CONS • A~EA 
THII+ll s Tfl 
GO TO 25 

C • • t FCP COCLING PPnCESS • • • 
c 

• 

H CO~TINU" 
1Fif.f0.10I GO TO 10 
RR • -OTR 
H ,. ll.tRR I••ICI\+1.1 
HHII +11 • H 
.. S • IHHIII - HHII+lii/IINT-11 
(All COOLIAoPoHoAPEAI 
CONS • r'4•1-l.-1./RQ 1••11.-CNI 
Til • CC~S • AIEA 
TCII+ll • Til 

25 CI)NTII\Uf 
loRITEit,301~CIINO~XI,OTN,CONS,.REA,TII 

30 FOP'1ATI'O' ,2.oA8,1tGI2e41 
10 CiJNTINUF 
loO CONTir.UF 

RE TIJQN 
F. NO 

SUBROUTINE INTGRTCN,F,H,AREAI 
IMPLICIT RfAt•91A-~,Q-ZI 
OIMI"I\S 10!11 F I 1\ I 
AREA • C. 
S = 0.5• H 
00 1C 1•2oN 
AREA • AREA + ~•IFII-11+ Filii 

lO CIJNTINUE 
RETURN 
f. NO 
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APPENDIX C 

Finite Element Computer Program with Crack Tip Element 

This plane stress/strain finite element computer code is written in 

FORTRAN IV language with double precision on IBM 360/65. The elements 

used are 4-CST quadrilaterals and/or constant strain triangles with 

optional crack tip element. The code has sufficient storage for 300 

nodes, 250 elements and 10 different materials. It requires the ma

chine with a core storage of 430K and five additional temporary disk 

spaces. The maximum semi-bandwidth of the stiffness matrix is 64. 

It is possible to change the capacity by modifying the COMMON, 

DIMENSION and DATA statements. 

The present code contains a number of checks of input data. When 

errors are located they are described and execution is stopped. How

ever, the checks in the code do not cover all possibilities. One 

method of checking input is to compare with the original drawing. 

Most of the computational steps are carried out in the various 

subroutines of the code. Following is a list of subroutines with an 

explanation of their functions: 

DATAIN 

ASEMBL 

Reads and echo prints all input data. Performs checks for 

data. 

Initializes and assembles overall stiffness matrix and load 

vector. Introduces geometric boundary condtitions. 

QUAD Computes stress-strain matrix, stiffness matrix, body force 

vector, and strain-displacement matrix of either a 4-CST 

. quadrilateral element or a triangular element. 
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CST 

CRACK 

HYBRID 

LOC 

SIFAC 

GEOMBC 

BAN SOL 

STRESS 

Computes strain-displacement matrix, stiffness matrix, and 

body force vector of constant strain triangle (CST) element. 

Reads the input data and prints the stiffness matrix for 

tip element. 

Computes the stiffness matrix, displacement-stress inten-

sity factor vector for the tip element. 

Computes vector subscript for a specific storage mode. 

Computes and prints the stress intensity factor. 

Applies prescribed displacement boundary conditions at a 

single node. 

Triangularizes the overall banded stiffness by symmetric 

Gauss-Doolittle decomposition or solves for displacement 

vector corresponding to a particular load vector. 

Computes the strains, stresses, and principal stresses. 

Prints the stresses and principal stresses at element 

centroids. 

Temporary Disk Track Utilization 

Unit 1 - Stores multipliers, pivots, condensed loads, strain, displace

ment, and stress-strain matrix (to be used to compute strain 

and stress). 

Unit 2 - Stores crack tip element stiffness matrix, displacement-stress 

intensity factor vector and nodal data. 

Unit 3 - Stores element stiffness matrix. 

Unit 4 - Stores input node number, node identification and concentrated 

load or displacement. 

Unit 8 - Stores surface traction information. 
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Guide for Input Data 

Identification card (15, 3X, 9A8) One card per problem. 

cc 1-5 Problem number 

cc 9-80 Title of the problem 

Basic parameters (6I5) One card per problem. 

cc 1-5 NNP Number of nodal points 

cc 6-10 NEL Number of elements (for 4-CST only) 

cc 11-15 NMAT Number of different materials 

cc 16-20 NSLC Number of surface tractions 

cc 21-25 NOPT Option for stress state, l=plain strain, 

2=plain stress 

cc 26-30 NBODY Option for body force, O=no weight, l=weight 

in the negative y direction 

cc 31-35 NCKEL Number of crack tip elements. 

Material properties (4F10.0) NMAT cards per problem. 

cc 1-10 E Modulus of elasticity 

cc 11-20 PR Poisson•s ratio 

cc 21-30 RO Density of material 

cc 31-40 TH Thickness of material 

Nodal point data (2I5, 4F10.0) (See Note 3 below) 

cc 1-5 Nodal point number 

cc 6-10 KODE( I) Index of displacement and concentrated load 

conditions at node I 

cc 11-20 X Horizontal coordinate of node I 

cc 21-30 y Vertical coordinate of node I 
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cc 31-40 ULX 

cc 41-50 ULY 

Concentrated load or displacement in X and Y 

directions at node I 

Concentrated load or displacement in X and Y 

directions at node I 

Element Data (6I5) (See note 5 & 6 below) 

cc 1-5 El. No. Element number 

cc 6-10 I Index of the first node in quadr·ila:tera 1 

cc 11-15 J -Index of the second node in quadrilateral 

cc 16-20 K Index of th~··thi~d,ntide in quadrilateral. 

cc 21-25 L Index of the forth node in .. quadrilateral 

cc 25-30 MTYP Material type number 

Surface tractions (215, 4Fl0.0) (See note 7 below) 

cc 1-5 N.P.I 

cc 6-1 0 N. P. J 

cc 11-20 SURTRX(I) 

cc 21-30 SURTRX(J) 

cc 31-40 SURTRY(I) 

cc 41-50 SURTRY(J) 

Crack tip element data NCKEL cards per problem (see note 8 and Figure C) 

Card 1 ( 21 5, 2Fl 0. 0, 1 5) 

cc 1-5 KEY Type of crack tip element, l=five node case, 

2=nine node case 

cc 6-10 MATYP Type of material where crack tip is embedded 

cc 11-20 XC Horizontal coordinate of crack tip 

cc 21-30 YC Vertical coordinate of crack tip 
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cc 31-35 NCOT Special case of tip element. Only need for 

the five node case is when nodal data has to 

be counted clockwise, l=yes, O=no. 

Card 2 (lOIS) (See note 9) 

Indices for 5 nodes 1 2 3 4 5 MAXDIF 

(or Indices for 9 nodes 1 2 3 4 5 6 7 8 9 MAXDIF) 

One blank card allows normal EXIT from computer. 

Note on Input Data 

l. Data cards must be in proper sequence. 

2. Units must be consistent. 

3. Usually one card is needed for each node. However, if 

some nodes fall on a straight line and are equidistant, data for only 

the first and the last points of this group are needed. Intermediate 

nodal point data are automatically generated by linear interpolation. 

4. Forces and/or displacements prescribed at a node are 

identified by KODE as explained below: 

KODE 

0 

Force/Displacement Boundary Condition 

ULX = Prescribed Load in x direction 

VLY = Prescribed Load in y direction 

1 ULX = Prescribed Disp in x direction 

VLY = Prescribed Load in y direction 

2 ULX = Prescribed Load in x direction 

VLY = Prescribed Disp in y direction 

3 ULX = Prescribed Disp in x direction 

VLY = Prescribed Sisp in y direction 
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The sign of an applied force or displacement follows the sign of 

the coordinate directions. For instance, a force in the positive x 

direction is positive, and so on. For the nodes automatically gen

erated as in Note 3, KODE=O, ULX=O and VLY=O are assigned for the 

generated nodes. 

5. IE(M,l), IE(M,2), IE(M,3), IE(M,4) denote four corner 

nodes, I, J, K, L, of a quadrilateral element, M. The program also 

permits use of triangular elements, which are indicated by repeating 

the third node; that is, IE(M,3) = IE(M,4), or K=L. For a right

handed coordinate system the nodes must be input counter-clockwise 

around the element. IE(M,5) denotes the type of material in the 

element. 

The maximum difference between numbers of any two nodes for a 

given element must be less than MAXBW/2. 

6. Usually one card is needed for each element. However, if 

some elements are on a line in such a way that their corner node in

dices each increase by one compared to the previous element, only the 

data for the first element on the line need be input. However, note 

that data for the last element of the assemblage must be input. The 

omitted element data is generated internally by the computer. The 

same material type as the previously input element is assigned to all 

generated elements. 

7. Surface tractions must be specified between two adjacent 

nodes only. The three possible cases are shown in Figure C-1. For 

case (a) only SURTRX(I) and (J) are input, and columns 31-50 are left 

blank. For case (b) only SURTRY (I) and (J) are input and columns 
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SURTRX(J) 
J 

I 
SURTRX(I) 

(a) Tractions in x direction 

= 

~ SURTRY(J) 
SURTRY(IJ 

I 

(b) Tractions in y direction 

SURTRY(I)=p1sina 

· SURTRY(J)=pJsina 
SURTRX(J)=pJcosa 

(c) Tractions in both x and y direction 

Figure C-1. Three Possible Cases of Surface Tractions on 
Element Side I-J 
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Figure C-2. Possible Cases for Crack Elem·ent Nodal Data 
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11-30 are left blank. For both tractions all columns from 1 to 50 

are input. Moreover, the user must multiply all surface intensities 

by the thickness of the element before the intensities are input in 

the computer. 

The signs of tractions follow the directions of coordinate axes. 

A traction in the negative y direction is negative, and so on. 

8. Two cards are in sequence for each crack element. More than 

one crack element can be generated. Tip element nodal data are 

usually counted counterclockwise. Possible cases for the nodal data 

are shown in Figure C-2. 

9. MAXDIF alway follows the last one of node numbers. 

10. Omit tip element data if NCKEL=O. 

11. One blank card at end of each run allows normal exit from 

computer. 

Additional Note 

JCL to execute the Finite Element Computer Program 11 FINITE 11 stored in 

TAMU DPC disk. 

1 JOB card 

2 /*PASSWORD 

3 /*CLASS G 

4 //GO EXEC PGM=FINITE, REGION=430K 

5 //GO.STEPLIB DO DISP=SHR,DSN=USER.CE.CHANG.JOBLIB 

6 //GO.FTOlFOOl DO UNIT=SYSDA,DISP=(NEW,DELETE),SPACE=(CYL,(l ,1)) 

7 //GO.FT02F001 DO UNIT=SYSDA,DISP=(NEW,DELETE),SPACE=(CYL,(l ,1)) 

8 //GO.FT03F001 DD UNIT=SYSDA,DISP=(NEW,DELETE),SPACE=(CYL,{l,l)) 
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9 //GO.FT04F001 DO UNIT=SYSDA,DISP=(NEW,DELETE),SPACE=(CYL,(1 ,1)) 

10 //GO.FT08F001 DO UNIT=SYSDA,DISP=(NEW, DELETE),SPACE=(CYL,(l,l)) 

11 //GO.FT07F001 DO SYSOUT=B 

12 //GO.FT06F001 DO SYSOUT=A 

13 //GO.FTOSF001 DO * 

-- data cards ---

14 /*END 
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"'-.J 
"'-.J 

IMPLICIT REAL*B CA-H,O-ll 
OIMENSIO~ TITLEI91 
CO~~Q~ EllOI,PRilOI,R~Il31,THI101,XI3001,YI3001 
CO~~O~/CONS/ NNP,NEL,NNAT,NSlCoNOPT,NBOOY,MTYP,NCKEL 
CO~~QN/ONE/ QKC10,101,QI10I,BI3olOI,CIJ,31,BTilo61,XQI51,YQI51 
CO~~ON/TWO/ IBA~O,NfQ,RI600lo4KI600,t~l 
COM~ON/T1/ IEIZ50,51 
DATA ~AXEL• ~AXNP, ~AXH4T, MAXe~ 

1 I 250, 300, 10, 64 I 
c 
C PROBLEM tOENTifiCATICN A~U OESCRIPTICN 
c 

'l9'i9 READI5o1DOINPAOB,CTITLEII1ol•1o91 
IFINPAOI.LE.OI GO TO 999 

1020 ~RITEI6o2001 NPROB,ITITLEII1ol=1,91 
CALL CATAIN IMAXFLo~AXNP,HAX~AT,MAXSLC,JSTOPI 

MAXOOF • 2•MAXNP 
c 
C COMPUTE MAX, NOCAL OIFFE~~NCF. AND Sf.MI-!A~CWIDT~, FQ. 16-11 

c 

~AXOIF " 0 
00 1 l=l,NEL 
00 1 Jclolt 
00 l ll=l,lt 

LL= UBSIIEIJ.JI- IEIJ,IIII 
IFILL.GT.~AXOIFI MAXOIF • LL 
CCI'HI NUE 

IBANO z z•t~AXOIF + ll 
NEQ • 2•NNP 

JFCJeANO.GT."AXBWI GO TO 900 
JFCISTOP.CT.OI GO TO 999 
CALL ASEH!LIISTOPI 
JFIISTOP.GT.OI GO TO 999 

C TRIANGULARilE STIFFNESS ~ATPIX, EQ, 12-Zio K~K=l 
c 
C SOLV~ FOR CISPLACE~ENTS CORRESP, TO LOAC VECTOR R, E'ol2-31o KKK=2 

c 

c 

CALL BANSOLIAI!,R,N~Q,IBAND,~AXOOF,MAXBWI 
~R1TEI6,3001Ct,RI2*1-ll,RI2•tloi•1,~~PI 

CALl STRESSIWORICI 

loR I Tfl6 ,6051 
605 f0PMATI'1'1 

TOTAl • O. 
5UH • O. 
IFINCKEL.EO.OI GO TO 6~5 
REhllloD 2 
WRITEC6,371 NC~EL 

37 f0PMATI 1 0 1 ,5X,'NC~El z 0 ,131 
CO 3~ l•l,~CKEL 

CALL StFACilo TOTALI 
SUM c SUM + TOTAL 

36 CONTINUE 
6~5 CO~TtNUF 

E~ERGY = SUH + NORK 
WPITEC6,4001 ENfRGY 

. ' - :.. ..•• !..::. ··~·'·-·· 

400 FORMATI'-'o5Xo'• ~ , TOTAL STPAIN ENERGY z •,r.20,8, 1 • • , 'I 
GO TO 9~99 

~00 hRJTEI6o9Dll IBAND,MAXBW 
GO TO 9999 

100 FOFMATII5o3X,SA81 
200 FOPMATI/BHlPROBLE~,I5,3Haa ,948/1 
300 fO~MATI37H10UlPUT TABLE 1 •• NODAL OISPLACE~E~TS II 

l l3X,4~NOOE, 9X, l1Hl = X-OISP.,9Xo11HV = Y-DtSP,/ 
2 15X,t12,2E20.BII 

901 FOPMATI///12~ BANDWIDTH z,l~o25H EXCEEDS MAX, ALLOWABLE •ol4// 
1 30~ GO ON TO NEXT PROBLEM I 

999 STOP 
END 

.... 



....., 
00 

c 

c 

5~BROUTI~C. CATli~IMAXEL,~AX~P,~AX~AT,~AXSLC,JSTOPI 
I"PLICIT P£AL•B 11-H,O-ll 
CC~MCIII/CP~S/ hNP,NEL,NHAT,NSLC,NOPT,hBOD~,HTYP,NCKEl 
COM~GN fi101,PR1101,POilOI,TH(10I,X11001,YI1001 
CC~~CN/11/ IE1250t51 
ISTOP s 0 
RFWIND ~ 
REWIND E 
~EA015,11 NhP,~fl,hMAT,hSLCthOPT,NBOOY,NCKfl 

WRITEI6,1COI NNP,~EL,NHAT,NSLC,NO~T,~BOOY 
kRITE16,2001 HCKEL 

C CHECKS TC BE SURE INPUT DATA OOFS hOT tXCEEO STO~AGE CAPACITY 
IFINNP.LE.HAXNPI GO TO ~01 

c 

c 

ISTOP a ISTOP + 1 
kRITE(6,2~11 NAXNP 

201 IFINElolEoMAXEll GO TO 202 
ISTOP • 15TOP + l 

WRIT~I6t2~21 NAXEL 
202 IFINMAT.LE.~AXNATI GC TG 20~ 

(STOP • !STOP + 1 
wqJTEC6,25~1 NAXMAT 

20~ IFC ISTOP.EQ.OI GO TO 205 
WRITEC6t2551 !STOP 
STOP 

205 READC~t211EIIItPRCII,ROIII,THIIItl•1ti\MATI 
kRITEI6,1011 

C READ AND PRINT NODAL DATA IREF. 11 
kRITEI6,5liii,EIII,PRIII,ROIIIt THill, 1=1,NMATI 
~R JTE((;t1031 

Ns( 

5 REA015,31 ~.~ODE ,xt~I,YIHI,ULX ,YLY 
UULX = Ul-X 
YlllY = VLY 
IIKOOE • KODE 

IFIM-NI ~.~42,7 
~ ~RITE1t,10SI M 

kRITEI6,521 M,KOOE , ~IMI,YIMI,ULX ,VLY 
I STOP• I STOP +1 

GC TO 5 
l OF • ~ • 1 - N 

RX•IXIMI-XIN-111/DF 
RY•IYI~I-YIN-111/DF 

8 ICOOE • 0 
XINJ•JIIN-1hRX 

• • 

c 

(Q TO 6 

YINI•YIN-li+RY 
Ulll a 00 

VL Y • O. 

t,t, 2 Ul X a UUL X 
Vl Y • VVL Y 
KGOE • ~KODE 

6 WRIT~I6,521 N,KOO~ ,XINI,Y(NI,ULX 
~RITEI~I N,~ODE,ULX,VLY 

Nalll+1 
IFIH-NI 9,~o~tz,B 

9 IFIN.LE.NNPI GO TO 5 

,VLY 

C IlEAC A~D PRINT EL£ME~T PROPEqTIES, TABLE 6-~ 

c 

"R llE16, 1061 
13 L=O 
1~ READI5,151 ~.CIEIN,I1,1•1,51 
16 ~·L+1 

IF C M-lllllt 11, 18 
111 WRITFet,qel M 

~RIT~I6,531 MtiiEI~tll, 1•1,51 
IS TOP= IS TOPtl 

(0 TO lit 
18 1Eilt11• IEIL-1,11+1 

IEiltZI= IEIL-1,21+1 
I~CL,31•1fll-1,11+1 
IEil,~I·IEIL-1,41+1 
1Eilt51•lfll-1,51 

11 kRITEI6,531 L,IIEIL,I1,1=1,51 
IFI~-ll20,20,16 

20 IFI~El-ll21,2t,t~ 
21 CC-.TINUF 

C READ AND PRINT SURFACE LOAOINGITR.CTIONI CARDS 
IFI~SLC.EQ.OI GO TO 31 

( 

~0 WPITE16,10@1 
00 ~0 l=1,NSLC 

REA015,~11 ISC,JSC,SURX1,SURX2,SURY1,SURY2 
WRITEIBI ISC,JSC,SURX1,SUQX2,SURY1,SURY2 

~0 WPITEit,~211SC,JSC,SURX1,SURX2,SURY1,SURY2 
31 IFIISTOP.EO.OI GO TO ~99 

kP ITF.I6 ,900 I I STOP 

FOPM A Till 51 
100 fOQMATI35HOINPUT TA8l~ 1 •• eASIC PARA~ETERS 

1 SX, ~OH 1\UPIBER OF NODAL POINTS. • • • 
2 5X, ~OH 1\U~BER OF ELEMENTS •••••• 
3 5X, ~OH NUMRFR OF DIFFERENT MATERIAlS 

Ill 
•• • ,1511 
•· • •• 151/ 
• • • , I 5/ I 

• 



........ 
\C) 

~ 5Xo ~0~ NUMBER OF SURFACE LOAC CARDSo • • o o ool5// 
5 5Xo ~OH 1 • PLANE STRAIN, 2 • PLANE STPESS ••• ,15// 
6 5X, ~OH BODY FOACES11 • IN -Y OIRFC., 0 z NCNEI,I5,/I 

200 FOA~ATI'0 1 o6X,'NUH8fR OF CRAC~ ELE~ENTS. • •• • •• • ,151 
251 FOR~ATI////l3H TJO ~ANY NODAL POINTS, ~AXIHUM z, 151 
252 FOP~ATI////]OH TOO ~ANY FLE~EHlS, ~AXI~UM • ,1~1 
253 FOAMATI////30H TCO ~ANY MATERIALS, ~AXI~UM =,151 
255 FOR~ATI////28" FXECLTICN HALTED BECAUSE OFol~ollH FATAL EqRnAS/1 

2 FORMATI~F10.01 
101 FORMATI36HOINPUT TABLE Zoo ~ATERIAL PRCPfRTIES // 

1 lOH MATERIALo5X,lOHNOOULUS rF,6~,9HPOISSON'So7X, 
28H~ATERIAL,7Xo 8~MATERIAL I 
3~X,6HhUM8ER 0 5),10H£lASTICITY,8X,7rl RAT(O,RX,7HDEHSITY,6X, 
~9HTHICKNESS I 

51 FOR~Allll0o~El5.~1 
103 FORHATI3~H11NPUT TABLE loo NOCAL POINT CATA Ill 

1 5X,5HNOOAlo48X,lHX-DISP.,8X,7HY-DISP.I 
25Xo5HPOINTo6X,~HTYPEo1~X,lHXo1~X,1~Y,8XolHOR LOAC,8X,7HOR LOADI 

3 FORMATI215o4flO.OI 
10~ FORHATI~Xol7HERROR IN CARD NO.,I5/I 

52 FORMATI2110,4El5.41 
106 FORMATil~HliNPUT TABLE~ •• ELE~ENT OATA // 

1 11Xo31~Gl08Al INDICES CF Elf~E~T NOOES/3X,7HEL£HENT, 
27X,}Hl,7X,l~2,7X,lH3,7X,lH~t2X,8H~ATEAIALI 

118 FOAMATI~Xt 25HERROR IN ELE~ENT CARl NO.,l5/l 
15 FORMATI6151 
53 FORHATII10,41e,ll01 

108 FOR~ATI37HliNPUT TABLE 5oo SURFACE LOADING DATA II 
lllX, ~3HSURFACE LCAO INTENSITIES AT NODfS/ 
24X,6HNOOE lo~X,6HNOOf Jo10X,2HXIo10X,2H~J,10X,2HYI,10X,2HYJI 

~~ FORMATI21~.~f10.31 
42 FO~MATI2110,~fl2.~1 

900 FORHATI///~5H ASSE~BLY AND SOLUTIO~ WILL NOT 8[ PERFOR"[O,,J5, 
121H FATAL CAAO ER~O~S I 

9~~ RETURN 
END 

( 

-..... _...). ~ 

SUBROUTINE ASE"BliiSTfPI 
IMPLICIT RfAL•B 11-H,O-ZI 
CO~~CN/C~NS/ h~P.~Fl,~~AT,NSLC,NOPT,NBOOY,MTYP,NCKEL 
COMMON f I 101, PP.I 101, RC 110 I, TH 1101, XI 300 I, Yl300 I 
(CMMCN/ONF/ Q~II0,1~1,QI10I,BI3,10J,CI3,31,8TI3o61,XQI51,YQI51 
CCMMCN/T1/ lfl250,51 
COMMON/T~O/ IBANO,NEQ,RI600I,A~Ib00,6~1 
011'1.-~SIUl LPI81 . 

~fWJhO I 
PfhiNO 2 
REiti"O 3 
REI.INO ~ 
qfhJNO 8 

C I ... ITIALIZE 

c INITIALIZE 

c 

ISTOP z 

PAinS OF 
BTIIo41 
BTI1.~1 
RT(1,61 
BTI2oll 
BTI2,21 
BTI2,31 
( 11,31 
C I 2, ~I 
Ct3,ll 
((3,21 

0 
~AlPICFS C AhO BT 

o.o 
:z o.o 
• o.o 
z o.o 

o.o 
'&' o.o 
o.o 
o. 0 

• o.o 
a: o.o 

C I NIT IAlllE 
on 

OVED Ill ST IFFNf SS 
2 fst,NFQ 
RIII=O.o 

MATRIX All AND OVF.RAll LCAC VECTOR R 

ro 2 J =1.18AND 
2 '"" ,Jt~o.o 

c 
C CO~PUT~ ELEMENT STIFFNESSfS A~O LOADS OhE AY CNf 
[ 

c 

CO 10 M•1oNF.l 
IFIIfiM,51.GToOI GO TO 11 

!STOP = ISTOP • l 
GO TO 10 

11 CAll OUAOIH,AAEAI 
IFIADEA.GT.O.OI GO TO 16 

ISTOP = I~TOP • l 
~PITflt:,201 H 

C STORE fLEMENT STIFF~ESS ~ATRIX TC CC~PUTE STCRFO ENERGY 
16 lfllfiH,31.EC.IFIIt,~ll GO TO 2a1 

LIM • 10 

_ .. 



CJI) 
0 

c 

GC T[ ZC5 
201 ll"' • 6 
205 ~qiTEill LIM,I(QKIIrJI,J•lrl1Mir1•1rLIMI 

C CONDENSE ELE~E~T STIFF, FRO~ 10Xl0 TO BXB, £0.15-b~l, ANC ELEMENT 
C lOADS fqO"' 10K1 TO 8)1, fCol5-t~Dio (qeF.21 

c 

IFIIECM,3J.EO.IEC"'~II GO TO 2b 
CC H J • 1,2 

I J• 10-J 
II<• IJ+1 
PIVOT • QKCIK,IKI 

DO 32 K• lriJ 
f • QKIIK,KI/PIVOT 
OKfllleKJ•F 

DO 33 I•~,IJ 
OIICI,KI•,KCitKI- f*OKCielKI 

31 OKCI<,II • OKCI,Kt 
12 OCKJ •OCKI-OKCIKeKJ•OIIKI 
11 OIIKI •QCIKI/PI~OT 

C STORE MULTIPLIE~S,PIVOTS,CONDENSEC LOADS, STP41N-OISP, AND STRESS-STPAI 
C MATRICES ON SCRATCH TAPE NO, 1 ITO BE USED LATER TC CC~PUTf STP.INS ANC 
C STRESSES I 

26 WRITE Ill CCQICCI,J),J•1rlOI,l•CJ.tOI, OC'll, 01101, 
1CI61l,JirJ•1,10tel•1e31,11CIItJI,J•le11el•1rllrXOI51,YQI51 

c 
C ASSEMBLE STIFF, AND LOADS , DIRECT STIFF, ~ETHOC, S~Ct 6-5. 
c 

c 

ll 11•2 
IFIIE1Mr31.EO.IEIM,~II LIM • 6 
00 ~0 1•2el1Me2 

1 J • 112 
LPCI-ll • 2*1ECIO,IJI - 1 

~D LPCII • 2*1EIMo1JI 
CO 50 ll•lrllll 

• 1 • lPILll 
Rill • Rill t OILlt 

DO 50 MI'•1,LIM 
J • LPIHMI - 1 + 1 

IFCJ.LE.DI GC TO 50 
AKCI,JI• AKII,JI+ Qlllll,MMI 

50 CONTINUE 
1D CONTINUE 

IFINCKEloEO.OI GO TO 35 
DO 1~ l•ltNCI<EL 

I~ CALL CRACK 
35 CONTINU~ 

.. . 

~ .. ~ ... .:. .. ~-- ...... -- .. -~-~..-~.o.. ..... ~ ......... ~ ...... · ·····-··· ··-····· 

C ACO EXTfq~ALLY APPL, CO~C, NODAL LOACS TO R 
00 ~5 tj•1,NNP 

( 

q[AOI~I w,KCOE,ULX,~LY 

IFIKOOE .EQ.31 Ga T~ 55 
K•2*11 

lfl KOOE .EC.ll GO TO 51 
Rlll-ll • RIK-ll t ULX 

IFIKOOE .NE,DI GO TO 55 
57 RIKt • Rllll + VLY 
55 CC~TI'IiUF 

C CONVfAT LINFAPlY VAR~ING SURFACE TRACTIONS TO STATIC EQUIVALENTS, 
C AND ADO TO OVfPAll LOA~ VECTCR R, E0oi5-61AI. 

( 

IFINSLC.FQ.OI GC Tn bO 
CO tl l • l,NSLC 

II.EACIBI 1 SCeJSC ,SUI\X1, SU"X2oSURYloSURY2 
I • ISC 
J • JSC 
11•2•1 
JJ=2• J 
OX • XIJI - XIII 
OY • Y IJ I - Y Ill 
El = OSQRTIOX•OX+DY•OYI 
PXI = SURXl * El 
PXJ • SUAX2 • H 
PYI • SURY1 • El 
PYJ • SURY2 * El 
RIII-11=RIII-li+PXI/l,O + PXJ/6 0 0 
RIJJ-li=RIJJ-11+ PXI/6,0 + PXJ/3.0 
AIIII=RIIII+ PYI/3.0 + PYJ/b.O 
AIJJI= AIJJI + PYIIboO t PYJ/loO 

61 CONTINUE 

C INTRODUCE KINEMATIC CONSTRAINTS IGECMETRIC BCIJNOARY CCNOITIO"'St, 
C EO,I6-l21, ~Efo 1 • 
( 

60 CONTINUE 
REWIND lo 
DO 70 M•letiNP 
REAOIIol N,KCOE,ULX,VLY 

IFIKOOE .GE.O.ANC.KODE .LE.31 GO TC 72 
!STOP • ISTOP + 1 

GO TO 70 
72 IFIKOOE ,EQ,OI GO TO lO 

IFIKOOE .E0.21 GC TO 71 
Cllll GEO"BCIULX ,Z*M-11 
IFIKOOE .EO.ll GC TO 70 

ll CALL GEO~BCIVLY ,2•"1 

'\ 



00 c 

10 CCt.Tif\UF 
ENOFilE l 
[IIIDFILE 2 
E..,OF llf ~ 
E"'rFILE lo 
ENOFILE 8 

IFCISTOP.EC.OI GOT~ 81 
IJIRITEUolOOI ISTOP 

20 F~P~ATC/5X 0 ll~ AREA CF ELE~ENT ol5ol'oH IS NEGATIVE /1 
100 FOP~•ti////42H SOLUTION WILL "lOT BE FERFOR~fO P.EC~USE OF ,15, 

1 15t1 OUA EllROII.S II 
81 I!ETUPN 

ENO 

SU6POUTI"'E OUAOCM,TOTALAI 
IHDLICIT AEAL*B IA-H,C-ll 
CC~HC~/CONS/ NNP,NEL,NNAT,NSlC,NQPT,NBOO~,NTVP,NCKEl 
COHHCN EC10I,PRilOI,R01101,THI10I,X13001,YI3001 
CCHHCN/ONEI 0KilO,lOI,OI10I,BC3,lOI,CC3,~1,8TC3,6IoXOI51,YQI51 
COHH(f\/111 1£1250,51 
COMMCN/TIIO/ IBANO,NEQ,RI6001,.kl600,641 

~ I• IECN,ll 

c 

J• IECN,H 
K= IEIM,31 
L~ IECII,itl 
IOT\'P • IEI"o51 
Tnuu = o.o 

C CCNSTRUCT STRfSS-STP-Ih HATI!IX C,EQ.I3-16CI. FCR PLANE STRAIN 
C NOPT•1o ANO FOR PlANE ~TRESS NOPT=2, PRESENT CQOE IS FOR 
C ISOTRnDtC ~ATERIALS 

IFCN~AT,f0o1oANO,H,f.Toll GC TJ 5 
IF("lOPT.£0.21 GO rO 2 

CF • f(M1YPI/IIl.D•PRCHTYPII*Il.D-2.D•PAI14TYPIII 
Cl loll= CHI 1.0-PR(I'TYPII 
CC1,21• CF* PR(MTYPI 
C12.ll= Cl1,21 
CCZ,21= Clltll 
Cl3,31• CF•Il,O-Z.O*PRIHTYPII/2,0 

GO TO 5 
2 CF • ECI'TVPI/11.0-PRI•TYPI*PPCI'TYPII 

Clloll= CF 
Cll,21= POI"l'I'PI•ff 
Cl2.ll= Cllo21 
Cl2,21• CF 
Cl3o31 = CF•CI.O-PACHTYPII/2.0 

c 

llH • it 
IFIKoEOoll Lll' • 3 

ll0151 • o.o 
'1'0151 • o.o 

DO 10 N•loltM 
Nlll • lf(l',~l 

XQINI = .Cf\NI 
VlliNI " VI"'NI 
XQ151 = XQC51 

10 VOl 51 = 'I'CI51 
+ XCNNI/FLOATCLII'I 
+ Ylf\1111/FLO.TCLII'I 

C INITIALIZE QUAD, STIFfNESS, 
DO lJ It •1ol0 

LOAD VECTCP AND STRAI~-CISPLACEHENT VECTOR 

QIIJ 1•0. 0 
DC 12 JJ • 1d0 

12 OKIIIoJJI•O.O 
DO 13 JJ"Io3 

13 81 JJ ·"' " o. 0 
IFCK.Nf.ll GC lC 15 

CAll CSTilo2o3olClALAI 
GO TO qqq 

15 CAll CSTilo2o5oARFAI 
TOTALA : TOTAU + AREA 

CALL CSTC2o3 0 5,AREAI 
TOTALA • TOTALA + ~~EA 

CAll CSTI3,1t,5,AREAI 
TOUU = TOTAU + AREA 

CAll CSTC4olo5,AI!EAI 
TOTALA • TOTALA + AREA 

999 il.C:TURN 
ENO 

, 



00 
N 

c 

c 
c 

c 

SLBROUTI~E CSTIIoJo~olREAI 
l"PLICIT ~fAL•B CA-~.~-ll 
CC~~C~/CO~S/ ~~P.~Elo~~AT,NSLCoNOPT,N80D~.~TYP,NC~El 
COM~C~ EI101,Pq(10loROI10ioTHC101oKI3001,YI3001 
CO~MC~/ONE/ Q~llO,lOJ,QIIOioBI~o10loCI3,31,8TI1o61,XQI51oYOI51 
COM~ON/lWC/ IBANO,NEQ,RI600loA~C600,~41 
OIM~NSIO~ C813o61 ,LCI61olll~loT~I6o61 

lTill• I 
LTI21• J 
LTC H= K 

CDMPLTE STRAI~-DI~PLACEMENT ~-TRIK e FOR TRIANGLE, EQ, C5-35AI 
BTIIoll= YCIJI-YQI~I 
8Til,21• YQIKI-YCIII 
8TI1,31 • YQIII-YQIJJ 
8TI2o41aKCI~I-KCIJI 
8112,51 • KQ 111-XCIKI 
8TI2,61 • XQIJI -XCIII 
8Tc:!oli•BTIZ,41 
8TI3,ZI • 8TIZ,51 
8T(3,31 a 8l(2,61 
BTI3,'ol "' 8Til.ll 
8TC3,'il= 8Til,ZI 
8Tf),6)• 8ll1,31 
APEA =18li2 1 41*8TIIt31 - BTI2,61•RTI1o111/Zo0 

C CO~PliTE C*B 
DO 10 II= 1,3 
CQ lOJJ = 1,6 

CBIJI,JJI • OoO 
DO 10 KK a 1,3 

10 CBI!IeJJI = CBI!I,JJI t C ClloK~t•~TIKKoJJI 
c 
C COMPUTF ll**li*C*Bo EC,C5-45AI 

00 12 II • I, t 
00 12 JJ "' 1,6 

TKI JI,JJI=OoO 
DC 12 ~~=lo3 

12 TKIJ!,JJI= TKIJI ,JJI+BTIKK,JII*CBIKKoJJI 

c C ADD TRIANGLF STIFI>IESS TO OUAORILHERAL STIFFNESS, EX,C6-2lo 
C ADO TRIANGLE STRAIN-DISPLACEMENT ~ATRIX TO CUAORJLATERAL STRAIN-
( OISPLACEME~T MATRIX 

DO 15 11=1,3 
LCIIII = Z*LTIIII -

1~ LCIII+li•Z•LTIIII 
DO 30 JIst, 6 

.. . 

( 

c 

ll • LCIIII 
F~ • 1.0/14.0*APfAI 
FB • ZoO*F K 

c~ zo JJ=l.~ 
~~ • LC I JJ I 

~-----·- ... ~-·-·-·· 

ZO Q~ILL.~~I ~ CKILL,~"I + TKIJJ,JJI*THIMT~Fl*FK 
co 30 JJ = ld 

30 RIJJ,lll = BIJJ,LLI + eTCJJ,III•FB 

DEV~LnP ~no~ FC~CE 
IFINBOOY.EQ.OI 

TBOO~F = 
BOOTF • 

00 35 11=1.3 

HCTOR, EQ,I5-6181 
GO TO 999 
AREA* ROIHTYPI* THIHTYPI 
-TBODYF/3.0 

~5 

JJ= 2* LTIIII 
QIJJ)a QIJJI+ 'lODYF 

999 RETURN 
[Nr 



co 
w 

SUBROUTI~E CRACK 
IMPLICIT RFAL*A IA-~,0-ZI 

CC~MC~/CP~S/ ~~P,~EloNKAl,NSLCoNOPToNBOOY,~TYP,~CKEL 
COM~C~ EI101,P~1101oROI10I,THI10ioXI3001,YI3001 
COMMC~I'WO/ lfA~D,NEOoRI600I,AKC600o6~1 
COMMC~/l3/8CRI2o181oEK117lloXXYil~loKCRKI91olPC181 
REI~C~o121 KEY,MAlYP,XCoYCoNCC~T 

12 FOAMATC215o2F10.0,I51 
IFCKEY.£0.11 GO TC 10 
NODE " <; 
~OE • IE 
GO TO 20 

10 'IIOOE ,. 5 
~Of • 10 

20 REAOI~o21 IICCRKIIIol=loNOOEioi"AXDIF 
2 FOR ~AT 110151 

K" 2 • (MA)01F+11 
IFIKolEoiBAhOI GO 10 91 
L • I8ANO + 1 
00 100 1=1,Nf0 
DO 100 J=L,I( 

100 AKII,JI "' Oo 
IBANO • ~AJOII~A~O,I(I 

91 CO~TINUE 
00 30 1•1oNDDE 
XXYIZ*I-11 = )IKC~~IIII 

30 XXVC2*11,. YIKCAKIIII 
Oil ~ 1 I • l oliiOE 

!l WRITEI6o321 loXXYIII 
!2 FO~MAll•o•,s,,•xxvc•,rJ,•I•'•G20.61 

SMU = ECMA1YPI/C2o*l1o+PAI~ATYPII I 
IFCNOPT.E0.11 GO TC ~0 
ETA • 13. - PRIMAlYPII/11.•PAii"ATYPII 
GO TC 50 

~0 ETA • 3. - 4.•PR(i"AlYPI 
50 CONTINUE 

~AITfl~o351 SNU,ElA 
35 FORMATI 1 0 1 ,5Xo 1 5MU ETA • 0 o2G20o61 

CALL ~V~RIOCKEY,SMU,ETl,XCoYC,~CONTI 
00 60 1=1o~OOE 
LPIZ•t- ll • Z•~CRKIII - 1 

~0 LP12*11 "2•KCPKIII 
00 36 1•1 oNCE 

3t ~RITFCt,331 loLPCII 
33 FOA~ATI'0'o5Xo 0 LP l 0 ol3o'l= 0 ol51 

r.o 1 0 L l = lo NOE 
I • LPILLI 
DC 70 1'414 • 1oNOE 

J = LPII"~I - I • 1 
IFCJ.LE.OI GC TO 70 
CALL LCCILL,MM,IJo~OE,NOE,ll 
AKCI,JI • AKIIoJI + EKCIJI 
~AITECt,e~l IJ,EKCIJioloJo~KCioJI 

.. _ 

8~ FOAMAli'0 1 ,5Xo'EKI'ol~o'l•'oG20o6 0 °AKC 0 ollo 0 o 1 ollo'I•'•G20o61 
70 CONTINL~ 

WRITFC~,3~1 NODEoNOf,14ATVPoXC,YC 
3~ FORMITC•o•,sx,•~~OE 'IIOE 14ATYP XC,YC •'o3l~o2G15.51 

KK• C~CE+II*NCE/2 

~AITEI21 KK,NCDE,NOE,KEYollPCI lol=1oNOEloiFKCIIol•l,KKJ, 
I CIP.CRII,JI,I•lo~EYioJ=loNOEioXC,YC,MATYPoCKCRKIIIol•l,~OOEJ 
RETUP~ 

ENn 

SUBROUTINE LOCCioJ 0 IR,N 1 M1 14SI 
C COMPUTE 4 VECTO~ SUBSCRIPT FOP A~ ELEME~T I~ A MATRIX ~F 
C SPFCIFIEC STO~AGE MODE 
C I - PC~ ~llMIIER OF ElE i"ENT 
C J - CCLUMN NUMeFR CF ElEMENT 
C I~ -RESULTANT VECTOR SlBSCAIPT 
C N - NllMBfR CF ROhS IN MATRIX 
C M - ~L~BE~ cc r.OLU14~S I~ MATRIX 
C HS - ONF DIGIT ~UMBFP FOR STORAGE MODE OF MATRIX 
C 0 - GHERAL 
C 1 - S'f,.14ETPIC 
C 2 - 01 AGONAL 
c 

IX= I 
JX•J 
IFIMS-11 l0o20 1 l0 

10 IRX=~•IJX-li+IX 
GO TO 3f: 

:?0 IFC IX-JXI Z2o21toZ~ 
n IRXziX.CJ~*JX-JXI/2 

GO TO 36 
Zit IRX•JX+(IX*IX-1~1/2 

GO TQ 3t 
~0 IRX•C 

IFCIX-JXI 36,32,36 
~2 IRX• IX 
~t IR=IAX 

RF TUR" 
['110 

·~ 



00 
~ 

SU~ROUTf~F ~YBRI,IKfY,S~U,~tA,XC,YC,~CCNTI 
IMPLICIT R~Al*81A,e,O-H,O-YI ,CO~PLEX•161Z,CI 
CO~Pl~X SI~T.~JNT 

CCMDLEK•16 ZET,Z,OCMFLXoDCO~JG,F1,FZ,F),FF21321oFFlllZioXY 
CCMPLEX*16 ZfT~oCZKoZETT,CZZ,ZEf~,zE,ZO,ZC,ZAoZ!oCI,CCSQRT 
COMIIICN/T3/'lCRIZol81 oEKillli,KXYililloKCRI<I91,LPil81 
OI~'E~~IUl VGI!2olloi,XI51 ,YI5I,OISI 

1 ,~KI32olloloVAfl16loVIf32o31olo V8lll6loWI51 
EQUIVALE'fCF CZ,Z~TTI, ILX,UXXI 
EQUfltALENCfCVIC1olloVGCl,ll I 
DATA ~~.2~692t9,.io786ZEJ,.S6eaaa9, .lolB6287,.2J69269t 
OAT& YI-.~Otll9S,-.53Rio693,0ooo5181o6~3, .90617991 
DATA ~NT l'il 
Cl • OCMPlXIOoOO,loDOI 
IF II<EY .FQ. 11 ~OPE • 10 
IF CKEY .EC. 21 NCPE = 18 
1'•1. 
~T•I<EY*~NT 

"'NPE •NOPE /2 
IFINCCNT.EQ.OI GC TO 5 
00 6 l•l,NNPE 
12 • I • 2 

6 XXYCI21 • -XXtlf21 
S CO!IITINUE 

"'~N=CN~PE-11/2 
NTT•CNNT•NNT•NNTI/2 
on 1 1=1,1111T 
VACI 1•0. 
VBII 1=0. 
00 t, l=l,NT 
00 t, J=loNDPE 

t, VGCI,JI=O. 
C INTCGRATir.N CCfFFICIENTS 

DO 11 1=1,5 
Xlll=ll.•YIII 112. 

11 IJIII•Iolll/2. 
ISIDE="'"'PE/I<EY+I<EY/2 
ES•DSQRTI IXXYI11-XCI••2•CXXYI21-YCI••21 
LXX=IXXYI21-YCI/ES 
LY=IXXYIII-XCIIES 
CO t,t,O l•l,ISIDE 
11=1•1 
XXYIII-11•1 xnc 11-11-XCIIES 
XXVIII I=IOYIItl -YCI/ES 
XT= XXYIII-11•Uv •XXYIIII*UXX 
XXYCJII•-XXYIII-1l*UXX• XXVIIII*UY 

440 XXYIII-II•Xl 
ISIDE•NNPE/KEY-1/I<EY 

• 

...... -..... ._;~,...........__~--~· ... ·--- ...... -............. -'--~~---- ··-··-·'""· ...... .......__.....~_.:. .... ·-· 

DO lol IS1•1,1SlOE 
IE• I SHISI 
UXX•XXYIIE+21-XXYI!~I 
UY •XXYIIE-11 -XX,IIE•ll 
00 t,l 11•1.~ 
XX•XXYIIE-ll*ll.-XIIII I •XXYIIE•li•Xtlll 
YY•XXYIIE l*ll.-Xtlll I •XXYIIf•ZIUCIII 
l • DC14PlUH ,YYI 
lET •CDSQ~TIZETTI 
ZfTt, • lfTUZFTT 
Cll • DCONJGIZflTI 
ZETK • 1./lEH 
KK • 1 
IF (KEY .EO. 21 GC T~ lOll 
DO 1010 K • 1oNNT 
FF2(10 • Oo 
ZETK £ ZETK*l~T 

ClK • OCONJGIZETKI 
KK • -KK 
IF IUY oEOo Ool GC TO 1009 
ZO • CZK*CZZ-~K*ZETI<•ZETT 
ZC • ZETK*ICZZ-ZETTJ 
FFZIKI • Oo5*1<*11<-21*ZC•K•ZO 
FF21KI • FF21KI•UY*.~ 

1009 Zf • CZK*Cll*ICZZ-ZETTI 
FF31Kt • ETA•ZFTI<*ZfTio•KI<*CZK*DCC~JGIZfT~I+.5•~*lr 
FF311<1 • FF31Kt•.25 
IF lUX oECo Col GC TO 1010 
18 • l<•h~K .. <K 
lA • IK-21*lETI<-2.•CZK 
FF2CKI • -K•CCZl*ZA-Ie•ZETK•ZETTI*CI•.25*UX•FF2t~f 

1010 C'JNTII'lUE 
GO TC 2000 

lOll DO 1012 K • lol'lNT 
FF 211< I • o. 
FF 211< •NNT I • O. 
ZETK • ZETK*ZF.T 
CZK • OCONJGIZETKI 
Kl( • -KI< 
IF IUY .EQ. 0.1 GC TO 1014 
lD = CZK•CZZ-I<K*ZETK*ZETT 
lC • ZETK*ICZZ-ZETTI 
FFZIKI • o5*~*11<-2l*ZC+I<*ZO 
FF2fl<l • FF21KI*UY*.5 
FF21K•NNTI • IFF2fi<I-K*ZO*UYI•CI 

!Olio ZE • CZK*ClZ*IClZ-ZElll 
FF311<1 • ETA*ZETK*ZET4+1<K*CZK*CCO~JGIZFTiot•.5*K*lr 
FF31KI • FF3CKI*.25 

<# 

i., 



co 
m 

~F31~·~~TI a lfF3IKI-.25*K*lEI*CI 
IF lUX .EO. 0.1 GO TO 1012 
II! • I<+Z+I<K+~~ 

lA a IK-21*lfTK-2o*CZK 
FF211<1 a -~•ICZZ•Z~-IB•ZETK•ZETTI*CI•.25*UX+FF2CI<I 
18 a ~+2-KK-1<1< 

ZA a IK-21*1ElK+2.•CZK 
FF21K+NNTI • K*ICZl*ZA-18•ZETK*ZETTI•o25•UX+fF2(K+NNTI 

1012 CONTINUE 
2000 KJ•O 

00 ltJ ~a1tflt1T 

La2*1SI-l 
on ~oo J•t.~r:v 
I•J*NNT-~NT+K 
SINT:FF21 I 1*~1 I II 
SJ"'T•ff2( 11-SINl 
VGIItll a VGIItll + OIIII*AIN•GI5JN11 
VGIIel+ll = ~GII,L+11 + OIIII*PEALISJ~ll 
VGCI,L+<I • VGCI,L+21 + OIIUUIIIAGISit.TI 

~0 VGII,L+31 • VGII,L+ll + OIIII•PEALISINTI 
00 itl J•1tK 
SINTa FF21KI•FF31JI+FF21JI*FF31KI 
KJ•KJ+1 
VAIKJI • V~II<JI + OIIII*AI~AGI~INTI/S~U 
IF I ~EY .EQ. II GC TC 41 
I•K+NNT 
L•J+II:NT 
SINT• FF2111*FF31LitFF21ll*ffllll 
VBIKJI • V!II<JI + Ollii*AI"•GISI~TI/SIIll 

It l CONT I"'Uf 
IF IKEY .EO. ll GC 10 61t 
DO 5CO lll•leNNT 
VGIIIJ,21•0. 
VGIIII tl1•2o*VGII11ell 
IJaJII+~NT 
VGIII, 21•2.*VGIII,21 
VGIII tli=Oo 
00 It~~ J•t,NNN 
JIJ=J+1 
Jl =NNPE +I- J 
VGIIIIe2*Jl-li=VGIIII,2*JU-ll 
VGIIII,2•JL I•-VGIIIIe2*JU I 
VGIIIeZ*Jl-li•-VGIII,Z*JU-11 

lt55 VGIII,Z•JL I= VGIIIe2*JU I 
500 CONTINI.!E 

00 501 l=le'\OPE 
501 VGINt.T+Z,II•O. 

0'1 63 I =1,NTl 

~All I=VAI I 1*2. 
63 ~811 I•V811 1*2• 

~8(21=0. 
¥6131•1. 
00 62 I•J,NNl 

62 VBI 11*1-11/2+21•0. 
61t CONTINUE 

CAll Slt.V I~A,II:NT, .10-05,1EAI 
IF I~EY oEOo 21 CALL SINV IV8,NNT,.1C-05,1EEI 
00 111 J•l,NOP~ 
!lO 110 l=l,N"'T 
II• II •1 --1112 
fii<II,JI•O. 
on 110 ~<•1, "" T 
IK=II+~ 
IF I K .GT. I I IK•(I<*K-~112+1 

110 P.~II,JI=B~II,JI+V~IIK I*VIIK,JI 
IF I KfV .EO. 11 GO TO 111 

II=NNT+1 
on 1.<1 I=II,Nl 
IJ=I-t. .. T 
IJ=I IJ•I J-1 Jl/2 
BKII ,JI•O. 
on 121 ~<•1•'-"' 
IK•I J+K 
IF I K .GT. 1-NNTI IK•(~·~-1<1/2+1-Nt.T 

121 BKII,JI=RK(!,JI + VBIIK I•~IIK+Nt.T,Jt 
111 COI'ITJI'mE 

IJ:Q 
CO 112 1=1eNDPf 
00 112 Jz 1, J 
!JziJ+l 
EKIJ J 1•0. 
00 112 K=leNT 

112 EKIIJ I=EKIIJ h BKIK,JI•VIIK,II 
E =~SQRTI2.1fSt 
01 113 J = l,~OPE 
BCRI2,JI • o. 
IF IKEY .~o. 21 8CAI2eJI • E*BI<ClO,JI 

113 BCPI1eJt z E*llKI1eJI 
RfTUA"' 
fNO 

... ..:,.. . . ..• .. . . ..... "' ~ 

.. , <' 

-· 



ClO 
0\ 

!l8ROLTI~f !IFACI~oTCTALI 
IMPLICIT Pf•L•8 1&-~,0-ZI 
COHMC~/ThO/ I!A~D,~EOoRI6001,A~I600ot41 
CO~~ON/T3/8CPI2ol8I,EKil7lloXXYI18loKCRKI91,LPil81 
R(AL•8 K1,~2 

WRITEI6ol51 I' 
35 FORMATC 0 0°,5Xo°CKEL • 0 ol5o/l 

RfAD 121 KK,~ODE 0 NOEoKEYollPill 0 1•1oNOEioiEKIIIol 2 1oKKio 
1 ICeCRI1oJiofzloKEYioJ•loNOEioXCoYCo~ATYPoiKCR~IIIol•1o~ODEI 

TOTAL s 0. 
~1 a Oo 
K2 • Do 
DO 20 l•loNOf 
Kl • Kl + BCPiloll • RCLPIIII 
IFIKEVoEOoll GO TO 20 
K2 • K2 + 8CRC2oll • RILPIIII 

20 CO~TINUE 
PI • ?.HU'iU 
~1 • Kl • OSQ~TCPII 
K2 ~ K2 • D!QRTCPII 
ltPITEiboll ~ ,K1, K2 
FOR"ATI•-•,5Xo'••• STRESS INTENSITY FACTOP •••'ol2olo 

1 •o•,sx,•OPE~ING MODE Kl • 0 oG20.6o/o 
2 '0'o5X 0 'S~EARING "ODE K2 • •,G20obl 

WRITEibolOOI XCoYCoi'ATYP 
100 FOPMATC 0 0 1 ,5Xo'CRAC~ TIP XC •',Glbobo' YC •',Glbobo 

1 ' AT ~ATFRI•L" ol41 
ltRITEI6o2001 NOOE,IKCRKCIIol•loNOOEI 

200 f0RMITI'0',5X, 0 T~E 1 o14o 0 NOOES ••,10141 
... o. 
DO 30 l•lt~OE 
KKYI II • C. 
DO 30 J~t,NOE 
CALL LOCI loJo IJ,NC~oNCI'oll 

30 KKYIII : UYIII + RILPIJII • EKII Jl • .s 
DC toO l•loNOE 

40 W = W + KXYIII•RILPIIII 
ltAIHI6o21 h 

2 FORMITI'0'o5Xo'STRAIN ENERGY •' 0Gl6o61 
TOTAL • TOTAl + h 
WRITEI6,3COI 

300 FORMATI"O'olOXo' • • • • • • • • • • • • • * • * * * 'o/11 
RETURN 
END 

• 

SUHAQLTINE GEC"BCil,~l 
IMPLICIT REAl•& 11-H,O-ZI 
COMMCh/TitO/ I!A~C,~EQ,~I600I,AKI600,641 

C T~IS SUeRnLTINE wOPIFI~S THE ASSfwetAGE STIFFNESS ANC LOAD~ FOR T~E 
C PRfSCQIBEn PISPLACE"ENT U tT OEGAFE OF FAEECCM ~. EC.Ib-18~1. IREF.11 

ro 100 ~s2,1PANO 
~ = ~ - " • 1 
IFCK.L~·.oa GO TO SO 
A(KI = Rl~l - IKIK,"I*U 
AKCK,"I s 0.0 

SO ~ a ~ t M - l 
IFIK.GT.NEQI GO TO 100 
RIKI a Rl~l - AKI~o~I•U 

AKIN,~I s OoO 
100 CCI'HI NUE 

qfTURN 
ENC 

AKII\oll = 1.0 
IIINI s U 



,· '·I·' 

0) ...... 

c 

c 

SUBROUTI~f 5TRES51WORKI 
IMPLICIT RFAL•B (j-H,C-ZI 

. ~~ ... •'. 
__ ..... .,or .... .MO- •• ~ 

CO~MC~/CONS/ NNP,Nflt~~~T,NSLC,NOPT,~BOOY,MTyP,NCK£l 
COMMCN £1101,P~I101,RCIIOI,THIIOI,X(300I,YI3001 
CO"HCh/Tl/ IEI250,51 
CC~MCh/ONE/ QKIIO,tOJ,QCIOI,B13,lOI,C13,li,BTI3t61tXOI51 1 YQI51 
CC"Mt~ITWQ/ I BAND ,~O:C, R 16001, U 1600,641 
DIMft.~IC-. SIGI~>I 

Dfld~C 1 
Dfloi~O 3 
IIRITE It, 3001 
loOPK = Oe 

r.nu NE • 47 

C RETRIEVE MULTIPLIO:RS, PIVOTS, ~ATRICES B ANO C, ANO CENTROIOAl COORD, 
C FOR flE~fhT 

CC 5 l'~t,NE l 
RE4Dill IIQKII,JI,J=I,lOI,I•lt21o 0191 0 Cl101 1 

1 IIBII,JI,J=lt101,I=1,31, IICIItJI,J=1,31,1z1,31, XC,YC 
c 
C SELECT NODAL DISPLACE~FNTS FOR THl Elf~Er.T 

LIM = 4 

c 

IFI IEIM,31.FO.IECM,411 LPI • 3 
CO 10 !=loll~ 

II = 2•1 
JJ • Z•IEI~,II 
CCI f-11 • Rl JJ-11 

10 01111 = IIIJJI 

C RECOVER CO~OE~SfD DISPLACEMENTS FOR THE OU40RllATEPAl, EQ. 15-~4GI 
1Fili".E0.31 GO TO 16 

c 

DO 15 K=lt2 
JK * K + 8 
II< = JK - I 

110 15 l=1,JI< 
15 QIJKI = OIJI<I - CKIKoLI•~Ill 

C CCMPUTE ELEMENT ST~AINS, EQ,I5-35jJ 
LIM ~ 10 
FAr:•C.25 

GO TO 17 
16 ll" • 6 

FAC•1.0 
17 on 20 1•1o3 

E Ill • o.o 
DO 20 J=lt lll' 

20 fill =fill + BlloJI•CIJI•FAC 

~ ........ - ........ ~ ..... ..;... • .,._. .. .~-~. .. .................... _, __ ....... ~ .......... ~"'(·------·- . ..;,~--.~o~ ................. ~ ..., .... ~, .. ._._ ... _ .. , ....... t.~~···-... --.... ... 

c 
C CC"PUTF. s•PAI~ E~ERGY ~TOREO I~ E•tH ELE"Er.T 

R[AOOI KK, IIOKII,JI ,J~t,KKI ol•1tKKI 

( 

00 40 I•I,KK 
ROll I • o. 
en 40 J•1,KK 

40 ROll I= 110111 + eS•OIJI•CI<II,JI 
w z o. 
00 50 1•1,1CK 

50 W • W + POIII•QIII 
l«li<K • WORK + II 

C COMPUTE ElEME~T STRESSES , EO.I5-35BI 
00 30 I • lt3 

SIGIII • o.o 
DO 30 J•1t3 

30 SIGIII = SIGIII + ClloJI•EIJI 

.. 

C CCHPUT~ PRI~CIPAL ST~ESSES ANO THE A~GLE ~ITH THE PCSITIVf X AXIS 
SP = ISIG111+SIG1211/2.a 
S" z ISIGI11-SIGI211/2e0 
CS zDSQRTCS"*~M+SIGI11•StGI311 
SIGI41 = SP + OS 
SIGI51 = SP - DS 
SIGI61 = 0.0 

IFISIGI31.NE.O.O.AN~.S".NE.O.OI SIGI61 = 28.E48*DATAN21SIGI31, 
I SMI 

C PRI~T ST~ESSES, 50 LINES PER PAGE 
IFI~OliNF.GT.OI GO TO 5~ 

~RITE 16,10001 
IIOLINE • 49 

5~ NOLINE = NOLir.f - I 
W~ITf(l:,l0101 MtXC,YC,ISIGIIIol•lo61 
hR!TECt,2ll WORK 

21 FOD~ATC•-•,5x,• ••• STRAIN ENERGY W/0 (KEL •',G20.6o' ••• •1 
ENOF ILE I 

300 "()PMATC47Hl0UlPUT TABLE 2 •• STRESSES AT HEMENT CENTROir.S II 
llX,7~ELE~ENT,9X,IHX,9X,tHY,4Xo8HSIG~j(XI,4X 1 8HSIC~•CYI 0 4X, 
2~HTAL(X,Yio4),8HSIG~AIII,.X,8~51G~·I21, 7X,5HANGLE I 

1000 FOP~AT(lH1, 7HflE~E~T,9X,lHX,9X,1HY,4X8HSIG~AIXI 1 4X 1 8HSIGMAIYI, 
l4X,8HTALIX,YI,4X,eHSIGMAIII,.X,8HSIGMA121, 7~o5H•MGLE I 

1010 FORMATII8o 2F10.2oiP6E12o41 
RETURN 
EWl 

"' 
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APPENDIX D 

Calculation of Service Life by Numerical Integration 

This program integrates the following equation 

The function ~K = ~K(c) is approximated using the polynominal curve 

fit by least square method. The integration is performed by Simpson's 

rule. The program is limited to the polynominal curve fit and also 

computes the correlation coefficient of the estimated curve fitting. 

Following are the main program and subroutines in the program: 

MAIN Reads and prints data. Calls the subroutine 

FUNC Calculates the value of an assumed polynominal equation 

(function subroutine) 

INGRT Provides numerical integrations by Simpson's rule 

LSCF Performs least square curve fitting 

STATIC Computes the correlation coefficient 

CHOLES Solves the simultaneous equation by Cholesky's method 

Guides for Data~ InQut 

Card 1 (2I5) 

cc 1-5 N 

cc 6-10 M 

Card 2 (4Fl0.0) 

cc 1-10 XI 

cc 11-20 XF 

Number of data points 

The degree of the polynominal 

Initial value of crack length within overlay 

Final value of crack length within overlay 

88 
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cc 21-30 CA 

cc 31-40 CN 

Fatigue experiment constant 

Fatigue experiment constant 

Card 3 (2Fl0.0) A set of N cards 

cc 1-10 X (I) 

cc 11-20 Y( I) 

Card 4 (!5, 5X, FlO.O) 

cc 1-10 NSTEP 

cc 11-20 SKC 

crack length within overlay 

calculated stress intensity factor 

Number of integration steps 

Critical stress intensity factor 

89 
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1.0 
0 

c 
c 
c 

11111'\.ICIT PE"'-*81'-.,·0-ZI 
PIOif:NSION XCI21,yll?loAII21 
Dl•fNSION R~IZO~I 
Dl•fNSIOI4 FC?OOI 
WAIIF C 11,11 

3 FOI"IATI'I'o2Xo•CuAVE FITTI"G AY tf4ST SQUARE IIETHOD'I 
I READC$,111 No " 
II "0A .. ATI2151 

IFIN,EQ,OIGO TO 99 

'lD21 I=I,N 
21 AfADIS,J21 XllloYIII 
12 FC~·ATfZFIJoOI 

100 WAIT!' I ~.1111 " 
111 FOAIItAT C 1 J',l4)(, 1 Ttif' OEGR£€ 'Jc THE' DQLYNO .. IALS 'IS fll =•,13t 

CALl. l.SCFt K ,v,N,Jt4,At 
2CO CONTINUE 

RfADC5,501 XI,XFoCA,CN 
XI-- INITIAL VALUE 
XF-- FIN"'- V4LUf 
CA CN --FATIGUE EliPERIME"T CONSTANTS 

50 FOR.ATC&FIOo~l 
W~ITE(6,?01 l(l,l(F,CA,C.. 

7C· FORMATI'O'oi&K,•THE INITIAL VALUE OF CAACIC LE .. GTH•,T75oGI5o'5o 
I ,,I&K,•THE FINAL V4LUE OF CRACK LfNGTH•,T75,GI5o5o 
2 ,,I4K,• THE FATIGUE CONST,t.NT CA• ,T7S,GI5o5o 
3 ,,rax,•THE FATIGUE CONSTANT CN•,T75oGI5oSI ........ 

10 C O .. TI NUE 
READ(3,601 NSTfP,SKC 

60 FCAIIATII5o5.,FIOo0 I 
IFCNSTEP,EQ.CI GO TO 90 
H = I KF-X I ,,.,STEP-I, I 
DO 5 I =I ,.,STEP 
XX=XI • 11-II*H 
XX a •I • H•CI-11 
AKCit z FUNCCMleKX,AJ 
IF(RKI lloGEoSKCI GO TO 501 

5 CONTI Nl£ 
51. I CU..T I 'lUI' 

"STEP" I 
SKC = QKCII 
JC.F s I( 1( 

nc Sll2 IC=I ,6 
CN a DFl.CIATIICI 
WRITEI6,6011 c .. , XF 

hOI c:-QR~~~t•TC'I' .tltc: •'CN=• ,Gt'5,4eSICe 1 )(F =• ,Gt5,6 J 

-~···.-....,. ......... ~~·· .... .~~.&&:,'>----·~-. . ....... ~··· ~ __ . _ __. ................ . 

• 

DO Su 1 I =I o"'ST!'P 
C,( t FCII • loOO/I<>o<eJI••CNI 

CALL I~TGAT(NSTEP,F,H,AA~AJ 
WAITECI!o6021 

602 FCAM4T( 1 0 1 .8l(,'CA '•15JC., 1 CVC-E' 1 ) 

SP = lo!>-15 
DO 50& llct,s 
SI..C ~ SR•IOoDD•• II 
DO 5\14 J=lolO 
CA=SI .. C • J 
S z I , DC /C A• 4RE A 
WAITEI6o60ll C4o ~ 

603 FORMATI•O• oi5X,2GI5o!\ I 
504 CO.,TI"'UE 
5C·2 CONTI.,UE 

GO TO 10 
qo CONT I"'IJI: 

GO YO I 
9q WRI IE I 6o201 

WRITE I 6, ~I 
20 FOANATf 1 G1 .6)(. 1 EHO OF PROBLEflt•, 
30 F OR'IA T I • I ' I 

SToP 
E'-D 

"l.HCTICh "V"'CINI,JCK,AI 
I•PLICIT ~EAL•ei4-H,O-ZI 
DI•E .. SIDN A1121 
SI.M = 0 0 

DO 20 J22,MI 
20 SUIOI a SVW • A(l I*XJC**II-11 

FU..C = 51.14 • Alii 
RETURN 

""0 

.... ~ 

• 



1.0 
--' 

't 

su~qourt••~=" LSCFt ••"'•"•"••• 
IMPl IC •• l'lf .. L."fA-H,.,_,. 
•l"*t:N~Iifl, C(lLf,VC1~1.A-Cl.r:::t.::Cll,l2t.OCIItt~W.(l2'1,fOCc'1~f1?J 

01"4fNS!'JN ":'R'-ill.l.l 

~·=1111+1 

~0 I J&J,t~i~!J 

SU14=C ,r 
IFC.I.Gf,JIGC ro 6 

DO 5 K•l •" 
SuN•suw•vc K 1 

'S CONTI"I.E 
GO TO I 

6 DC 2 IC:&I ,h 
SU" .. SUI'+ Yll(t••lo<l••• J-l I 

2 CONTI"'UE 
I DI • .II,.S\JOt 

16 

IZ 
10 

22 

29 
28 

25 
z• 

~I 

:>D IC I= lo"l 
DO 10 .J= lelltiiJ 
SLM=lloO 
IFCI.~T,JtGO T~ 16 
IFI.JeGfel tttO TO 16 
SU.,st-o~ 

GO TO 10 
OC JZ 1'•1•'-~ 

s~~su"+•I~I••II+J-21 
CCNTI.,UE 
CfJ,.Jt:SloM 
fPaQ 

CALL C~OL£SC~l ,c,o,A,JNOt 
I~=C lt40 eEO.&, 1GO TO 29 
WliiTEI6o221 
FOAMATC•O• .2Xe'N0 CUAVE FITTING' t 
GO TO 9CO 
lii'ITF.I6o2111 Alii 
-=: ORM. T ( 1 C1 , 15 ... ~ 11 •4 1 
DO 24 1•2.~1 

t.. =I-t 
•PI TE16.l'51 41 I loL 
F OIC ... T C • • • l5X • !='II e4 • 2'1C, • •x •• • • 12 I 
C0Nfi'HE 
•~>Jn:cc:,;sll 

FORMAT I • c• t2'5JC ,• Ill • .15 JC, •Y' el'51( • •FJI 1 , I !5'1C • 1 £RAOA• • 15X• 1 A ••z• I 
00 5') t(:t,N 

su-e.o 
:10 )7 .J=2,Nl 
S._,..aSU .. +•C J t•XCK 1••c J-ll 

3., CONTINUE 
c •1 K) • A( I) t i\114 

IEAAOH II( ):'YC < )-tr: •c tc:) 

EAAIK)sE~AOI>IKI*•2 

50 CONfl Nt£ 
SU'4 = Oa 
DC 41 w=a ... 
4Ail'Ef 6,•?J J((l() ,Yfi(J ,F1((1() ,ERPQJ;CI(I .ERP(KJ 

SUN ..:: SUM tEA-l( IC I 
42 ~OA .. ATt• • .I51C .;c·~II(.EI1 .... J J •• c.,,.,.,,._."',: 

~S~E : ~so~rc,,,~,~• 

wQJTfC6.o\bl r.tSIII4F 
4f- ~nu._.ATC •-•.1011.••• QSMI:. •• z•,G'2C.f'lJ 

(ALl. Sf AT IC.C ..... ,Y,F"Il.~2 t 
Q9 R'= TUR"'' 

E,..n 

~ 

SU!AOUTifiE CHOLF.SCf..,.&.C.I(.fN':>t 
IMPliCIT l.)rAL•t-1 .t.-H. 0-Zt 

··~·--.._.._...._.......:...a....--.......-- '··---·---t..-

RF AL•8 4 C II •I i? 1e C C t I I • lC C II 1 • ... C II, 12 1 .K.C I I 1 .S4 Vf.C 121. f C 11, I Zl 
JhTIOGf.'A leM~ 

l"-0 • 0 

:10 !12 I =1oN 
AC1oC"1+111=CC11 

82 CCNT1"U"' 
I •I 
IF1Nof0o11GO T(l 81 

~ I~C•c l.tt,NE,O.tGO fO • 
I FCJ,C'Qat•UGO TO I OJ 
1•1+1 
GC TO 5 

103 CONTJ"U£ 
..... :a l 

•q1 TF I foiPOI 
GO TO N" J 

100 ~CAMATC•-• ,JOX.•fHIS PROB, CA.~ NOT BE SOLVFD 8ECAUSf ~ON-l~qO 
1AIIo11 CAN ..OT Sf "'1"10'1 

• IFIIoi!OoiiGO TO 10 
J•l 

20 SAYEA*AIIoJI 
A(J,Jt•AIJ,Jt 

AC loJI•SAYEA 
IFCJoEOoi"'+IIIGQ TO~ 
.1•.1+1 
GO TO 20 

6 1•1 
10 CONTINI.f' 
II LllollaACioll 

T lloll•l 
IFCI,EOoNIGO TO 31) 
1•1+1 
GC TO II 

30 Js2 
Js2 

12 flloJI•IICioJI,Ailoll 
J~cJ.ea.CN+ttt~n ro •o 
.J=J+l 
GO TO l2 •e lo<"2 

1500 .J•2 
l4 '4zl 

iU"'Lo::C 
1.1 SUMt.zSe... .. L•LCI,•1•TC114,.JI 

IFI"oEOoiJ-IIIGO TO 53 ...... , 

• • 

_..;..-...,..,..w-, .... ; .... ~ ....... 

• 
' 



1.0 
N 

"i.O TO I 1 
'!00 L CloJI :Afi,JI-SUML 

IFC.Jol'OoiiGO TO 7;) 
.J.aJ+J 
GO TO I• 

70 IF' C L f I , .J) • t. C,Q , I ~0 To 'tO 
18 .J=.J+l 

KK.:J 

SUMTzQ 
15 S~~T=SLNt•LII,.K)*T(K~e.J) 

I F I KK • N£ a( 1-1) IGO TO ~0 

TCioJI•IAIIoJI-SUMTI,LIIoll 
GO TO eo 

CIC: 1(1(;1(1(+1 

GO TO 15 
f>C IFIJoEOoi~+IIIGQ TO 17 

GC TO 18 
17 IFCJ,EOoMGC TO 200 

I* 1+1 
I K =I 
GO TO 500 

zoo I =I 
21 KCII=TIIoiNHII 

IFC loEOoNI(·O TO 30, 
I •1+1 
GO TO 21 

JOO ~ CNI=o< '"I 
I=N-1 

2• SlN:zO 
J=l .. 

2l SUOII= SU ... Tl I .Jt• JCI J I 
IFC~eEO,NJGO fO 22 
.J-z.J+I 
GO TO 2l 

22 KIII=KIII-SU" 
IFI loEOo JIGC TO lllOO 
J:l-1 
GC TO z• 

J:Jt!) WRITO:I e,7JI 
71 C:QRMAT (•-• • I SIC, •A,...SWFQ• I 

WQJ TF I 6, 7?.' 4 I ,Ill f I I, I ':J , .,_, 

... 

72 F~R114Af(l0 1 tl~A.,•I(( 'tl2,'1~'e!=J6,.,, 

GC T'J 2000 
l!f TE'4P=I 

IF( JI(,£Q,NIGO f.~ I So.') 

J•l 
32 SAVEl J l=.ll I ,JI 

JFCJ.€o.c~·•••G~ ro 11 

"' ~ 
,. -

.J~ .J+I 

GO TQ ~2 

ll S AVEL=LI lol I 

'" .J=I 
l3 AlloJI=AIC l+llo.JI 

IFC.Je£CeC~+IJtGO TO 44\1 
J:.:::.J+I 
GC TO ~3 

~-~ Lllollzt.CCI+IIoll 
IF I JoE Q, IN-Ill GO TO 550 
1=1+1 
GO TO ]" 

5511 J=l 
51 ACNoJI zSAVECJI 

IF( JoEOa IN+ II IGO TO 660 
.J&.J+I 
GC TO !II 

66~ LINollzSAVEL 
lK:s IK •• 

I •TEMP 
GO TO ~~~ 

1500 llloiTEC6ol5101 

1510 "CRMATC•-• • 2JCo'PROS, '4UST BE STOPPfO 8ECAUSF. NO .lRRA~GEMENT OF 
I<IOWS CAN SE ACCOMPLISHED 0 1 

ll\0 • I 
GO T') 2o)C0 

Ill ICCII=CCI I'ACio II 
WRITEI6o721 loXCII 

2000 RETUR'I 
El\0 

-~ 

" 
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1.0 
w 

c 
c 
c 
c 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
TO INTEGRATE ANY •HIAITIUI>'I' FU .. CTION BETWEEN CERTAIN LIMITS, 
TH£ FU'<CTION f(• INTEGRATE[) li ':>EFINE:O !IV A FUNCTJ)N SUAPR;JGR""• 
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SURAOUT I ~F !NT GqT C ~. rr • ..... AR '?Al 
IMPLICIT RFAL•"'CA-H,O-ll 
OI'4ENS I'"' FC20r I 
IFC~/2*2oF0oNIG~ TC 8 
IFC~.'if•:!IGJ TO I 
APF.AsH/l.•CF(l t+4.~C2t+J:'(1,1 
Qt;: T\JA:fi 
SUM I zl) •'-' 

SUMl=O .o 
N I=N-1 
... .C:.N-? 
I)( 2 I =ZoNI o2 
Sl.'"ls SL .. l+F I II 

2 CCNTINUF 
SU~l=4•*H/3•*SU~I 

DO :J I=J.N~,z 
3 SUM:J=SUNl+F I It 

SUM3=Z.*H/le*SU'A"l 
AREA=H/1o*l"llhFINII+SUNI+SU,.3 
RETURN 

8 IFINoGToAtGO TO IT 
AAEA=H/2 o*l Fll I +FI21 I oH/lo*IFJZlH o~l li+F141 I 

AE TURN 
IT NI=N-1 

NZ•N-2 
SU"fl••tl 
SUIIII'3=.0 
':>0 I !I I ~J,Nio2 

18 SUNI=SUNI+FIIl 
SUMI~4•*H/3•*SU~l 

DO I<> l=4oN2o2 
I<> Sl.. .. l=SUMJ+Fill 

SL~3=Z•*H/le*SUNJ 
AREA=H/Zo*l i'JihFI 21 I+H.flo•I=CZI+FINII+SUNI+SUNJ 
QF'TU~"-t 
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SUBROUTI'~ ST&flCC~.~.v.o?t 

I "PLI CIT q~ AL• '3C &-t1. '1-Zt 
~IMENSIO~ •INio'l'l~l 

x-- 065f~VEO VALLI!:: 
Y-- ESTI"ATfO VALUF 
s I( ;: .... 

s., .:. ~. 

SXY : C. 
5 IC2 : C • 
SYZ = Oo 
DO I I aj ,.., 

SX&SK+XIII 

5 y • s y • ""' 
SO a 51('1' + XI II*Vl II 
SX2 a SX2 + Xlll**2 
SY2•SY2+VCil**2 
CONTINUE 
liMEAN " SXI~ 
YNEAN a 5'1'/ N 
DE a DSOI'T(CABSC ISX2-X'"EAN**2*NI*ISY2-YOCEAH**2 ... 111 
CORELA z ISXY- XNfANOVMEAN*NI/OE 
RZ • COR B.. A**2 
WRITE I 6 ,ao I C'JI>E LA ,RZ 

•0 FOR~ATC•-•,s~.•THE CQqfLATION COEEFe *' .G20•6•'•'0'• 
I 5~ , • f;• •2 • • • G2''l .6 t 
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END 
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