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PREFACE 

Project 1177 is a joint project between the Center for Transportation Research at The University of 
Texas at Austin, the Texas Transportation Institute at Texas A&M University, and The University of Texas 
at EI Paso. The project deals with the development of routine resilient modulus (M0 testing for use with 
the new AASHTO Pavement Design Guide. This report, the first of two reports from the Center for Trans
portation Research, describes our evaluation of the deformational characteristics of synthetic specimens 
and real soils, including dry sand, undisturbed silts and clays, and compacted clays. Resonant column and 
torsional shear (RCTS) equipment is used in this work, and the results are compared with moduli deter
mined from resilient modulus testing. 

ABSTRACT 

The deformational characteristics of various soils at small 00-1 to 10-3 percent) to intermediate 00-3 to 
10-1 percent) shearing strains using resonant column and torsional shear (RCTS) equipment were investi
gated. Soils tested include dry sand, undisturbed silts and clays, and compacted clay subgrades. In addi
tion, metal specimens have been developed to investigate system compliance of RCTS equipment which 
resulted in damping ratios of soils measured at frequencies above 1 Hz being corrected for equipment 
compliance. 

A key aspect of this work was to measure accurate stress-strain hysteresis loops at shearing strains be
low 10-3 percent. To accomplish this task, the motion monitoring system in the torsional shear test was 
modified with a micro-proximitor system, and shear modulus was measured at strains as small as 10-5 
percent and hysteretic damping ratio was measured at strains as small as 6*10-1 percent. The elastic zone, 
where the stress-strain relation is independent of loading cycles and strain amplitude, was verified, Hys
teretic damping was found even in this elastic zone. 

The effects of loading frequency and number of loading cycles on deformational characteristics (modu
lus and damping) are investigated. Resonant column (RC) and torsional shear (TS) tests were performed 
in a sequential series on the same specimen. A cyclic threshold strain was defined for dry sand where the 
deformational characteristics are independent of loading cycles. The cyclic threshold strain was about 4 to 
10 times greater than the elastic threshold strain. At strains above the cyclic threshold, shear modulus in
creases and damping ratio decreases with increasing number of loading cycles, Moduli and damping ra
tios of dry sand are independent of loading frequency and values obtained from both RC and TS tests are 
identical, provided the number of loading cycles is considered in the comparison. A cyclic threshold 
strain was also defined for cohesive soil. Above the cyclic threshold strain, the modulus of cohesive soil 
decreases with increasing number of cycles while damping ratio is almost independent of number of load 
cycles. Moduli and damping ratios of cohesive soil obtained by the RC test are higher than those from 
the TS test because of the frequency effect. Shear modulus of cohesive soil increases linearly as a func
tion of the logarithm of loading frequency while damping ratio of cohesive soil remains constant below 
about 2 Hz. 

Synthetic specimens were developed and calibrated with independent tests. With known stiffness speci
mens, the compliance problem in resilient modulus (MR) equipment was detected and modifications of 
equipment were undertaken. After calibrating the equipment, moduli obtained from both Mn and RCTS 
tests agree well on synthetic specimens as well as compacted subgrade soils. 

KEY WORDS: Experimental Study, Resilient Modulus, Shear Modulus, Material Damping, 
Subgrades, Synthetic Specimens, Resonant Column, Torsional Shear 
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SUMMARY 

An experimental investigation of the deformational characteristics of soils at small 00-5 to 10-3 percent) 
to intermediate 00-3 to 10-1 percent) shearing strains was conducted using resonant column and torsional 
shear (RCTS) equipment. Soils tested include dry sand, undisturbed silts and clays, and compacted 
subgrade clays. In addition, metal specimens have been developed to investigate the dynamic characteris
tics of RCTS equipment and synthetic specimens have been developed to investigate the dynamic charac
teristics of resilient modulus (MR) equipment. 

The effect of number of loading cycles on the deformational characteristics of soils was investigated 
over a wide range of shearing strains from 10-4 to 10-1 percent. An elastic or proportional zone, where 
stress-strain loops are independent of number of loading cycles and strain amplitude, was defined for 
both dry sand and cohesive soils. A transitional zone from elastic to plastic behavior was also studied. 
Elastic and cyclic threshold strains for various soils were defined and correlated with confining pressure 
and plasticity index. Cyclic hardening of dry sand and cyclic degradation of cohesive soil were also quan
tified by the number of loading cycles at intermediate strains, strains above the elastic threshold. 

To develop a reliable MR testing system, synthetic specimens were developed and calibrated by inde
pendent tests. With known stiffness specimens, compliance problems in MR testing equipment were de
tected, and modifications to the equipment and procedures were undertaken. After calibrating the MJ{ 
equipment with synthetic specimens, compacted sub grade soils were tested using MR and RCTS equip
ment. Moduli obtained from both tests were compared, and the effect of plasticity index on the normal
ized behavior (GIG max or E/Em3x) of compacted subgrade soils was investigated. 

IMPLEMENTATION STATEMENT 

Based on this study, two recommendations are made. The first deals with synthetic specimens which 
were developed in this project. Synthetic specimens with known stiffness characteristics work well in 
evaluating and calibrating resilient modulus equipment as well as training personnel. The second deals 
with other means of evaluating resilient moduli of subgrades. Resonant column and torsional shear equip
ment can also be used to evaluate resilient moduli of subgrade and subbase materials. 
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CHAPTER 1. 

1.1 BACKGROUND 

Deformational characteristics of soil, expressed in 
terms of shear and Young's moduli and material 
damping, are important parameters in the design of 
soil-pavement and soil-structure systems subjected 
to cyclic and dynamic loadings. In the past, much 
of the concern has been focused on the behavior of 
soils during earthquake loading. However, in recent 
years, much interest has developed in the area of 
low-amplitude problems associated with human
made vibrations, such as those caused by vehicular 
traffic, machine vibrations, pile-driving, and blasting. 
The perceived difference bet'W'een static and dy
namic moduli is also decreasing as the accuracy of 
static measurements is improving at small strains, 
and an understanding is growing that strain ampli
tude is a key variable in predicting soil behavior 
whether the strain comes from static or dynamic 
phenomena. Therefore, measurement of deforma
tional characteristics at small 00-5 percent to 10-3 

percent) to intermediate 00-3 percent to 10-1 per
cent) strains has become important in both dynamic 
and static analyses. 

At small strains (below 10-3 percent), however, 
moduli from cyclic tests are generally considered to 
be independent of strain amplitude, and hysteretic 
material damping is often assumed to be zero be
cause of the difficulties in measuring accurate 
stress-strain loops with cyclic testing techniques. Ac
curate measurement of stress-strain loops is a key 
factor in the study of deformational characteristics, 
particularly material damping at small strains. 

Soil-structure systems are frequently subjected to 
cyclic loads exceeding the elastic range of the soil, 
while soil-pavement systems are often loaded be
yond the elastic range. In these cases, the effect of 
cyclic loading beyond the elastic range is an impor
tant factor influencing deformational characteristics 
of soils. In the past, many researchers have per
formed cycliC and dynamic tests to study the effect 
of cycliC loading. However, most cyclic tests were 
performed at relatively high strains, usually above 
0.05 percent, and in the dynamic tests, the actual 
variation in the hysteresis loops with number of 
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cycles could not be measured. The difficulties in 
measuring accurate hysteresis loops prevented re
searchers from investigating the region of elastic be
havior where the stress-strain relation is indepen
dent of strain amplitudes and in investigating the 
transition zone between elastic and plastic behavior 
where the stress-strain relation is independent of 
loading cycles. 

Each source externally loading a soil-pavement 
or soil-structure system has a different pattern 
which results in loading frequencies ranging from 
very low frequencies about 0.05 Hz and above 
(such as ocean storm waves) to high frequencies 
above 100 Hz created by vehicular traffic and ma
chine vibrations. Laboratory and field testing tech
niques also have different frequency characteristics 
in their measurements. For example, in the reso
nant column test, deformational characteristics are 
obtained at the resonant frequency of the system, 
which ranged from about 20 to 150 Hz in this 
work. In the torsional shear test, stress-strain loops 
are obtained at low frequencies, frequencies below 
about 10 Hz. In field seismic tests such as SASW 
(spectral analysis of surface waves) and crosshole 
methods, frequenCies up to about 400 Hz are gen
erated. If the deformational characteristics of soils 
are affected by the loading frequency, then values 
obtained from the various testing techniques will 
be different. Therefore, in the design of soil-pave
ment or soil-structure systems, the effect of load
ing frequency on deformational characteristics 
should be considered, and measured values should 
be adjusted to the values at the same frequency 
where the actual system is working. 

To evaluate deformational characteristics of soils 
in the laboratory, resonant column/torsional shear 
(RCTS) equipment has been used at The University 
of Texas for about seventeen years. This type of 
equipment has three advantages. First, both reso
nant column and torsional shear tests can be per
formed in a sequential series on the same speci
men. Variability between samples tested by dif
ferent pieces of equipment is overcome because 
both dynamic and cyclic test are performed on the 
same sample. Second, the torsional shear test can 



be performed at shearing strains between 10-5 per
cent and 10-1 percent. (One thrust in this research 
improved the RCTS equipment so that testing 
could be performed at 10-5 percent.) Common 
types of torsional shear tests, which generate 
torque by a mechanical motor outside of the con
fining chamber, are usually performed at strains 
above 0.01 percent because of system compliance. 
However the RCTS equipment used in this re
search generates torque with an electrical coil
magnet system inside the confining chamber, thus 
eliminating the problem with an external motor. 
The torsional shear test can be performed at the 
same low-strain amplitudes as the resonant column 
test, and results between torsional shear and reso
nant column testing can be easily compared over a 
wide range of strains. Third, the loading frequency 
in the torsional shear test Carl be changed easily 
from 0.01 Hz to 10 Hz. The effect of frequency on 
deformational characteristics can be investigated 
effectively using this equipment. 

1.2 PURPOSE AND OBJECTIVES 

The purpose of this research is to study the de
formational characteristics of soils at small (10-5 

percent to 10-3 percent) to intermediate (10-3 per
cent to 10-1 percent) shearing strains using reso
nant column/torsional shear (RCTS) equipment. 
Soils tested include dry sand, undisturbed silts 
and clays (offshore arid onshore), and compacted 
clays. In addition, metal specimens have been de
veloped to investigate the dynamic characteristics 
of the RCTS equipment. Synthetic specimens have 
also been developed to investigate the characteris
tics of resilient modulus equipment. To accomplish 
these purposes, the study has been divided into 
the follOwing objectives. 

The first objective was to measure accurately 
stress-strain hysteresis loops at shearing strains be
low 10-3 percent. To do this, the motion monitor
ing system in the torsional shear test was modified. 
The existing proximitor system was replaced by a 
micro-proximitor system with enlarged radial arms. 
Four proximitor signals were obtained, compared, 
and averaged to assure that pure torsion of the sys
tem was generated. Ambient noise was controlled 
by using a low-pass filter and/or a vibration isola
tion table. Using these modifications, shear modu
lus could be measured at strains as low as 10-5 

percent and hysteretic damping ratio could be mea
sured at strains as low as 6 * 10-5 percent. 

The second objective was to investigate the 
effect of number of loading cycles on the defor
mational characteristics at small to intermediate 
strains. "True" elastic behavior at small strains 

2 

(where stress and strain are proportional) and the 
transition zone from the elastic to plastic regions 
were investigated. An elastic threshold strain above 
which the stiffness starts to decrease with increas
ing strain and a cyclic threshold strain above 
which the stiffness starts to be affected by the 
number of loading cycles were investigated with 
various soils and correlated with confining pres
sure and plasticity index. Cyclic hardening of dry 
sand and cyclic degradation of cohesive soil were 
also evaluated in terms of change with number of 
loading cycles at intermediate strains. 

The third objective was to investigate the effect 
of loading frequency on deformational characteris
tics of various soils. Both resonant column and 
torsional shear tests were performed on the same 
specimen. The loading frequency in the torsional 
shear test was varied from 0.05 Hz to 10 Hz. The 
resonant frequency in the resonant column test 
ranged from about 30 to 150 Hz. The effect of 
loading frequency on stiffness was also correlated 
with plasticity index of cohesive subgrades. 

The fourth objective was to evaluate the 
Ramberg-Osgood-Masing (R-O-M) model which is 
frequently used to model nonlinear stress-strain 
behavior of soil under cyclic loading. Predicted 
hystereSiS loops were compared with measured 
loops in the torsional shear test, and predicted 
damping ratios were compared with measured 
ones over a wide range of strain amplitudes. 

The fifth and final objective was to evaluate 
the resilient modulus (MR) of compacted subgrade 
soils and to compare MR with values evaluated 
from RCTS equipment. In 1986, the American As
sociation of State Highway and Transportation Of
ficials (AASHTO) adopted use of resilient modu
lus to represent the deformational characteristics 
of subgrade soils in the design of pavement sys
tems. However, experience gained in applying cy
clic triaxial tests in geotechnical earthquake engi
neering has shown that extreme care must be 
exercised in evaluating the deformational charac
teristics of soils at small to intermediate strains, 
where resilient modulus testing is performed. 
Synthetic specimens were developed to use in MR 
testing. The specimens were calibrated with inde
pendent tests. With the known stiffness speci
mens, compliance problems in MR testing equip
ment were detected and modifications of 
equipment and procedures were undertaken. 
(Much of this work is reported in a companion 
report by Pezo, 1991.) After calibrating the equip
ment with synthetic specimens, compacted 
subgrades were tested using MR and RCTS equip
ment, and moduli obtained from both tests were 
compared. 



1.3 ORGANIZATION 

A brief review of literature on laboratory testing 
methods for determination of dynamic soil proper
ties is presented in Chapter 2. This review is sepa
rated into two parts; first, basic concepts and limi
tations associated with each laboratory test are 
reviewed, and then factors affecting deformational 
characteristics of soils are discussed. 

The RCTS equipment has been employed in this 
study for measurement of deformational character
istics, shear modulus and material damping. Details 
of the RCTS equipment and the electronic compo
nents used in the computer-aided RCTS tests are 
described in Chapter 3. Methods of analysis for the 
RCTS tests are also presented. Details of the deri
vation of the wave equation in the torsional reso
nant column test which is used to calculate shear 
wave velocity are presented in Appendix A. Test 
equipment and procedures of the MR testing sys
tem implemented at The University of Texas are 
described in Appendix B. 

Descriptions of the soils used in this study and 
their properties are presented in Chapter 4. Meth
ods of sample preparation and set-up are dis
cussed. The properties of the metal and polyure
thane calibration specimens are also included. 

Small-strain measurement of the deformational 
characteristics of dry sand is presented in Chapter 
5. Modifications to the motion monitoring system 
in the torsional shear test are described. True elas
tic behavior and small-strain damping ratio of dry 
sand are also discussed. 

The effect of number of loading cycles on defor
mational characteristics of all soils tested is pre
sented in Chapter 6. The behavior of dry sand and 
cohesive soils is discussed separately. Variation in 
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the stress-strain loops with number of cycles is in
vestigated over the strain range from 10-4 percent 
to 10-1 percent. The effect of loading cycles is 
studied, starting with the initial loading curve be
fore any prestraining has occurred, to the state af
ter many load applications from the resonant col
umn test. Data on the effect of loading cycles are 
included in Appendix D. 

In Chapter 7, the effect of loading frequency on 
stiffness and material damping of dry sand and co
hesive soils is presented. Both resonant column 
and torsional shear tests were performed on the 
same specimen. Typical loading frequencies are 
0.05, 0.1, 0.5, 1, 5, 10 Hz, and the resonant fre
quency. Metal specimens were first tested to cali
brate the RCTS equipment over a wide range of 
frequencies. The effect of loading frequency on 
shear modulus is correlated with plasticity index of 
cohesive soils. Frequency and temperature effects 
on the stiffness of asphalt concrete are presented 
in Appendix C, and test data on the effect of load
ing frequency of soils are presented in Appendix E. 

In Chapter 8, the R-O-M model is evaluated and 
reviewed in terms of its ability to represent test re
sults. The predicted results are also compared with 
measured results on both dry sand and cohesive 
soils. 

Evaluation of resilient modulus of compacted 
sub grades is presented in Chapter 9. The proper
ties of the synthetic specimens which were devel
oped to calibrate the MR equipment are discussed. 
Calibration procedures to obtain a reliable MR test
ing system are included, and MR values of com
pacted subgrade soils determined by both RCTS 
and MR tests are compared. 

Finally, Chapter 10 provides a summary and the 
conclusions of this study. 
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CHAPTER 2. REVIEW OF LITERATURE 

2.1 INTRODUCTION 

This chapter contains a review of papers on 
laboratory testing equipment and factors affecting 
the deformational characteristics of soils. The re
view centers around work performed in the area 
of soil dynamics and geotechnical earthquake en
gineering, since such a wealth of experience exists 
in this area. (Work done in resilient modulus test
ing is presented in a companion report by Pezo, 
1991.) Over the past decade, laboratory testing 
techniques for determining dynamic soil properties 
have developed rapidly. In general terms, labora
tory tests used in soil dynamics can be divided 
into two categories based on measurement tech
niques: one is cyclic tests in which inertia can be 
neglected and the other is dynamic tests which in
volve wave propagation. Basic concepts associated 
with each type of test are reviewed, and their ca
pabilities and limitations are briefly discussed. 

Deformational characteristics of soils are af
fected by numerous factors. Factors affecting the 
response of soil at low-strain amplitudes (y < 
0.001 percent) are reviewed. Analytical models 
(Hardin-Drnevich, Seed-Idriss, and Ramberg
Osgood) used to describe the nonlinear stress
strain relation of soils at intermediate strain ampli
tudes (y < 0.1 percent) are discussed. Previous 
research pertaining to the effects on deformational 
characteristics of number of loading cycle and 
loading frequency, and small-strain measurements 
are also reviewed. 

2.2 LABORATORY TESTING METHODS 

Many testing methods have been used to deter
mine soil properties for dynamic analyses. The ma
jor soil properties and characteristics which are 
needed in soil dynamics and earthquake engineer
ing (and which can be translated to soil-pavement 
systems) are (Woods, 1978): 

" • Dynamic moduli - Young's modulus, shear 
modulus, bulk modulus and constrained 
modulus, 
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• Poisson's ratio, 
• Damping and attenuation, 
• Liquefaction parameters - cyclic shearing stress 

ratio, cyclic deformation and pore pressure re
sponse, 

• Shearing strength in terms of strain-rate effects." 

Field measurements of dynamiC soil properties 
are generally limited to measurements of dynamic 
moduli at small strains, strains less than 0.001 
percent where moduli are independent of strain 
amplitude. No readily usable field methods are 
available for material damping measurements at 
any strain amplitude. Therefore, cyclic and dy
namic laboratory tests are typically used to deter
mine moduli and damping of soil over a wide 
range of strain amplitudes. Field and laboratory 
results are then combined with engineering judg
ment to estimate the nonlinear dynamic proper
ties of soil in situ. 

Various laboratory testing methods have been 
used to determine the deformational properties of 
soils. In general, there are two basic groups of 
laboratory testing devices. One group is cyclic 
tests. These tests are based on measurements of 
the stress-strain relationships at low frequencies 
where inertia effects can be neglected. The other 
group is dynamiC tests. Dynamic tests are based 
on wave propagation and involve either resonance 
or pulse measurements. 

2.2. 1 Cyclic Tests 

Cyclic tests were developed principally to repro
duce, in laboratory specimens, the conditions caus
ing liquefaction in the field due to vertically 
propagating shear waves. However, these tests also 
permit evaluation of deformational characteristics 
which are usually expressed as Young's and shear 
moduli and material damping ratio. 

These tests are performed at low frequencies, 
frequencies below about 10 Hz, and stress-strain 
relationships are obtained from which modulus 
and material damping can be determined. Defor
mational characteristics are typically evaluated by 



varying confinement states, cyclic loads, and num
ber of loading cycles. 

Cyclic Triaxial Test. The cyclic triaxial test is 
the most common cyclic test. This test was first re
ported in studies by Seed and Lee (966). Due to 
its simplicity and ease of application, the stress-con
trolled cyclic triaxial test has become the principal 
laboratory test in determining cyclic strength. In this 
test, the soil specimen is initially consolidated under 
a cell pressure (0' a) resulting from the stress condi
tions shown in Figure 2.1a. During shear, the soil 
specimen is ideally subjected to simultaneous 
changes in the principal total stresses of ± 0' del2 as 
shown in Figure 2.1b. These changes in stress are 
intended to simulate the stresses experienced by 
soil in the field by maintaining a constant normal 
stress (0' a) on a 45-degree shear plane and super
imposing a cyclic shear stress equal to 0' de/2. For 
convenience, the test is normally performed by 
maintaining the cell pressure constant at 0' a and cy
cling the axial stress by ± 0' dc' Tests performed in 
this manner yield essentially the same results as 
long as the specimen is saturated and tested 
undrained (Seed and Lee, 1966). 

-
al Consolidation 

Ode + Ode 
Oa --2- Oa -2-

b] Cyclic Loading 

Figure 2.1 Cyclic triaxial compression stress 
conditions (from Seed and 
Peacock, 1971) 

Like all laboratory attempts to duplicate dy
namic field conditions, the cyclic triaxial test has 
the following limitations (Woods, 1978): 

" 1. Shearing strain measurements below 10-2 per
cent are difficult to achieve. 

2. The extension and compression phases of 
each cycle produce different results (Annaki 
and Lee, 1977). 
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3. Void ratio redistribution occurs within the 
specimen during cyclic testing (Castro and 
Poulos, 1977). 

4. Stress concentrations occur at the top and 
base of the specimen. 

5. The major principal stress changes direction 
by 90 degrees during testing." 

Cyclic Simple Shear Test. The cyclic simple 
shear apparatus was developed to model the re
versing shearing stresses generated by an upward 
propagating shear wave caused by an earthquake. 
There are two types of simple shear devices com
monly used: 1) the Cambridge University shear 
box (Roscoe, 1953), and 2) the Norwegian Geo
technical Institute (NGI) device. The NGI device 
uses a wire-wound circular membrane, while the 
Cambridge device has rigid walls and a square 
cross-section, as shown in Figure 2.2. 

Wire-Wound Membrane 

or Stacked DiSKS 
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Figure 2.2 Schematic of a) NGI/SGI and b) 
Cambridge simple shear apparatus 
(from Prevost and Hoeg, 1976) 

Investigators have indicated the following limita
tions with the simple shear equipment: 

1. Some types of cyclic simple shear devices al
low the development of non-uniform stress 
and strain concentrations within the speci
mens (Seed and Peacock, 1971), 

2. Different types of cap and base surfaces can 
give varying degrees of stress application 
across the width of the specimens which can 
lead to different levels of shear stress unifor
mity within the specimen (prevost and Hoeg, 
1976), and 

3. Measurement or control of lateral confining 
pressure during cyclic loading is not done. 



Despite the limitations, good correlations with 
results from cyclic triaxial and shaking table tests 
were obtained when all factors were correctly 
taken into account (Silver and Seed, 1971, Finn et 
aI, 1971, and DeAlba et aI, 1976). 

Cyclic Torsional Shear Test. To overcome 
some of the limitations of both the cyclic simple 
shear and cyclic triaxial devices, several research
ers have developed cyclic torsional shear devices 
using either solid or hollow specimens (Drnevich, 
1972, Ishibashi and Sherif, 1974, Yoshimi andOh
Oka, 1975, and Iwasaki et aI, 1978). The schematic 
diagram of the torsional shear device (Iwasaki et 
al, 1978) is shown in Figure 2.3. 

Loading 
Snaft ---1-.><'* 

Ball Bearing ---otQ 

Cap -+-Hf.oi+.I:~:"'1 

2cm 

Non-Rotational 
Vertically Movable 
Block Guided 
by a Vertical Bar 

Counter Weignt 
Porous Stone 

Hollow Cylindrical Sample 

-t---H'- Detachable Base 

~~== Cell Pressure 

Figure 2.3 Schematic diagram of torsional 
shear device (from Iwasaki et ai, 
1978) 

Cyclic torsional shear tests employing solid cy
lindrical specimens can be used to test undis
turbed tube samples by applying cyclic torsional 
shear stresses about the vertical axis of the speci
men. However, shearing stress and shearing strain 
range from zero at the axis of the specimen to a 
maximum at the outside radius. To reduce the 
variability of applied strain within the specimen, 
hollow specimens were developed (Drnevich, 
1972, Ishibashi and Sherif, 1974, and Iwasaki et aI, 
1978). However, such devices are unable to test 
undisturbed samples without significant amounts 
of trimming and carving (Isenhower, 1979), 

Several torsional shear devices have been devel
oped which use the same electromagnetic driving 
system for both cyclic and resonance testing 
(Drnevich, 1972, Isenhower, 1979, Ray, 1983, and 
Ni, 1987). The benefit of this equipment is that 
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both cyclic and dynamic tests can be performed 
on the same specimen simply by changing the tor
sional excitation function. 

Shake Table Test. The shake table has been 
used in an attempt to avoid some of the difficul
ties associated with small-scale simple shear tests 
(Seed and Silver, 1972, DeAlba et aI, 1976, and 
Seed et aI, 1977). The major difficulty with the 
shake table test is the membrane penetration be
tween the grains of sand, thereby permitting small 
but significant volume changes to develop in re
sponse to pore pressure changes. The schematic 
diagram of the shake table (DeAlba et aI, 1976) is 
shown in Figure 2.4. 

~li'J ~~ I Pressure I:::I J Side Chamber 
I Frame 

I I I 
I I I I I Inertia Mass 74"x30"x2" 

~ I ~sample 90"x42"x4" 
Base 96"x48"x12" 

Actuatar 

Figure 2.4 Schematic view of shaking table 
system (from DeAlba et ai, 1976) 

2.2.2 Dynamic Tests 

Dynamic laboratory test methods are composed 
of tests which impose high frequency, transient, or 
steady state excitations to a soil specimen. There 
are two groups of dynamic test devices: those 
based on resonant methods and those based on 
pulse methods. In general, strain amplitudes asso
ciated with these tests are significantly less than 
those associated with cyclic tests. 

Resonant Column Test. The resonant column 
test for determining Young's or shear modulus and 
damping characterization of soils is based on the 
theory of one-dimensional wave propagation. Test
ing procedures have been standardized as ASTM 
D4015-87. Details about this test equipment and 
the method of analysis are discussed in Chapter 3 
for the torsional resonant column. 

The resonant column technique was first ap
plied to testing soils by Japanese engineers 
Ishimoto and Iida (937), and lida 0938 and 
1940). About 20 years later, Shannon et al (959) 
and Wilson and Dietrich (960) designed a new 
resonant column apparatus and revised the data 
reduction scheme. In the "Shannon-Wilson" device, 
the soil specimen was placed on a vibrating base 
which could be excited in either longitudinal or 



torsional motion while the sample ",,'as subjected 
[0 an isotropic confining pressure. 

From the late 1950's to the mid-1970's, several 
researchers developed and used resonant column 
devices in numerous investigations (Hall and 
Richart, 1963, Hardin, 1965, Drnevich, 1967, Aiifi, 
1970, and Anderson, 1974). Torsional excitation 
was mainly applied to the specimen and both free
free and fixed-free types of resonant column tests 
were used. Today, the fixed-free torsional resonant 
column device is widely used because of its rela
tive simplicity in testing and data reduction, and 
because it can obtain small (below 10-3 percent) 
to intermediate (below 10-1 percent) strain levels. 

Hardin and Music (1965) developed a torsional 
resonant apparatus with which an additional verti
cal stress On addition to the isotropic confining 
pressure) could be applied to the top of the speci
men through a vertical loading piston. Drnevich 
(1967) developed the hollow cylinder apparatus to 
minimize the variation of shearing strain across 
specimens. He also increased the torque capacity 
of his device to produce shearing strains up to 
abour 0.1 percent. 

In the late 1970's and early 1980's, S[Okoe and 
his students at The University of Texas at Austin de
veloped a new version of the fixed-free torsional 
resonant column device (Isenhower, 1979, Allen, 
1982, and lodde, 1982). The driving mechanism 
was improved [0 simplify the test setup and to al
low signifkanr consolidation in the sample during 
the test. Both solid and hollow specimens could be 
tested. In addition, Isenhower (1979) modified the 
device so thar both resonant column and torsional 
shear tests could be performed on the same speci
men. Allen (1982) modified the device so that 
anisotropic loading (0" 1- > 0" 2' = 0"3') could be ap
plied to solid specimens. Ni (987) modified the de
vice to apply true triaxial states of stress to hollow 
specimens. Ni also developed a computer-aided 
testing system in order to control the test and to 
perform data acquisition automatically. 

Pulse Tests. By measuring the travel time of 
shear or compression waves from their point of 
origin to a detecting sensor, pulse wave velocities 
can be obtained. From these velocities, moduli can 
be computed using elastic wave propagation 
theory. lawrence (1963) was the first one to use 
piezoelectric crystals or ceramics to generate and 
detect wave disturbances in a traditional triaxial 
test cell. Knox et al (1982) constructed a large
scale triaxial device at The University of Texas and 
investigated the propagation of body ,\laves under 
isotropic, biaxial, and triaxial confmements. Lewis 
(1990) developed a multi-moduli testing device 
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(MTD) to determine independently the con
strained, rod and shear wave velocities in the 
same specimen. The schematic diagram of MID is 
shown in Figure 2.5. 
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[5) Shear Wave Source 
[6J Piezoelectric ShoKer 

Figure 2.5 Schematic diagram of multi-moduli 
testing device {MTD) (from Lewis" 
1990) 

One of the major drawbacks of pulse tests is 
the identification and interpretation of exact wave 
arrival times. Moreover, the strain amplitudes 
achievable with pulse techniques are only in the 
very low range where elastic behavior is exhibited 
by soils. 

2.3 FACTORS AFFECTING DEFORMATIONAL 
CHARACTERISTICS OF SOILS 

A comprehensive general stress-strain relation 
for subgrade soils would be very complex because 
of the large number of parameters that affect the 



behavior of soils. Hardin and Black (968) con
ducted parametric studies and concluded the func
tional relationship for the shear modulus, G, can 
be written as; 

G = f(<io',e,H,Sp 'to,Cs,Ap,F, T,O,KT ) (2.1) 

where 

<io' effective octahedral normal stress, 
e void ratio, 

H ambient stress and vibration 
history, 

Sr degree of saturation, 
'to octahedral shear stress, 
Cg grain characteristics: grain shape, 

grain size, grading, and mineralogy, 
Ap amplitude of vibration, 

F frequency of vibration, 

T secondary effects that are a function 
of time, 
soil structure, and 
temperature including freeZing. 

Hardin and Drnevich (972) investigated th~ 

factors affecting shear modulus and damping ratio 
of soils and grouped the parameters into three cat
egories: very important, less important and rela
tively unimportant. The five very important factors 
are strain amplitude, effective mean principal 
stress, void ratio, number of cycles of loading, and 
degree of saturation. 

Dobry and Vucetic (987) investigated the effects 
of different factors on small-strain shear modulus, 
Gmax, normalized shear modulus, G/Gmax' and 
damping ratio, D (they used A as the symbol), of 
cohesive soils based on results from a large num
ber of studies, and summarized in Table 2.1. 

Table 2.1 Effect of increase of various factors on Grnaxt G/Gmax, and damping ratio (D) of nor
mally consolidated and moderately overconsolidated clays (from Dobry and Vucetic, 
1987) 

Increasing 
G/Gmax Factor Gmax D 

Confining Stays constant or Stays constant or 
pressure, Go Increases with Go increases with CkJ decreases with Cb 

\bid ratio, e Decreases ~;th e Increases with e Decreases with e 

Geologic age, t Increases with t May increase with t Decreases with t 

Cementation, c Increases with c May increase with c May decrease with c 

Overconsolidation, 
OCR Increases with OCR Not affected Not affected 

Plasticity index, Ip 
Increases with 
Ip ifOCR>l Increases with Ip Decreases with Ip 

Stays about constant 
ifOCR=l 

CycliC strain, Yc Decreases with Y c Increases with Y c 

Strain rate, y G increases with y Stays constant or 
(frequency of Increases with y 

G/Gmax probably 
rna y increase with y 

cyclic loading) 
not affected if G and 
Gmax are measured 
at samey 

Number of loading Decreases with N for Decreases with N of Not significant for 
cycles, N large Y c but recovers large ')t (Gmax moderate Yc and N 

later with time measured before N 
cycles) 
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2.3. 1 Low-Amplitude Behavior 

The deformational characteristics of soil are in
dependent of strain amplitude at low amplitude of 
strains (strains which are usually below 0.001 per
cent). The characteristics of low-amplitude behav
ior of soils are described in the literature by vari
ous investigators. Hardin and Black 0968, 1969) 
suggested that a first estimate of the low-amplitude 
shear modulus could be made from: 

G 
_ 1230(2.97 -e)2(OCR)K - 0.5 (2.2) 

max - Go 

where 

l+e 

Gmax low-amplitude shear modulus, psi, 
e = void ratio, 

OCR overconsolidation ratio, 
K function of plasticity index, and 

0'0 mean effective confining pressure, 
psi. 

The values of K are 0, 0.18, 0.30, 0.41, 0.48, 
and 0.50 for plasticity indices of 0, 20, 40, 60, 80, 
and above 100, respectively. 

Although the Hardin-Black equation can be ap
plied to predict the low-amplitude shear modulus 
for many types of soils, Hardin (978) proposed a 
modification of this equation in an anempt to ex
tend its range to higher void ratios and to make 
the equation dimensionally correct. He proposed: 

where 

A dimensionless coefficient, 
P a atmospheric pressure, 
n slope in the plot of log Gmax 

versus logO' 0, and 
F(e) 0.3 + 0.7e2• 

For most applications, Hardin suggested the use 
of A "" 625 and n '" 0.5. 

In addition to the parameters shown in Equa
tion 2.3, the low-amplitude shear modulus has 
been observed to increase with time without any 
significant change of void ratio. This effect is 
called the long-term time effect and has been in
vestigated by Afifi and Richart (973), Anderson 
(974), Anderson and Woods (976), and Anderson 
and Stokoe (978), among others. Typical results 
of the long-term time effect on stiffness of soils 
are shown in Figure 2.6. 
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Figure 2.6 Effect of confinement time on 
shear modulus (from Anderson 
and Stokoe, 1978) 

Much less research has been performed on ma
terial damping than on shear modulus of soils. 
Several investigators (Marcus on and Wahls, 1978, 
Stokoe and Lodde, 1978, Isenhower, 1978, Stokoe 
et aI, 1980, and Ni, 1987) have investigated the 
low-amplitude damping ratio (Dmin) using the reso
nant column test. They found that Dmin is indepen
dent of strain amplitude below a shearing strain of 
about 0.001 percent and decreases with increaSing 
confining pressure and with increasing time of 
confinement at a constant effective pressure, as il
lustrated in Figure 2.7. 
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Figure 2.7 Variation in low-amplitude 
damping ratio with magnitude 
and duration of confining pressure 
(from Stokoe et ai, 1980) 



Low-amplitude hysteretic damping ratio has not 
been fully investigated through cyclic testing be
cause of the difficulties in performing accurate 
stress-strain hysteresis loops at small strains. 
Stokoe et al (1980) investigated the effect of 
shearing strain on damping ratio of offshore silty 
soils using torsional shear and resonant column 
tests. As shown in Figure 2.8, hysteretic damping 
ratio was measured at strains as low as 0.001 per
cent, and damping ratio from the torsional shear 
tests conSistently fall above the corresponding 
resonant column values at the same strain ampli
tude. Ni (1987) measured the damping ratio of 
dry sand using resonant column and torsional 
shear tests and compared the results as shown in 
Figure 2.9. He defined the cross-over strain, Yeo, 
and found for his measurements that below Yeo, 
damping ratios from the resonant column test 
were greater than those from the torsional shear 
test. It is interesting to note that these measure
ments show hysteretic damping ratio below 0.001 
percent to be almost zero. 
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Figure 2.8 Comparison of damping ratios of 
offshore silty clay measured by 
torsional shear and resonant 
column tests (from Stokoe et ai, 
1980) 

Vucetic and Dobry (1991) indicated that the 
seismic response of soil deposits can be very sen
sitive to the variation in small-strain damping. 
They reported that the range in small-strain damp
ing ratios found in the literature is from 0.5 per
cent to 5.5 percent. They recommended that, in an 
important project, small-strain damping should be 
measured carefully, and more research is needed 
to determine the influence of different factors on 
small-strain damping. 
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Figure 2.9 Comparison of damping ratio of 
dry sand measured by torsional 
shear and resonant column tests 
(from Ni, 1987) 

2.3.2 Nonlinear Stress-Strain Models 

The decrease in shear modulus and increase in 
damping ratio with shearing strain amplitude has 
been well recognized over the past two decades. 
Several researchers proposed analytical methods to 
predict nonlinear soil behavior . 

Hardin-Drnevich. The initial proposal was 
made by Hardin and Drnevich Cl972a, 1972b). 
They proposed that shear modulus, G, at a given 
strain, y, can be predicted from the hyperbolic re
lationship: 

(2.4) 

where Yr = reference strain ('tmax / G max) , 'tmax = 

shearing stress at failure, and Gmax = initial tangent 
modulus. They suggested that G max can be deter
mined either experimentally from low-amplitude 
resonant column tests or empirically as discussed 
in the previous section. The shearing stress at fail
ure, 'tmax, was determined from consolidated 
undrained triaxial tests or empirically from: 

l+K _ - - - 1-K-

[ 

2 2~1/2 
'tmax = (T OV Sin Ijl + c Cos Ijl) -( TOv ) 

(2.5) 

where 

Ko coefficient of earth stress at rest, 
cry effective vertical stress, and 



C and ~ static strength parameters in terms 
of effective stress. 

Damping ratio is predicted by the relationship: 

(2.6) 

where Dmax is the maximum damping ratio corre
sponding to very large strains. Because the stress
strain relations for soils were not precisely described 
by Equations 2.5 and 2.6, those equations were 
modified by defining a hyperbolic strain, Yh, by: 

(2.7) 

where a and b are soil constants. Then, 

G 1 
(2.8) 

(2.9) 

Seed-Idriss. Seed and Idriss (970) suggested 
the following relationship between shear modulus 
and mean effective stress (0:0 ): 

(2.10) 

where G and 0:0 , are in terms of psf, and the pa
rameter K2 is related to void ratio and strain am
plitude. Figure 2.10 shows the values of K2 recom-. 
mended by Seed and Idriss for dry sand. 
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Figure 2.10 Variation of K2 with shearing 
strain for various void ratios (from 
Seed and Idriss, 1970) 
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Ramberg-Osgood. Anderson (974) used the 
Ramberg-Osgood stress-strain relationship to de
scribe the variation in shear modulus with strain 
amplitude. The general form of the Ramberg
Osgood relationship is defined by: 

where 

ex. shape factor, 
't = shearing stress, 

'ty shearing stress at yield, and 
R correlation number for the 

Ramberg-Osgood curve. 

Anderson suggested the use of ex. = 1,0 and R = 

3.0 for various clays. The yield stress was assumed 
to be between 40 and 80 percent of the undrained 
shearing stress. He found that neither the modified 
hyperbolic (Hardin and Drnevich, 1972) nor the 
Ramberg-Osgood relationship could consistently 
predict the high-amplitude behavior of soils over a 
wide range of strains tested (0.001 percent to 1 
percent). However, he found that Ramberg-Osgood 
relationship worked better at shearing strains less 
than about 0.1 percent (Figure 2.11). 
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Figure 2.11 Comparison of high-amplitude test 
results to modified hyperbolic and 
Ram berg-Osgood relationships 
(from Anderson, 1974) 



The Ramberg-Osgood model has been extended 
to the construction of hysteresis loops using the 
Masing criterion (Idriss et aI, 1978, Saada, 1985). 
The equivalent damping ratio from this Ramberg
Osgood formulation can be explicitly expressed as 
a function of parameters a. and R as: 

D = [2a(R -1.)( 't / G maxI' r tJ / [7t(R + 1)( Y / Y r)] 
(2.12) 

If the coefficients of a backbone curve (stress
strain curve recorded in the first quarter cycle) at 
various stress levels and for a given cycle are 
known, the corresponding secant modulus and 
damping ratio can be deduced using Ramberg
Osgood-Masing model. 

2.3.3 Effect of Loading Cycles 

Cobesionless Soil Cohesionless soil, under dry 
or drained conditions, stiffens with each loading 
cycle above a certain strain level (cyclic threshold 
strain) without an appreciable change in volume 
or void ratio. The mechanisms responsible for stiff
ening are complex. However, this behavior has 
been explained by fabric reorientation, particle re
location, and increase in contact area (Ray, 1983). 

Silver and Seed (1971) tested crystal silica No. 
20 sand at shearing strains between 0.01 percent 
and 0.5 percent using an NGI simple shear device. 
The shear modulus and hysteretic damping were 
found to increase and decrease, respectively, with 
number of loading cycles. These changes with 
number of cycles were greatest in the first ten 
cycles after which changes were relatively small 
(Figure 2.12). 

Drnevich and Richart (1970) investigated the 
effect of dynamiC prestraining on shear modulus 
and material damping of dry sand using the reso
nant column test. They cycled the specimen at an 
intermediate strain level (0.06 percent) then re
duced the strain level (say, to 0.005 percent) to 
measure the shear modulus. Prestraining at these 
strain levels produced significant increases in 
shear modulus and damping ratio as shown in 
Figure 2.13 without any significant change in void 
ratio. They attributed the increase in stiffness to 
enlargement and improvement of contact areas. 
However, there was no chance to acquire data 
below 1000 cycles because of the number of 
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cycles required to resonate the specimen in the 
range of 30 to 60 Hz. 
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Figure 2.12 Variation in shear modulus with 
strain amplitude at diHerent 
number of cycles (from Silver and 
Seed, 1971) 

In Japan, Iwasaki et al (1978) performed reso
nant column and torsional shear tests on Toyoura 
sand. They conducted the test in stages, carrying 
the previous strain history into the next strain 
level. They showed that shear moduli obtained 
from both resonant column and torsional shear 
tests agree satisfactorily and that shear modulus in
creases with loading cycles. Tatsuoka et al (1978) 
showed that material damping of dry sand is very 
sensitive to number of loading cycles, decreasing 
with increasing loading cycles (Figure 2.14). 
Damping ratios from the resonant column test 
were always lower than those from torsional shear 
test. However, the strain level in the torsional 
shear test was above 0.01 percent, and the re
sonant column and torsional shear tests were 
performed with separate eqUipment. Recently, 
Teachavorasinskun et al (1990) compared shear 
moduli obtained from monotonic loading, cyclic 
torsional· shear, and resonant column tests over a 
strain range from 0.0001 percent to 1 percent (Fig
ure 2.15) and showed that at strains less than 
0.0007 percent, moduli from all types of tests coin
cided. They explained the difference between 
monotonic and cyclic tests at larger strains by the 
difference in loading cycles. It is interesting to 
note that shear modulus increases with loading 
cycles even at strains around 0.01 percent. 
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Cohesive SoiL For cohesive soils, shear modu
lus decreases with number of loading cycles and 
strain amplitude. Anderson and Richart (1976) per
formed high-amplitude resonant column tests on 
several clays and showed that the decrease in Gmax 
was insignificant as long as strain amplitude did 
not exceed 0.01 percent and that higher amplitude 
cycling caused a decrease in Gmax. Stokoe and 
Lodde (1978) also performed high-amplitude reso
nant column tests on San Francisco Bay Mud and 
showed that the threshold strain amplitude for deg
radation was on the order of 0.01 percent for 1000 
cycles of straining. It is interesting to see that, in 
both papers, the threshold strain for degradation 
was about 0.01 percent. However, in the resonant 
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column test, the effect of loading cycles cannot 
investigated for less than about 1000 cycles and the 
variation in hysteresis loops cannot be studied. 

Idriss, Dobry, and Singh (978) presented cyclic 
triaxial test results for San Francisco Bay Mud, 
showing cyclic degradation to be strain amplitude 
dependent. The range of strains tested was from 
0.3 percent to 2 percent. They proposed that the 
decrease in modulus could be accounted for by a 
degradation index, 0: 

(2.13) 

where 

(EJN secant Young's modulus for Nth 
cycle, 

(Es)l secant Young's modulus for first 
cycle, and 

t degradation parameter - slope of 
log Es - log N curve. 

Dobry and Vucetic (987) mentioned in their 
state-of-art paper that the degradation parameter 
increases with strain amplitude and decreases with 
OCR as shown in Figure 2.16. They also showed 
that hysteretic damping is practically independent 
of number of cycles. 
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Figure 2.16 Variation of degradation 
parameter with cyclic shearing 
strain for given OCR (from Dobry 
and Vucetic, 1987) 

2.3.4 Effect of LO(J(:ling Frequency 

It has been recognized that dynamic properties 
of dry sand are essentially independent of loadirlg 
frequency_ The stiffness of dry sand determined by 
resonant column and torsional shear tests were 



compared by many researchers (Iwasaki et al, 1978, 
Alarcon et aI, 1986, Ni, 1987, and Bohon and Wil
son, 1989). These comparisons revealed that moduli 
determined by both tests agree very well in spite of 
great difference in loading frequency. However, 
loading frequency in the torsional shear test was 
not changed over a wide range. 

The increase in shear modulus of cohesive soil 
with loading frequency (or strain rate) has long 
been recognized. Taylor (948) performed uncon
fined compression tests on remolded Boston Blue 
Clay, indicating an increase in strength of about 5 
percent per log cycle of strain rate. Taylor and 
Hughes (965) found that an increase in excitation 
frequency from 0.08 to 10 Hz caused a 17 percent 
increase in shear modulus. Mitchell (976) men
tioned that the frequency effect increases as the 
plasticity index and water content of clays in
crease, and its magnitude is about 5 percent to 10 
percent for each order of magnitude of increase in 
the strain rate. Isenhower (979) performed cyclic 
torsional shear and resonant column tests on San 
Francisco Bay Mud. The resonant column tests in
dicated higher values of Gmax than cyclic torsional 
shear tests, and the gain in shear modulus was 
about 4.5 percent per log cycle of strain rate. 

Even though many researchers have investigated 
the effect of frequency on dynamic properties, the 

Electrolytic 
Level 

E 

magnitude of the effect is not well correlated with 
index properties (such as plasticity index), and the 
effect of frequency on material damping has re
ceived almost no investigation. 

2.3.5 Small-Strain Measurements 

In the past, stiffnesses measured dynamically 
have tended to be much higher than static val
ues measured in the laboratory. However, the 
development of laboratory techniques for the 
precise measurement of small strains has assisted 
in closing the gap between dynamic and static 
measurements of stiffness. Jardine et al (986) 
have demonstrated the importance of small-strain 
measurements, i.e. accurate determination of the 
elastic parameters of soils, when interpreting 
field measurements. 

Burland and Symes (982) described a method 
for small-deformation measurement which makes 
use of electrolytic liquid levels to measure changes 
in inclination (Figure 2.17). The change in slope 
(LlS) is converted to a change in height (Llh). 
Jardine et al have successfully measured local axial 
strains with a resolution of 10-3 percent. They have 
observed that local measurements give much 
higher stiffnesses than those determined from tra
ditional external measurements. 

Figure 2.17 Inclinometer vertical strain gauge (from Burland and Symes, 1982) 
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Goto (986) developed the local displacemeht 
transducer (LOT) to measure local axial displace
ments in triaxial and plane strain specimens. The 
LOT is a thin, hence flexible, strip of phosphor 
bronze on which four strain gauges, two on each 
side, are glued at the central point (Figure 2.18). 
The LDT balances itself, by irs own elastic force, 
against two pseudo-hinged attachments glued on 
the membrane. The resolution in the axial strain 
measurements is 10-4 percent. Tarsuoka et al 
(990) observed the difference between the local 
and external strain measurements and showed true 
linearity in the stress-strain relationship at small 
strains. Shibuya et al (991) compared the varia
tion in secant shear modulus determined by LOT 
measurement with external measuremenrs, and cy
clic loading tests (Figure 2.19). It is very interest
ing to note that the LOT measurements (monotonic 
loading) coincide with cyclic measurements. The 
significant underestimation of soil stiffness mea
sured with external measurement is clearly shown. 
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Figure 2.18 Local displacement transducer 
(LDT) (from Goto, 1986) 

Small-strain measurements were also achieved 
in the cycliC triaxial test. Kokusho (980) improved 
the instrumentation for measuring stress and strain 
of soH specimens in the triaxial chamber so that 
measured values are completely free from any me
chanical friction. He performed cyclic triaxial tests 
over a strain range of 10-4 to 10-1 percent. Ladd 
and Dutko (985) improved the resolution of load 
and deformation transducers and corrected the re
sulting slfain data for equipment compliance. They 
also emphasized the importance of perfect contact 
betv.reen the test specimen and the top and bottom 
stones/pedestals. They achieved the measuremenrs 
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of deformational characteristics in the elastic range 
and extended them into the plastic strain range. 
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2.4 SUMMARY 

Today, the engineer has the opportunity to 
choose several different laboratory methods in an 
attempt to simulate the stress and strain conditi01l5 
encountered in the field in subgrade soils. How
ever, in the past, most cyclic tests have had diffi
culties in performing at small « 0.001 percent) to 
intermediate « 0.1 percent) strains because of sys
tem compliances, Therefore the deformational char
acteristics determined by both cyclic and dynamiC 
tests did not compare closely over these strai1l5 
ranges. In the past five years, various investigators 
have developed methods to minimize or eliminate 
system compliances, especially in cyclic tests. As a 
result, cyclic and dynamic tests now show close 
comparisons between deformational characteristics. 

The deformational characteristics of sub grade soils 
are affected by various parameters. Many research
ers have performed parametric studies using cyclic 
and dynamiC tests. However, in past cyclic tests, 
strain amplitudes have been fairly high (usually 
above 0.01 percent) to minimize compliance prob
lems. In dynamic tests, stress-strain hystereSis loops 
could not be obtained. With recently improved 
measurements, the effect of frequency and number 
of loading cycles has been correlated with index 
properties; which helps in comparing cyclic and dy
namic tests. The effect of frequency on material 
damping still has received little study. The impor
tance of small-strain stiffness and damping measure
menrs continues to be emphasized in these studies. 
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CHAPTER 3. TEST EQUIPMENT AND 
MEASUREMENT TECHNIQUES 

3.1 INTRODUCTION 

Resonant column and torsional shear (RCTS) 
equipment has been employed in this investiga
tion for measurement of the deformational char
acteristics of several soils. This equipment has 
been developed at The University of Texas at 
Austin and modified by several researchers. The 
RCTS equipment is a fixed-free system to which 
torsional excitation is applied on top of the speci
men by an electrical coil-magnet system. Both 
resonant column and torsional shear tests can be 
performed in a sequential series on the same 
specimen over a shearing strain range from 10-5 

percent to 10-1 percent. 
In the resonant column test, harmonic torsional 

excitation is applied to the top of the specimen 
over a range in frequencies, and the frequency re
sponse curve is measured. The shear modulus is 
obtained by measuring the first-mode resonant fre
quency and then using the elastic wave propaga
tion equation for this system. Material damping is 
evaluated from either the free-vibration decay 
curve or from the width of the frequency response 
curve assuming viscous damping. 

The cyclic torsional shear test is a second 
method of determining shear modulus and mate
rial damping using the same RCTS apparatus but 
operating it in a different manner. A cyclic 
torsional force with a given frequency, generally 
below 10 Hz, is applied to the top of the spe
cimen. Instead of determining the resonant 
frequency, the stress-strain hysteresis loop is de
termined from measuring the torque-twist re
sponse of the specimen. The stiffness and mate
rial damping are then calculated from the 
stress-strain loop. 
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3.2 RESONANT COLUMN AND 
TORSIONAL SHEAR EQUIPMENT 

3.2. 1 Overview of ReTS Equipment 

Resonant column and torsional shear (RCTS) 
equipment has been used at The University of 
Texas at Austin for many years to study dynamic 
soil properties at shearing strains between 0.0005 
percent and 0.1 percent. To investigate various as
pects of dynamic soil properties, RCTS equipment 
has been modified to fit the measurement require
ments. Initially, Isenhower (1979) modified the reso
nant column apparatus so that it could also perform 
as a torsional simple shear device. Isenhower's 
work was directed towards evaluating the influence 
of number of loading cycle, N, on shear modulus 
and damping ratio under isotropic loading. Allen 
(1982) modified both the top cap and base pedestal 
so that simple anisotropic loading conditions 
(crt' > cr/ = cr3') could be applied to the RCTS 
specimen. Allen employed a thin central wire ex
tending from the top cap, through center of the 
sample, and out the bottom pedestal to apply the 
additional vertical stress. A frictionless air piston is 
used to pull downward on the thin central wire, 
forcing the top cap against top of the sample. Ni 
(987) modified the RCTS equipment so that true 
triaxial states of stress could be applied to hollow 
specimens. A computer-aided RCTS test system was 
also developed by Ni to control the test and to per
form data acquisition automatically. In this research, 
the RCTS equipment is further modified to investi
gate deformational characteristics at small-strain am
plitudes (in the range of 10-5 percent to 10-3 per
cent). Details of the modifications are presented in 
Chapter 5. 



The RCTS apparatus can be idealized as a fixed
free system as shown in Figure 3.1. The bottom 
end of the specimen is rigidly fixed against rota
tion at the base pedestal, and top end of the 
specimen is connected to the driving system. The 
driving system, which consists of a top cap and 
drive plate, can rotate freely to excite the speci
men in cyclic torsion. 

Cyclic 
lOrsional 
Excitation 

Rigid End Moss with 
Moss Polar Moment of 
Inertia, 10 

Length, 
I 

Soil Specimen, 
I 

Figure 3.1 Idealized fixed-free ReTS equipment 

A simplified diagram of a fixed-free resonant 
column test is shown in Figure 3.2. The basic op
erational principle is to vibrate the cylindrical 
specimen in first-mode torsional marion. Harmonic 
torsional excitation is applied to the top of the 
specimen over a range in frequencies, and the 
variation of the acceleration amplitude of the 
specimen with frequency is obtained. Once first
mode resonance is established, measurements of 
the resonant frequency and amplitude of vibration 
are made. These measurements are then combined 
with equipment characteristics and specimen size 
to calculate shear wave velocity and shear modu
lus based on elastic wave propagation. Material 
damping is determined either from the width of 
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the frequency response curve or from the free
vibration decay curve. 
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Figure 3.2 Simplified diagram of a fixed-free 
resonant column test and an 
associated frequency response 
curve 

The torsional shear test is another method of 
determining shear modulus and material damping 
using the same RCTS equipment but operating it 
in a different manner. The simplified configura
tion of the torsional shear test is shown in Figure 
3.3. A cyclic torsional force with a given fre
quency, generally below 10 Hz, is applied at the 
top of the specimen. Instead of determining the 



resonant frequency, the stress-strain hysteresis loop 
is determined from measuring the torque-twist re
sponse of the specimen. Proximitors are used to 
measure the angle of twist while the voltage ap
plied to the coil is calibrated to yield torque. Shear 
modulus is calculated from the slope of a line 
through the end points of the hysteresis loop, and 
material damping is obtained from the area of the 
hysteresis loop as shown in Figure 3.3. 

The RCTS apparatus developed at The Univer
sity of Texas at Austin has three advantages. First, 
both resonant column and torsional shear tests 
can be performed with the same set-up simply by 
changing (outside the apparatus) the frequency of 
the forcing function. Variability due to preparing 
"identical" samples is eliminated so that both test 
results can be compared effectively. Second, the 
torsional shear test can be performed over a 
shearing strain range between 10-5 percent and 
10-1 percent. Common types of torsional shear 
tests, which generate torque by mechanical motor 
outside of the confining chamber, are usually per
formed at strains above 0.01 percent because of 
system compliance. However, the RCTS apparatus 
used in this research generates torque with an 
electrical coil-magnet system inside the confining 
chamber, thus eliminating the problem with an 
external motor. The torsional shear test can be 
performed at the same low-strain amplitudes as 
the resonant column test, and results between 
torsional shear and resonant column testing can 
be easily compared over a wide range of strains. 
Third, the loading frequency in the torsional 
shear test can be changed easily from 0.01 Hz to 
10 Hz. The effect of frequency on deformational 
characteristics can be investigated effectiv:ely us
ing this apparatus. 

The RCTS apparatus consists of four basic sub
systems: a confinement system, a drive system, a 
height-change measurement system, and a motion 
monitoring system. The general configuration of 
the RCTS apparatus (without the confinement sys
tem) is shown in Figure 3.4. The RCTS apparatus 
was automated by Ni (1987) so that a microcom
puter controls the test, collects the data, and re
duces results. Computer-aided subsystems are dis
cussed briefly in the following sections. 
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RCTS Confinement System 

The confining chamber is made of stainless steel. 
A thin-walled (0.6 cm in thickness) hollow cylinder 
fits into circular grooves machined in the base and 
top plates. Four stainless steel connecting rods (1.28 
cm in diameter) are used to secure the base and 
top plates to the hollow cylinder, and O-rings in 
the circular grooves are used to seal the chamber. 
The chamber has been designed to withstand a 
maximum air pressure of 600 psi (4137 kPa). 

Compressed air is used to confine the specimen 
in the RCTS device. The air pressure to the cham
ber is regulated by a Fairchild M 30 regulator and 
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air supplied to the regulator is filtered through the 
air filter. The soil specimen is sealed in a mem
brane and pore pressure in the specimen is nor
mally vented to atmospheric pressure. 

Inside the confining chamber, the air pressure 
acts upon a silicon fluid bath which surrounds the 
side of soil specimen. The purpose of the silicon 
fluid bath is to retard air migration through the 
membrane and into the specimen to prevent dry
ing of the specimen. Figure 3.5 shows the simpli
fied configuration of confinement system. 
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confinement system 

3.2.3 Drive System 
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The drive system consists of a four-armed drive 
plate, four magnets, eight drive coils, a power am
plifier, and a function generator. Each magnet is 
rigidly attached to the end of one arm of the drive 
plate as sho"WIl in Figure 3.4. Eight drive coils en
circle the ends of the four magnets so that the 
drive plate excites the soil specimen in torsional 
motion when a current is passed through the coils. 
The maximum torque that the drive system can 
develop depends on the strength of the magnets, 
size of the drive coils, resistance of the drive coils, 
size of the space between the magnets and drive 
coils, length of the arms of the drive plate, and 
the electrical characteristics of the function genera
tor and power amplifier. For the two drive systems 
used in thIs work, the maximum torque was 0.63 
lb-ft (85.3 N-cm) and 0.59 lb-ft (80.5 N-cm). 

A schematic diagram of the drive system is 
shown in Figure 3.6. The micro-computer activates 



a function generator (HP 3314A) to input sinusoi
dal voltage to the drive coils. In the resonant col
umn test, the function generator performs fre
quency sweeps with a constant amplitude while if). 
the torsional shear test, a fixed-frequency K-cycle 
mode is used. For high-amplitude resonant column 
and torsional shear tests, the sinusoidal input cur
rent is amplified by a power amplifier (HP 6824A) 
before going to the drive coils. 

Function 
Generator , 
~ 
Computer 

lOW-Amplitude RC Test 

High-Amplitude RC Test 
& TS Test 

o~: 
o 0 0 

Power Amplifier 

Drive Coil 

Figure 3.6 Schematic diagram of the drive 
system 

3.2.4 Height-Change Measurement 
System 

The height change of the soil specimen is mea
sured to account for the changes in the length 
and mass of the specimen during consolidation or 
swell. This measurement is also used to calculate 
change in the mass moment of inertia, mass den
sity, and void ratio during testing. The height 
change is measured by a linear variable differ
ential transformer (L VDT). The height change 
measurement system consists of an LVDT (CRL 
Model SH-200-53R), a function generator (HP 
3314A), and a digital voltmeter (HP 3456A). The 
LVDT core is not in contact with the LVDT coil 
housing so that no friction occurs during RCTS 
testing. 

The output and calibration factor of an LVDT 
depend on both the frequency and magnitude of 
the excitation voltage. In this test the computer 
activates the function generator to generate the 
input signal in the LVDT coil at a frequency of 
500 Hz and a voltage level of 4.77 RMS volts. The 
output from the LVDT is read with a digital volt
meter. The height change is calculated from the 
output voltage combined with the calibration fac
tor. The schematic diagram of the height change 
measuring system is shown in Figure 3.7. 

Computer 

Input ... 
4.77 RMS volts 

500 Hz 

... 
\Oltmeler 

Figure 3.7 Schematic diagram of the height 
change measuring system 

3.2.5 Motion Monitoring System 

In the resonant column test, dynamic soil prop
erties are obtained at the resonant frequency 
which is usually above 20 Hz while torsional shear 
testing is used to measure the low-frequency (be
low 10 Hz) cyclic stress-strain relationship of soil. 
Because of the different frequencies applied in the 
resonant column and torsional shear tests, different 
motion monitoring systems are used. 

Resonant Column Test. The motion monitoring 
system in the resonant column test is designed to 
measure the resonant frequency, shearing strain, 
and free vibration decay curve. This system con
sists of an accelerometer (Columbia Research Lab. 
Model 3021), a charge amplifier (Columbia Re
search Lab. Model 4102M), a frequency counter 
(HP 5334A), a digital voltmeter (HP 3456A), and a 
digital oscilloscope (Kicolet 20929-01). The sche
matic diagram of the motion monitoring system in 

. the resonant column test is shown in Figure 3.8. 
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Figure 3.8 Schematic diagram of the motion 
monitoring system in the resonant 
column test 



The accelerometer is oriented to be sensitive to 
torsional vibrations of the drive plate. The charge 
amplifier conditions the accelerometer output to 
be linear for all levels of acceleration in the test. 
The digital voltmeter reads the output voltage 
from the accelerometer at each frequency which 
is measured by the frequency counter. The reso
nant frequency is obtained from the frequency re
sponse curve. Once the resonant frequency is ob
tained, the computer activates the function 
generator to excite the specimen at the resonant 
frequency and then suddenly stops the current so 
that the free-vibration decay curve is recorded by 
the digital oscilloscope. 

The resonant frequencies of soils are typically in 
the range of 30 Hz to 150 Hz with this equipment. 
To test soils effectively over a wide range of 
stiffnesses, the search for the resonant frequency is 
performed in two stages, a rough sweep and a 
fine sweep. During the rough sweep, a fast loga
rithmic-linear frequency sweep (16 seconds to 
sweep from 1 to 170 Hz) is used. The fine sweep 
is then performed to determine an accurate reso
nant frequency in the neighborhood where the 
resonant frequency was found in the rough sweep. 

Torsional Shear Test. The motion monitoring 
system in the torsional shear test (3000 proximitor 
system) is used to monitor torque-twist hysteresis 
loops of the specimen. This system consists of 
two proximitors (Bentry Nevada M 20929-01), two 
proximitor probes (Bentry Nevada M 300-00), an 
operational amplifier (Tektronix TM 504 with 
Mi501), a DC power supply (Lambda M-II-902), 
a U-sha ped target and a digital oscilloscope 
(Nicolet 20929-01). The U-shaped target is se
cured to the top of the drive plate, and the two. 
proximitor probes are rigidly attached to the sup
port stand. A schematic diagram of the motion 
monitoring system in the torsional shear test is 
shown in Figure 3.9. 

The function of the proximitor probes is to 
measure the width of the air gap between the tar
get and the probe tip. Because the proximitor 
probes do not touch the drive plate, no compli
ance pro blems are introduced into the measure
ment. Two probes are used and the operational 
amplifier subtracts the signal from one probe 
from the other so that the effect of bending in 
the specimen toward the probes can be elimi
nated. The proximitor system is a very effective 
low-frequency motion monitoring system which 
does not introduce any compliance problems in
to the measurement. With the simultaneous mea
surement of torque, load-displacement hysteresis 
loops can be determined. 
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Figure 3.9 Schematic diagram of the motion 
monitoring system in the torsional 
shear test (3000 proximitor 
system) 

To measure accurate hysteresis loops at strains 
below 10-3 percent, the 3000 proximitor system 
was replaced by the micro-proximitor system. De
tails of the micro-proximitor system are discussed 
in Chapter 5. 

3.3 METHOD OF ANALYSIS 

3.3. J Resonant Column Test 

The resonant column test is based on the one
dimensional wave equation derived from the 
theory of elasticity. The shear modulus is obtained 
by measuring the first-mode resonant frequency 
while material damping is evaluated from either 
the free-vibration decay curve or from the width of 
the frequency response curve assuming viscous 
damping. 

3.3.1.1 Shear Modulus and Shearing Strain 

Shear Modulus. The governing equation of 
motion for the fixed-free torsional resonant column 
test is: 

(3.1) 

where L I = Is + Im + ... 

Is mass moment of inertia of soil, 
1m mass moment of inertia of mem

brane, 



mass moment of inertia of rigid 
end mass at the top of sample, 
length of the specimen, 
shear wave velocity of sample, and 
undamped natural circular frequen
cy of the system. 

The value of 10 is known from the calibration of 
the drive plate. The values of Is and I are easily 
determined from the specimen size and weight. 
Once the first-mode resonant frequency is deter
mined, the shear wave velocity can be calculated 
from Equation 3.1 by assuming that the resonant 
frequency and O)n are equal. 

In the resonant column test, the resonant fre
quency, wf> is measured instead of undamped 
natural frequency, w n , and wr is used to calculate 
shear wave velocity. If the damping in the system 
is zero, wr and wn are equal. The relationship be
tween O)r and wn is: 

(3.2) 

A typical damping ratio encountered in the 
resonant column test is less than 20 percent, 
which corresponds to a difference of less than 5 
percent between wr and wn' In this study the 
damping measured from the resonant column test 
is usually less than 10 percent and wr can be used 
instead of wn with less than a two percent error. 

Once the shear wave velocity is determined, 
shear modulus is calculated from the relationship: 

(3.3) 

where p is the total mass density of the soil. 
Sbearing Strain. The shearing strain varies ra

dially within the specimen, and may be expressed 
as a function of the distance from the longitudinal 
axis as illustrated in Figure 3.10. The equivalent 
shearing strain, y, is represented by: 

where 

(3.4) 

equivalent radius, 
angle of twist at the top of the 
specimen, and 
length of the specimen. 
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Figure 3.10 Shearing strain in soil column 

Chen and Stokoe (1979) studied the radial dis
tribution in shearing strain to find a value of req 
for the specimen tested in the RCTS equipment to 
evaluate an effective strain. They found that the 
value of req varied from 0.82 .. ro for a peak 
shearing strain amplitUde below 0.001 percent to 
0.79 .. ro for a peak shearing strain of 0.1 percent 
for a solid specimen. For a hollow specimen, 
they recommended the use of the average of the 
inside and outside radii for req' These values of 
r"q have been adopted in this study. 

In the resonant column test, the resonant period 
(Tr> seconds), and output voltage of accelerometer 
(~, volts(RMS)) at resonance are measured. Accel
erometer output is changed to the displacement by 



using the accelerometer calibration factor (CF, 
volts(RMS)/in/sec2) assuming harmonic motion. 
The accelerometer displacement is divided by the 
distance (Dae, inches) between the location of ac
celerometer and the axis of the specimen to calcu
late the angle of twist at the top of the specimen 
(emax). The shearing strain is then calculated by: 

A . Tr2 1 1 y=r e . __ ._ 
eq 41t2 . CF Dae 1 

(3.5) 

3.3.1.2 Material Damping 

In the resonant column test, material damp
ing ratio can be evaluated from either the free
vibration decay method or from the half-power 
bandwidth method. 

Free-Vibration Decay Method. Material 
damping in soils can be quite complex to define. 
However, the theory for a single-degree-of
freedom system with viscous damping is a useful 
framework for describing the effect of damping 
Which occurs in soil (Richart et aI, 1970). The de
cay of free vibrations of a single-degree-of
freedom system with viscous damping is de
scribed by the logarithmic decrement, 0, which is 
the ratio of the natural logarithm of two succes
sive amplitudes of motion as; 

where 

o = In[~J = 2nD 
Z2 ~1-D2 

(3.6) 

two successive strain amplitudes of 
motion, and 

D material damping ratio. 

The free-vibration decay curve is recorded using 
an oscilloscope by shutting off the driving force 
while the specimen is vibrating at the resonant fre
quency. The amplitude of each cycle is measured 
from the decay curve, and the logarithmic decre
ment is then calculated using Equation 3.6. Mate
rial damping ratio is calculated from logarithmic 
decrement according to: 

(3.7) 

A typical damping measurement from a free
vibration decay curve is shown in Figure 3.11. 
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Figure 3.11 Determination of material damping 
ratio from the free-vibration decay 
curve using metal specimen 

In this method, it is not certain which strain am
plitude is a representative strain for damping ratio 
calculated by Equation 3.7 because strain ampli
tude decreases during free-vibration decay. In this 
study, a representative strain amplitude was used 
as the peak strain amplitude during steady state vi
bration which is the upper bound strain. However, 
at larger strains, the representative strain is smaller 
than the peak ·strain and it is recommended to use 
the average strain determined for the first three 
cycles of free vibration. (Further study is encour
aged to evaluate representative strain for damping 
ratios measured from the free-vibration decay 
curve.) 

Half-Power Bandwidth Method. Another 
method of measuring damping in the resonant col
umn test is the half-power bandwidth method, 



which is based on measurement of the width of 
the frequency response curve near resonance. 
From the frequency response curve, the logarith
mic decrement can be calculated from: 

where 

(3.8) 

f1 frequency below the resonance 
where the strain amplitude is A 

f2 frequency above the resonance 
where the strain amplitude is A 

fr resonant frequency, and 
D material damping ratio. 

If the damping ratio is small and A is chosen as 
0.707 Amax, which is called the half-power point, 
Equation 3.8 can be simplified as: 

o::n J2 - f1 

fr 
(3.9) 

Therefore, the damping ratio can be expressed as: 

D:: f2 - f1 

2fr 
(3.10) 

A typical damping measurement by the half
power bandwidth method is shown in Figure 3.12. 
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Figure 3.12 Determination of material damping 
from the half-power bandwidth 
method using metal specimen 
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Background noise can be a problem in measur
ing damping ratio using the free-vibration decay 
method at strains less than about 0.001 percent. 
On the other hand, background noise generally 
has a smaller effect on the frequency response 
curve at strains below 0.001 percent. Therefore, 
the half-power bandwidth method is preferred to 
the free-vibration decay method for making small
strain damping measurements. However, at large 
strains, symmetry in the frequency response curve 
is no longer maintained and serious error can be 
introduced in the half-power bandwidth method 
(Ni, 1987). In this study, both types of damping 
measurements were made at small-strains in an at
tempt to obtain good data sets while only the 
free-vibration decay method was used at larger 
strains. 

3.3.2 Torsional Shear Test 

The torsional shear test is another method of 
determining the deformational characteristics of 
soil using the same RCTS device. Rather than mea
suring the dynamic response of the specimen, the 
actual stress-strain hysteresis loop is determined by 
means of measuring the torque-twist curve. Shear 
modulus is calculated from the slope of the hyster
esis loop and the hysteretic damping ratio is calcu
lated using the area of the hysteresis loop. 

3.3.2.7 Shear Modulus 

Because shear modulus is calculated from the 
stress-strain hysteresis loop, shearing stress and 
shearing strain in the torsional shear test need to 
be defined. 

Shearing Stress. Determination of shearing 
stress in the torsional shear test is based on the 
theory of elasticity for circular Or tubular bars in 
pure torsion. Assume that pure torque, T, is ap
plied to the top of the specimen. The torque can 
be calculated from: 

(3.11) 

where 'tr is the shearing stress at a distance r from 
the axis of specimen and, ro and rj are outside and 
inside radii, respectively. If the shearing stress is 
assumed to vary linearly across the radius: 

(3.12) 

where 'tm is the maximum shearing stress at r = roo 
Equation 3.12 can be rewritten as: 



T = 'tm . :It . (r4 - r~) = . J 
r 2 0 I r P 
o 0 

(3.13) 

where Jp is the area polar moment of inertia. From 
Equation 3.13, one can write: 

T 
't =r .-

m 0 J 
P 

(3.14) 

Because shearing stress is assumed to vary lin
early across the radius, the average torsional shear
ing stress is defined as: 

T 
'tavg = req ·- (3.15) 

Jp 

The value of req is the same value as used in 
the resonant column analysis for calculation of 
shearing strain (Section 3.3.1.1). 

The value of applied torque, T, is calculated 
from the input voltage applied to the drive system, 
VT (volts), and the torque calibration factor, KT 

(torque/volts). Thus, average shearing stress be
comes: 

(3.16) 

Shearing Strain. Calculation of shearing strain 
in the torsional shear test follows the same proce
dure used in the resonant column test. The 
proximitor system directly measures the displace
ment (instead of acceleration measured in the 
resonant test). Hence, the angle of twist (9) is cal
culated from the proximitor output voltage, Vp 

(volts), and the proximitor calibration factor, Kp 
(rad/volt). Shearing strain, y, is then calculated 
from; 

Y= (3.17) 

Shear Modulus. Once the stress-strain hyster
esis loop is measured, the shear modulus, G, is 
calculated from the slope of a line through the 
end points of the hysteresis loop as shown in Fig
ure 3.13. Thus, the shear modulus is calculated 
from: 

G 't/y (3.18) 

where 't is peak shear stress and y is peak shear
ing strain. 

3.3.2.2 Hysteretic Damping Ratio 

Hysteretic damping ratio in the torsional shear 
test is measured using the amount of energy 
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dissipated in one complete cycle of loading and 
the peak strain energy stored in the specimen 
during the cycle. 

Sheoring Stress ITl 

WD 

G=T/y 
D = WD/(4rrWsl 

Figure 3.13 Determination of shear modulus 
and damping ratio in the torsional 
shear test 

In the torsional shear test, the dissipated energy 
is measured from the area of the stress-strain hys
teresis loop. The energy per cycle, W d , due to a 
viscous damping force, Fd , is: 

(3.19) 

where x is a velocity and T is a period. For 
simple harmonic motion with frequency of 00, Le. 
x .. A Cos(oot (1), Wd becomes: 

W d = :ltcOlA. 
2 (3.20) 

From the Equation 3.20, the viscous damping 
coefficient can be expressed as: 

(3.21) 

The peak strain energy, Ws, stored by the spring 
is equal to the area under secant modulus line in 
Figure 3.13 and can be written as: 

(3.22) 

The critical damping coefficient, Cel is 

(3.23) 



where k is an elastic spring constant, m is a 
mass, and C!ln is a natural frequency of system. 
Using Equation 3.22, Equation 3.23 can be rewrit
ten as: 

(3.24) 

Therefore, the damping ratio, D, can be ex
pressed as: 

(3.25) 

For soils, material damping is often assumed to 
be frequency independent. Therefore, C!lr/C!l is ig
nored and hysteretic damping is written as: 

D=~* Wd 
4n Ws 

(3.26) 

where W d is the area of the hysteresis loop and 
Ws is the area of triangle as shown in Figure 
3.13. 

3.4 EVALUA'rlON OF RCTS EQUIPMENT 
WITH METAL SPECIMEN 

To evaluate the RCTS equipment for system 
compliance, metal specimens were used. The 
metal specimens were made of brass and alumi
num tubes. Four metal specimens of different 
sizes and materials were used to obtain different 
resonant frequencies. Details of the metal speci
mens are'discussed in Section 4.3.1. It was as
sumed that the metal specimens should have 
(essentially) zero damping and these specimens 
should exhibit no frequency effect on stiffness 
or damping over the complete range of frequen
cies used in these tests (from about 0.05 Hz to 
150 Hz). 

Hysteresis loops with one metal specimen 
measured at a frequency of 0.5 Hz are shown in 
Figure 3.14. The stress-strain curve is linear re
sulting in no damping as expected. On the other 
hand, Figure 3.11 and Figure 3.12 show the 
damping measurements with the resonant col
umn test that predict a damping of 0.4 percent 
from both the free-vibration decay and half
power bandwidth methods. 

The variations in shear modulus and damping 
ratio with loading frequency for the four metal 
specimens are plotted in Figure 3.15. The shear 
modulus of each metal specimen determined from 
the RCTS equipment is independent of loading 
frequency as expected. Therefore, shear modulus 
can be measured properly with RCTS equipment 
over a wide frequency range without any compli
ance problem. 
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On the other hand, the damping ratio mea
sured by the RCTS equipment is affected by the 
loading frequency. For frequencies less than or 
equal to 1 Hz, damping ratio evaluated by the 
torsional shear test is zero as expected. In this 
frequency range, material damping can be evalu
ated without equipment corrections. For higher 
frequencies, however, non-zero damping values 
are obtained with the metal specimens. For ex
ample, damping ratios from the torsional shear 
test at 5 Hz and 10 Hz are about 0.7 percent and 
1.7 percent, respectively. These values are consid
ered to be due to a compliance problem with the 
complete RCTS system and are, therefore, sub
tracted from all damping measurements in the 
torsional shear test at the same frequencies when 
soil specimens are tested. 

In the resonant column test, non-zero damp
ing values were obtained at all resonant fre
quencies as seen in Figure 3.15. Using RCTS 
equipment, damping values of about 0.4 per
cent were generally detected with metal speci
mens at resonant frequencies in the frequency 
range where much of the soil testing was con
ducted. It is interesting to note that drive plate 
#4 (and drive plate #5) exhibited higher damp
ing values of about 1.3 percent with metal 
specimens #3 and #4 with which the resonant 
frequencies are 44 Hz and 40 Hz, respectively. 
Unfortunately, the reason for the higher damp
ing at these frequencies has not been solved 
and is currently under investigation. In this 
study, the value of 0.4 percent is subtracted 
from the damping measurements in all RC tests 
with soil specimens. 
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3.5 SUMMARY 

RCTS equipment and measurement techniques 
are discussed. The RCTS apparatus is a fixed-free 
system with which torsional excitation is applied 
to the top of a soil specimen by an electrical coil
magnet system. Both resonant column and tor
sional shear tests can be performed with the same 
set-up. The apparatus consists of four basic sub
systems: a confinement system, a drive system, a 
height change measurement system, and a motion 
monitoring system. A micro-computer is used to 
control the test, collect the data, and reduce the 
measurements to excitation frequency, strain am
plitude, shear modulus and material damping. 

In the resonant column test, shear modulus is 
calculated from the first-mode natural frequency us
ing the elastic wave propagation equation. Material 
damping is evaluated from the free-vibration decay 
curve or by the half-power bandwidth method. In 
the torsional shear test, shear modulus is calculated 
from the slope of a line through the end points of 
the hysteresis loop. Hysteretic material damping is 
obtained from the area of the hysteresis loop. 

To evaluate the RCTS equipment, four metal speci
mens were tested. The shear modulus of the metal 
specimens was found to be independent of loading 
frequency as expected. The results show that shear 
modulus of soils can be evaluated properly over a 
wide range of frequenCies with RCTS equipment. Be
low a loading frequency of 1 Hz, damping ratios of 
the metal specimens were zero as expected. Above 1 
Hz, however, damping ratios greater than zero were 
measured because of system compliance. Damping ra
tios of soils meastll'ed at frequencies above 1 Hz were 
corrected taking this compliance into consideration. 



CHAPTER 4. TEST MATERIALS 

4.1 INTRODUCTION 

Soils that were tested include reconstituted 
samples of washed mortar sand, undisturbed samples 
of silts and clays, and compacted samples of clayey 
subgrades. The washed mortar sand has been used 
in the wave propagation studies at The University of 
Texas for the past decade, and the properties are 
well defmed. Undisturbed samples of silts and clays 
were obtained from four different sites: Boston Har
bor, two sites near San Francisco (Gilroy #2 and 
Treasure Island) and Granger, Texas. Fifteen dis
turbed soils were gathered from across the State of 
Texas and compacted to investigate the resilient 
modulus (MR) of clayey subgrades. In addition, metal 
specimens and synthetic specimens have been devel
oped to investigate the dynamic characteristics of the 

RCTS equipment and MR equipment. The properties 
of these test materials are presented herein. The 
methods of sample preparation and set-up are also 
discussed. 

4.2 SOIL SPECIMENS 

4.2. J Washed Mortar Sand 

Washed mortar sand has been used at The Uni
versity of Texas for laboratory tests over the past 
decade (Knox et aI, 1982, Allen and Stokoe, 1982, 
Rix, 1984, Lee and Stokoe, 1986, Ni, 1987, and 
Lewis, 1990). This sand is classified as SP in the 
Unified Soil Classification System. The sand is me
dium to fine with a subangular to subrounded 
grain shape. Figure 4.1 presents the average grain 
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size distribution curve for the sand. Based on the 
gradation curve, the sand is uniformly graded with 
a mean grain diameter, 050, of 0.35 mm and less 
than 1% passing the #200 sieve (0.074 mm). The 
specific gravity of the sand is 2.67. The maximum 
and minimum dry densities of the sand were de
termined to be 106.6 pcf (16.75 kN/m3) and 90.6 
pcf 04.23 kN/m3) , respectively, by ASTM D 2049-
49 (Rix, 1984). The corresponding maximum and 
minimum void ratios are 0.839 and 0.563, respec
tively. A summary of soil characteristics and prop
erties is presented in Table 4.1. 

Table 4.1 Summary of soil characteristics 
and properties of washed mortar 
sand (from Rix, 1984) 

Unified Soil Classification 
Mean grain diameter 
Percent passing #200 sieve 
Specific gravity 
Maximum dry density 
Minimum dry density 
Maximum void ratio 
Minimum void ratio 
Grain shape 

SP 
0.35 mm 

<1% 
2.67 

106.6 pcf (16.75 kN/m3) 
90.6 pcf 04.23 kN/m3) 

0.839 
0563 

Subangular and subrounded 

4.2.2 Undisturbed Soils 

Undisturbed samples from four different sites 
around the United States were used in this study. 
The samples were shipped to the laboratory in 
thin-walled sampling tubes. Before testing, the 
samples were extruded from the tubes and hand
carved to a diameter of 2.0 in. (5.1 cm) and a 
height of about 4.0 in. (10.2 cm). Initial properties 
of the samples were measured before testing, and 
the plasticity index of each specimen was evalu
ated from the trimmings. 

Boston Blue Qay. Resonant column and tor
sional shear (RCTS) tests were performed as part 
of a seismic study for an immersed tube tunnel in 
Boston Harbor, Massachusetts. Four 3-in. (7.6 cm) 
diameter piston-tube samples were shipped to 
Austin and tested. Test results from the sample 
from a depth of 16 ft. (4.88 m) were analyzed in 
this study. The initial properties of Boston Blue 
Clay are presented in Table 4.2. 

Gilroy #2 and Treasure Island Sites. Both 
resonant column and torsional shear tests were 
performed on samples from Gilroy #2 and Trea
sure Island sites in the vicinity of San Francisco, in 
California. Shear modulus and material damping 
characteristics of the soils were determined at con
finement states modeling the in situ conditions. 
The investigation was conducted for the Electrical 
Power Research Institute (EPRI), Palo Alto, Califor
nia. The samples were transported to Austin by 
automobile. Four intact samples at each site were 
analyzed in this study. The initial properties of the 
samples are presented in Table 4.3 and Table 4.4. 

Granger Site. Laboratory and field seismic tests 
were performed at the Granger site near Austin, 
Texas. A compacted fill embankment was con
structed as part of road construction in 1977. Tay
lor marl was used as the construction material to a 
depth of 10 ft (3.05 m) and Gumbo clay was used 
to the depth of the natural soil which is about 20 
ft (6.1 m). In the field, crosshole seismic and 
SASW (spectral analysis of surface wave) tests 
were performed to a depth of about 22 ft (6.7 m) 
and several Shelby tube samples were obtained. In 
the laboratory, RCTS and resilient modulus tests 
were performed on one sample from a depth of 7 
ft (2.13 m). For a second sample from a depth of 
15 ft (4.57 m), only resonant column testing was 
performed. Initial properties of these two samples 
are presented in Table 4.5. 

Table 4.2 Initial properties of sample from Boston site* 

Uquid Plasticity Water Degree of Total 
Sample Depth Soil Sampling limit Index Content Saturation UnitWt Void-

ID (ft) Classification Procedure (%) (0Al) (0Al) (%)- (pcf) Ratio ---
Homogenous Piston 

BBC 16 blue clay sampler 42 20 34.9 93.8 1135 1.01 

• Submerged site 
•• Based on an assumed value of Gs of 2.70 
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Table 4.3 Initial properties of samples from Gilroy #2 site-

Liquid Plasticity Water Degree of Total 
Sample Depth SoU Sampling Unlit Index Content Saturation UnitWt Void-

ID (ft) Classification Procedure (%) (%) (%) (%y' (pcf) Ratio 

GL-1 10 Dark brown 
dayey silt with Shelby 
sandy material tube 29 7 26.1 88.6 117.1 0.78 

GL-2 20 Dark 
gray Shelby 

silty clay tube 43 23 30 96.1 118.8 0.84 

GL-3 85 Light gray 
stiff clay Pitcher 

with horiz. bedding barrel 47 17 30.8 100 121 0.82 

Pitcher 
GL-4 120 Silty sand barrel 19.8 99.9 134.1 055 

• Depth of water table is 60 ft . 
•• Based on an assumed value of Gs of 2.70 

Table 4.4 Initial properties of samples from Treasure Island site * 

Uquid Plasticity Water Degree of Total 
Sample Depth SoU Sampling Limit Index Content Saturation UnitWt Void" 

ID (ft) Classification Procedure (%) (%) (%) (%)" (pcf) Ratio 

Dark 
Shelby 

11-1 60 
greenish 

tube 51 26 50.2 100 108.1 1.34 

soft clay 
(osterberg) 

Dark greenish 
Shelby 

11-2 130 medium stiff day 37 23 37.0 97.9 114.3 1.02 
with shell 

tube 

11-3 170 
Dark greenish gray Shelby 

34 19 20.7 955 128.3 059 
stiff silty clay tube 

Dark greenish gray 
Shelby 

11-4 232 silty clay with 48 30 33.3 95.1 115.4 0.95 
honz. bedding 

tube 

• Depth of water table is 4 ft 
•• Based on an assumed value of Gs of 2.70 

Table 4.5 Initial properties of samples from Granger site· 

Uquid Plasticity Water Degree of Total 
Sample Depth SoU Sampling Limit Index Content Saturation UnitWt Void" 

ID (ft) classification Procedure (%) (%) (%) (%)- (pcf) Ratio 

GR-1 7 Ught brown 
compacted Shelby 

silty clay tube 69 53 30.1 965 12L! 0.81 

GR-2 15 Dark gray 
compacted Shelby 
silty clay tube 60 42 28.0 93.9 121.8 0.84 

• Depth of water table is approximately 5 ft below natural deposit 
•• Based on an assumed value of Gs of 2.70 
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4.2.3 Compacted Clayey Subgrades 

Sixteen disturbed soil samples were gathered 
from across the states of Texas to investigate the 
resilient modulus of cohesive subgrades. In collect
ing these samples, care was taken to assure that 
all ten climatic regions of the state were appropri
ately represented. The Texas State Department of 
Highways and Public Transportation (SDHPn 
helped collect the samples from su bgrades of ac
tual pavement projects that have already been con
structed and put into operation. 

A Texas county map showing the origins 
(shaded areas) of the soil samples is given in Fig
ure 4.2. The figure shows the wide variety of areas 
sampled in this study. Table 4.6 presents the basic 
properties of the test soils. The plasticity index 
(PI) was used as one of the important variables in 
studying the normalized behavior (G/Gmax) of the 
subgrades. Therefore, it was beneficial that the soil 
samples were gathered from a wide range from 
highly plastic to non-plastic soils. 

Highwoy Districts 

Figure 4.2 The origins (shaded areas) of 
compaded clay samples in Texas 
county map 

Resilient modulus tests were performed on all 
the samples (Pezo, 1991) while RCTS tests were 
performed on soil samples of 2, 5, 6, 7, 9, 10, 12, 
13, 15, and 16 to compare test results. Sample 
preparation is described in Section 4.4.3. 

4.3 CALIBRATION SPECIMENS 

4.3. J Metal Specimens 

Metal specimens of known properties were used 
in place of soil specimens to evaluate the RCTS 
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equipment. The stiffness of metal specimens can 
be well defined from the literature and simple cali
bration tests. For these specimens, material damp
ing was considered to be so small that it could be 
assumed equal to zero. Also the metal specimens 
were assumed to exhibit no frequency effect on 
stiffness or damping. 

The metal specimens were made of brass and alu
minum tubes. The brass tubes were connected to the 
top cap and bottom plate ~ welding. The aluminum 
tube was connected using high strength epoxy. The 
size of each metal specimen was altered to obtain 
different resonant frequencies. Figure 4.3 shows the 
four metal calibration specimens, with the dimen
sions of each specimen presented in Table 4.7. 

4.3.2 Polyurethane Specimens 

Polyurethane specimens were constructed and 
tested to evaluate the resilient modulus testing 
equipment. These specimens represented three dif
ferent stiffnesses (TU-700, TU-900, and TU-960), 
with hardnesses (stiffnesses) ranging from that ap
proximating a very soft subgrade to that approxi
mating a stiff, uncemented base. The construction 
procedures used to build the polyurethane speci
mens are described by Stokoe et al (1990). The 
polyurethane specimens were constructed by using 
a two-component urethane elastomer resin system 
manufactured by Conap. Inc., of Olean, New York. 
This material was selected because urethanes are 
tough, durable, and have a high resistance to abra
sion, weather, ozone, oxygen, and radiation. 

Casting procedures outlined by the manufacturer 
were followed. Each component was measured ac
cording to the specified accuracy and mix ratio. Two 
components were mixed thoroughly and then de
gassed for about 5 minutes to remove entrapped air 
caused by mixing. For effective degassing, the manu
facturer recommended a vacuum of 28 to 29 in. 01 
to 74 cm) of mercury [14 psi (96.6 kPa)l. The working 
life of the mixture was about 20 minutes so that once 
mixing was started, construction progressed quickly. 

Before pouring, a mold release (Conap. MR-5002) 
was applied to the inner surface of the cylindrical 
mold. The degassed mixture was then carefully 
poured into the mold in a manner that attempted to 
minimize the trapping of air bubbles. As the mix
ture cured, 1 to 1.5 percent shrinkage occurred. A 
curing time of 7 days was recommended by the 
manufacturer. However, the specimen could be re
moved from the mold after one day. 

The specimens used in this study were 2.8 in. 
(7.1 cm) in diameter and 5.6 in. 04.2 cm) in 
length. Unit weights of the specimens ranged from 
65 to 67 pcf 00.2 to 10.5 kN/m3). The specimens 
are shown in Figure 4.4. 



Table 4.6 Summary of properties of cam pac led clay subgrades callected around State of Texas 

Optimmn Actual 
District Passing Moisture Dry 

Soil County AASHTO No. 200 Liquid Plastic Content Density 
ID Highway Class (%) Limit Index (%) (pet) 

18 
1 Rockwall A-7 94.0 85 55 21.6 96.2 

FM55Q 

14 
2 Travis 87.3 56 29 19.3 93.9 

Mopac-183 

18 
3 Denton A-7-6 99.0 50 33 18.9 104.2 

SH 121 

14 
4 Travis A-4 49.0 23.5 4.1 11 122 

Mopac.Parmer 

21 
5 Starr A-4 34.9 25 95 10.6 1195 

FM755 

5 
6 Hockley A-6 100 30 15 12.7 115.85 

US 62 

4 
7 Potter A-6 99.7 37.6 20A 165 106.6 

Spur 951 

7 
8 Glasscock A-6 80 37.1 18.1 14.2 117.58 

RM 2401 

4 
9 Gray A-7-6 99.7 52 34 19.2 96 

SH70 

5 
10 Lubbock A-4 91 20 4 10.6 123.7 

FM835 

24 
11 EI Paso A-7-6 77 44.1 23.6 16 107 

UTEP 

20 
12 Jasper A-7-6 99.7 79.3 52.1 19.9 101.5 

FM 252 

20 
13 Jefferson A-7-6 96 54.1 35.9 18 103.5 

us 69 

7 
15 10m Green A-7-6 98,4 58 40 20.1 102,4 

US 67 

8 
16 Haskell A-7-6 97 51 29 16.2 109.7 

Abilene 
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Figure 4.3 Metal calibration specimens 

Table 4.7 Dimensions of metal specimens 

Diameter (in.) 
Specimen Height Resonant 

ID Material Outside Inside (in.) Frequency (Hz) 

Metal 1 Brass 1.0 0.938 7.0 129 
Metal 2 Aluminum 1.0 0.938 7.0 115 
Metal 3 Brass 05 0.428 7.0 44 
Metal 4 Brass 05 0.428 85 40 

Figure 4.4 Synthetic calibration specimens 
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4.4 SPECIMEN PREPARATION AND SET-UP 

4.4. I Preparation of Uncemented Sand 
Specimen5 

The pluviation method was used to construct 
uniform sand specimens. Two different specimen 
sizes were used: the first is 2.0 in. (5.1 cm) in di
ameter and about 4.0 in. 00.2 cm) in height; and 
the second is 2.8 in. 0.1 cm) in diameter and 5.6 
in. 04.2 cm) in height. The larger diameter speci
mens were used to investigate the small-strain de
formational characteristics presented in Chapter 5, 
and the smaller diameter specimens were used to 
investigate the effect of loading cycles presented 
in Chapter 6. 

A multiple-sieve pluviation (MSP) apparatus was 
used to construct the 2.8-in. 0.1 cm) diameter 
solid specimens. The device, specimen mold, and 
procedures are described by Lewis (990). The 
MSP column consists of a stack of six sieves, 
topped by a funnel, which sits on top of the 
sample mold. The density of the specimen is con
trolled by the rate at which the sand falls. The 
specimens were prepared with two densities: one 
rather dense with a void ratio of about 0.6 and the 
other rather loose with a void ratio of about 0.76. 

To investigate the effect of loading cycles at 
high strains (above 0.01 percent), 2.0-in. (5.1 cm) 
diameter samples were used instead of 2.8-in. (7.1 
cm) diameter ones. This size was selected because 
higher strain amplitudes can be achieved with the 
smaller-sized specimen at the same applied torque. 
The pluviation device, sample mold, and proce
dures for 2.0-in. (5.1 cm) diameter samples are de
scribed by Allen (982). The sand is allowed to 
fall freely through a hollow tube into a sample 
mold. A falling height of 38 in. (96.5 cm) was 
used to prepare specimens which resulted in a 
void ratio of about 0.69. 

4.4.2 Preparation of Undi5turbed 
Specimen5 

Undisturbed samples were extruded vertically 
from the sample tubes using a hydraulic extruder. 
The extruded sample was then placed in a trim
ming device, and trimmed to the appropriate out
side diameter [usually 2.0 in. (5.1 em)]. The speci
men was wrapped with a thin piece of cellophane 
and carefully transferred to a split mold. The cello
phane was used so that the specimen would not 
stick to the trimming mold upon removal. With the 
specimen in the mold, the ends of the specimen 
were trimmed so that the sample had the proper 
length [usually 4.0 in. 00.2 cm)] and the ends 
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were perpendicular to the longitudinal axis of the 
specimen. The natural water content was deter
mined from trimmings taken from the specimen 
sides and ends. 

The sample was placed on the base pedestal. 
Filter paper was used between the base of the 
sample and the base pedestal. Side-drain filter pa
per was also installed vertically on the sample 
(RCTS tests were performed with the drainage 
valve open). An external rubber membrane was 
placed on the specimen and sealed to the top cap 
and bottom pedestal with O-rings. Measurements 
of the outside diameter of the specimen were 
made using calipers, and the specimen height was 
measured using a cathetometer. To retard air mi
gration through the membrane, a silicon oil bath 
was placed around the specimen. 

4.4.3 Preparation of Compacted Clay 
Specimen5 

Compacted clay specimens were prepared fol
lOWing Tex-101-E-part II "Preparation of Soil and 
Flexible Base Materials for Testing." Test Method 
Tex-101-E is in close agreement with American As
sociation of State Highway and Transportation Of
ficials (AASHTO) Designation T 146-86 and T 87-
86. Companion specimens were developed so that 
they could be tested Simultaneously under differ
ent laboratory tests. 

To prepare the sample, the soil was first air 
dried. The soil was then placed in a 20 rpm-mixer 
and mixed with the proper amount of distilled wa
ter to create the designed water content. The 
kneading compaction method was used to com
pact the samples to a diameter of 4 in. 00.2 cm) 
and a height of 6 in. 05.2 cm). Four layers were 
used, and the compaction effort specified in Test 
Method Tex-113-E was applied. The samples were 
prepared at optimum, wet of optimum, and dry of 
optimum moisture contents. The "dry" and "wet" 
samples were prepared so as to achieve 95 per
cent of the maximum dry density. However, 
samples compacted at dry of optimum were very 
difficult to trim which resulted in samples at opti
mum and wet of optimum being the ones on 
which most testing was performed. 

After compacting the soil specimens, they were 
carefully extruded out of the steel mold using the 
hydraulic extruder. The samples were then hand
trimmed to a diameter of 2.8 in. 0.1 cm) and a 
height of 5.6 in. 04.2 cm) for MR testing. For the 
RCTS tests, the samples were usually trimmed to 
2.0 in. (5.1 cm) in diameter and 4.0 in. 00.2 cm) 
in height to permit testing at higher strains (up to 
0.1 percent) than would have been possible with 



the larger samples. Trimmed samples were 
wrapped and stored in the moisture room for any
where from 2 to 6 days. 

Before testing, each specimen was grouted to 
the top cap and base pedestal using hydrostone 
paste. Grouting had the beneficial result of achiev
ing the flxed-free boundary condition in the RCTS 
tests and of eliminating compliance problems from 
any unevenness in the end surfaces of the sample 
in resilient modulus test. The external rubber 
membrane was placed on the specimen and sealed 
to the top cap and bottom pedestal with O-rings. 
The sample cement connections were allowed to 
cure overnight before testing. 

4.5 SUMMARY 

Various soil samples including reconstituted 
samples of washed mortar sand, undisturbed 
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samples of silts and clays, and compacted 
samples of clayey subgrades were tested. In ad
dition, metal specimens and synthetic speci
mens have been developed to investigate the 
dynamic characteristics of RCTS and MR equip
ment. The properties of these test materials are 
discussed. 

The pluviation method was used to construct 
uniform sand specimens. Undisturbed samples 
were extruded vertically from the sample tubes 
and hand-carved to the proper size. Compacted 
clayey specimens were prepared following Tex
lOl-E-part II "Preparation of Soil and Flexible 
Base Materials for Testing," and then hand-carved 
to the proper size. Compacted specimens were 
grouted to the top cap and base pedestal of the 
testing device using hydro stone paste. The 
grouted connections were allowed to cure over
night before testing. 



CHAPTER 5. DEFORMATIONAL CHARACTERISTICS OF DRY SAND 
AT SMALL-STRAIN AMPLITUDES (10-5 PERCENT-1o-3 PERCENT) 

5.1 INTRODUCTION 

Small-strain measurements of deformational 
characteristics of soils have been one of the 
challenging measurements in geotechnical engi
neering laboratories. The importance of accurate 
stress-strain measurements at small strains has 
increased significantly in the past decade to
gether with the rapid development of numerical 
analyses. Below a threshold strain which is usu
ally on the order of 0.001 percent, however, 
moduli are generally considered to be constant 
and hysteretic material damping is typically as
sumed to be nearly zero because of the difficul
ties in performing accurate measurements of 
these parameters with cyclic tests. 

One of the major efforts in this research was to 
study the deformational characteristics (G and D) 
of dry mortar sand at shearing strain levels be
tween 10-5 to 10-3 percent. As discussed in Chap
ter 3, current resonant column/torsional shear 
(RCTS) equipment had to be modified to measure 
accurate stress-strain relationships at this strain 
level. An existing proximitor system was replaced 
by a micro-proximitor system which has about ten 
times more resolution. In addition, the distance be
tween the axis of the specimen and the proximitor 
target was increased almost five times with en
larged radial arms to increase further the measure
ment resolution, and four proximitors were used 
so that their Signals could be compared and aver
aged to assure that pure torsion was generated in 
the soil specimen and any bending motion was 
canceled. (If any bending was noted, the test was 
canceled and a new sample was constructed.) 
Near the end of this study, a new vibration isola
tion table was also installed to isolate the RCTS 
equipment from ambient vibrations to improve fur
ther the small-strain measurements. 

5.2 MODIFICATION OF TORSIONAL 
MON ITORING SYSTEM 

For accurate measurement of stress-strain hys
teresis loops at very small strains, existing RCTS 
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equipment had to be replaced by more sensitive 
equipment. This change was focused on improv
ing the motion monitoring system in the torsional 
shear test. The comparison of equipment used in 
the existing system (3000 proximitor system) and 
improved system (micro-proximitor system) is 
outlined in Table 5.1. 

Table 5.1 Comparison of the new micro
proximitor system and the older 
3000 proximitor system used for 
torsional shear testing 

System 

Equipment Micro Proximitor 3000 Proximitor 

Proximitor 
probe 

Proximiror 

Oscilloscope 

DC shifter" 

LoW-pass 
filter 

Operational 
amplifier 

Computer 

Function 
generator 

Power 
amplifier 

DC power 
supply 

Bently-Nevada 
Model 21500 

Bently-Nevada 
Model 40892-01 

Tektronix Model 11401 

Custom made 

Wavetek system 716 
brickwall mter 

None 

Bently-Nevada 
Model 300-00 

Bently-Nevada 
Model 20929-01 

Nicolet 2090 series 

None 

None 

Tektronix TMS04 
withAM501 

HP 9836 s 

HP 3314 A 

HP 6824 A 

Lambda M-II-902 

5.2. J Motion Monitoring with 3000 
Proximitor System 

Motion monitoring with the 3000 proximitor 
system was originally developed by Isenhower 
(1979) and then computerized by Ni (987). This 
system consists of two proximitors, two proximi
tor probes, an operational amplifier, a DC power 
supply, aU-shaped proximitor target and a digital 
oscilloscope as discussed in Section 3.2.4. 



To make the proxlmltOr system insensitive to 
bending of the specimen in the direction of the 
probes, two proximitor probes were used, and the 
two output signals were passed through an opera
tional amplifier subtraction circuit. Any bending of 
the soil in the direction of probes changes the out
put signals of probes by an equal amount. One 
signal from the proximitor probe can be subtracted 
from the other using the operational amplifier. In 
this manner the bending of the specimen can be 
eliminated from the measurement. 

The 3000 proximitor system has a calibration 
range of 50 mils (1.27 mm) and a sensitivity of 0.2 
volt/mil (7.87 volt/mm). With these characteristics, 
the probe holder and target were designed so that 
shearing strains were measurable over a range of 
about 0.001 percent to at least 0.1 percent. At a 
shearing strain of 0.001 percent, however, the 
proximitor output is only about 7 mV for a speci
men with a height-to-diameter ratio of two. There
fore, at strains below 0.001 percent, the resolution 
of the proximitor is not good enough to measure 

accurate stress-strain loops and ambient vibrations 
surrounding the system can overshadow the out
put signals at times. 

5.2.2 Modification of Motion 
Monitoring System 

For accurate measurements of stress-strain loops 
at strains below 0.001 percent, the 3000 proximi
tors were replaced by micro-proximitors with en
larged target arms. A DC shifter was also devel
oped to eliminate any initial DC voltage shift at 
these very low levels. Four proximitor signals On
stead of two) were obtained, compared, and aver
aged with a Tektronix digital oscilloscope to as
sure that pure torsion of the system was generated 
and any bending was canceled. A low-pass filter 
was used to filter out any high-frequency noise in 
the system. Finally, a vibration isolation table was 
used to isolate the test equipment from ambient 
building noise. This equipment set-up for the tor
sional shear test is shown in Figure 5.1. 

Micro Proximitor 

Figure 5.1 

Vibration 
Isolation Table 

Computer 

/AiiiiJ /I 

c ~ cc 

cc cc 
c c c c 

Function Generator 

Digital Oscilloscope 

Power 
Amplifier 

DC Shifter 

Low Pass 
Filter 

To Drive Coil 

Equipment set-up for high-resolution motion monitoring in the torsional shear test 
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Each micro-proximitor has a calibration range of 
8 mils (0.203 mm) and a sensitivity of 2 volt/mil 
(78.74 volts/mm). The resolution of this transducer 
is about 10 times higher than that of the 3000 
proximitor. The specifications of these two 
proximitors are compared in Table 5.2. Because 
the calibration range of the micro-proximitor is 
only 8 mils, much care is needed when adjusting 
the gap between the probe and target in the initial 
set-up stage. The calibrated range of the micro
proximitor is restricted to measuring strains only 
up to about 0.02 percent for a sample with a 
height-to-diameter ratio of two. 

The micro-proximitor system was usually used 
with the sample under a vacuum pressure [below 
12 psi (82.74kPa)] so that the outside confining 
chamber did not have to be used. This allowed 
the gap between the probe and target to be easily 
adjusted at any time during testing. When applying 
high confining pressures inside the outer chamber, 
proximitor gaps occaSionally go out of the linear 
range or the probes come into contact with the 
target. \Vhen this happens, the pressure chamber 
has to be dismantled and the gap has to be ad
justed. 

The distance between the axis of the specimen 
and the proximitor target was increased almost 5 
times with an enlarged radial arm. The existing 
3000 proximitor system has a radial distance of 0.7 
in. (1.78 cm) from the center of the rotation to tar
get while the micro-proximitor system has a radial 
distance of 3.25 in. (8.26 cm). At the same strain 
amplitude in the specimen, the displacement of 
the target with the enlarged arm increases about 
five times. Therefore, the total resolution of the 
micro-proximitor system was improved about 50 
times compared to the 3000 proximitor system. 

The general configuration of the proximitor 
probes and proximitor targets in the micro-prox
imitor system is shown in Figure 5.2. 

Magnet Drive Coil 
Holder 

Figure 5.2 General configuration of 
proximitor probes and targets in 
the micro-proximitor system 

A Nicolet 2090 series oscilloscope which has 
only two channels of recording was replaced by a 
Tektronix 11400 series digitizing oscilloscope 
which is capable of monitoring six channels simul
taneously. In addition, the Tektronix oscilloscope 
is fully programmable via an IEEE-488 General 
Purpose Interface Bus (GPIB). With the new oscil
loscope, four proximitor outputs and an input sig
nal to the drive coil can be obtained and saved in 
the built-in memory as illustrated in Figure 5.1. 
Electrical noise and ambient vibrations in each sig
nal were reduced by using a built-in smoothing 
function which replaces each point on the wave
form with the average value of waveform points 

Table 5.2 Comparison of specifications of micro-proximitor and 3000 proximitor 

Item 

Sensitivity 
Calibration range 

Input power 
Frequency response 

Micro Proximitor 

2 volt/mil 
8 mils 

-24 volt DC 
o to 10 kHz 
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3000 Proximitor 

0.2 volt/mil 
SOmUs 

-18 volt DC 
o to 10 kHz 



within a specified distance about that point. Five 
points were used at each average point to smooth 
the waveform. Once the waveform was smoothed, 
the amplitude and frequency of the four proximi
tor signals were compared, and any difference be
tween signals was evaluated. To make sure that 
pure torsion was obtained, particularly at very 
small-strain levels, the frequencies and amplitudes 
of the signals had to be within ±15 percent to be 
accepted. Otherwise, the torsional shear test was 
repeated. Once accepted, the four proximitor sig
nals were averaged within the oscilloscope, and an 
averaged proximitor signal and an input signal to 
drive system were transferred to the microcom
puter to calculate a torque-twist relationship. This 
process of averaging the four proximitor signals 
was very helpful in improving the quality of the 
signal and eliminating any bending which would 
otherwise enter the measurement. 

The gap between the proximitor probe and tar
get is initially adjusted to be almost in the middle 
of calibrated range. Due to this gap, an initial DC 
voltage in the proximitor output, which is about 
10 volts in the middle of calibration range, oc
curred before any torsional excitation. To accom
modate this high DC voltage, the vertical scale of 
the oscilloscope needs to be set to a large value 
so that the resolution of the recorded signal is de
graded. To improve this situation, the initial DC 
voltage was shifted to almost zero using a DC 
shifter so that the sensitivity used in recording the 
proximitor signals in the oscilloscope was signifi
cantly improved. The DC shifter was used to move 
only the DC signal so that there was no variation 
in loading frequency or amplitude of the torsion
ally generated signals. 

As the sensitivity of the proximitor system was 
increased by about 50 times by using the micro
proximitor system, the recorded noise due to am
bient vibrations also increased. The noise level in 
the recorded signal is high around the resonant 
frequency of the system which is a lot higher than 
the loading frequency in the torsional shear test. 
This ambient vibration can be a critical problem in 
measuring accurate stress-strain hysteresis loops at 
the very low strains. A Wavetek filter was intro
duced to cut off the high frequency noise. How
ever, the amplitude and phase of the signal can be 
changed by filtering, and the measurements of 
stiffness and damping could be affected. In this 
study, the cutoff frequency was selected to be at 
least 10 times higher than the loading frequency in 
the torsional shear test to minimize the filtering ef
fect. The input signal to the drive coil, which is 
converted to torque by a calibration factor, was 
also passed through the low-pass filter using the 
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same cutoff frequency in order to get the same 
phase shift as the proximitor signal. 

Isolation of the system from ambient vibrations 
is another method of reducing the noise level in 
the measurements. The vibration isolation table 
(Technical ManufactUring Company, Series 63-500) 
was used for this purpose. The isolation table con
sists of four isolators and table top. The isolators 
are operated by air, and isolate the system from 
the building floor vibrations. The natural frequency 
of the isolator is 1.5 Hz in vertical motion and 1.7 
Hz in horizontal motion. The table top damps 
ringing, acoustical, and equipment-generated vibra
tions. The resonant column and torsional shear de
vice is bolted down securely to the mounting 
holes on the table top. The mass moment of iner
tia of the table top is large enough to support the 
fixed-base requirement of the RCTS test. The net 
load capacity of this table is 800 lbs (3.56 kN) at 
80 psi (552 kPa) air pressure. 

5.3 SAMPLE PREPARA1'ION AN D TEST 
METHOD 

Washed mortar sand was used as a test material 
because the static and dynamic properties are well 
known from previous research at The University of 
Texas. Specimens were prepared for testing to a 
diameter of 2.8 in. (7.1 cm) and to a height of 5.6 
in. (14.2 cm) using a multiple sieve pluviating 
(MSP) column (Lewis, 1990) as discussed in Sec
tion 4.4.1. 

Isotropic confining pressure was applied to the 
specimen from 3 to 170 psi (20.7 to 1172 kN). At 
confIning pressures up to 10 psi (69 kN), vacuum 
pressure was used without the outer confining 
chamber to facilitate adjustment of the micro-prox
imitor set-up. For confining pressures from 10 to 
80 psi (69 to 552 kN), air pressure supplied from 
the building air pressure system was used to pres
surize the confining chamber. Bottled nitrogen gas 
was used for confining pressures higher than 80 
psi (552 kN). 

At each confining pressure, torsional shear test
ing was performed at strains from 10-5 percent to 
10-2 percent. In the torsional shear test, ten load
ing cycles were applied at a loading frequency of 
0.5 Hz. Resonant column tests were also per
formed with the same specimen at strains above 
10-4 percent. The strain amplitude in the resonant 
column test did not exceed the strain amplitude in 
the preceding torsional shear test so that no 
prestraining occurred for the next torsional shear 
test. 

The follOWing three test set-ups were used vvith 
each density specimen: 1. the fIrst with the 3000 



proximitor system, 2. the second with the micro
proximitor system, and 3. the third with the micro
proximitor system on the vibration isolation table. 
Tests with micro-proximitor system (set-ups 2 and 
3) were performed only at pressures up to 10 psi 
(69 kN) under the vacuum because the gap be
tween the micro-proximitor probe and the target 
often went out of the linear range during applica
tion of the pressure and adjustment of the gap 
was not possible if the outer confining chamber 
was in place. At confining pressures above 10 psi 
(69 kN), the micro-proximitor system was replaced 
by the 3000 proximitor system, and tests were 
continued with the outer confming chamber. 

5.4 IMPROVED HYSTERESIS LOOPS WITH 
THE MICRO-PROXIMITOR SYSUM 

With modification of the torsional testing system 
discussed in Section 5.2, small-strain measurements 
in the torsional shear test were accomplished at 
strains of about 10-5 percent. Significant improve
ments were achieved in the stress-strain measure
ments which enabled investigation of the deforma
tional characteristics at very small strains. 

5.4. J Improved Stress~Strain 
Measurements 

With modification of the motion monitoring 
system in the torsional shear test, the resolution 
of the system was improved almost 50 times. To 
illustrate how much improvement was achieved, 
hysteresis loops are compared in Figure 5.3 for 
measurements with the micro-proximitor system 
(set-up #2) and the 3000 proximitor system (set
up #1) at a peak shearing strain amplitude of 
0.0001 percent. In the micro-proximitor system, 
four proximitor signals were obtained and aver
aged while in the 3000 proximitor system, two 
proximitor signals were averaged. The hysteresis 
loops are presented starting with the initial load
ing. Each measurement was performed using a 
noise filter which filtered out frequencies above a 
5-Hz cut-off frequency. A significant difference 
between the stress-strain measurements can be 
seen in the figure. The loop in Figure 5.3a is 
much smoother than the loop in Figure 5.3b. This 
work indicates that the resolution in the micro
proximitor system is high enough to perform ac
curate measurements of the stress-strain relation 
at very small strains and ambient noise can be ef
fectively filtered. This improved measurement 
with the micro-proximitor system enables the de
formational characteristics to be studied at small 
strains, particularly hysteretic damping at strains 
below 0.001 percent. 

43 

on a... 

1.9 Dry Loose Send [eo = 0.76) 
With Micro-Prox 
F = 0.5 Hz 
0'0 = 5 psi 

0.0 

-1.91..-_____ --1... ______ ...1 

·1.2 '* 10-4 0.0 

Shearing Strain [%) 
1.2'* 10-4 

0] Hysteresis loop from micro-proximitor system 

';;; 
a... 
on 
on 
~ 

V5 
C) 
c .;:: 
o 
(lJ 

..r:. 
II) 

1.7 Dry Loose Send leo = 0.761 
With 3,000 Prox 
F = 0.5 Hz 
0'0 = 5 psi 

0.0 

-1.71...-------L---------' 
-1.4 ... 10-4 0.0 1.4 ... 104 

Shearing Strain (%) 

bJ Hysteresis loop from 3000 proximitor system 

* Frequencies above 5 Hz were filtered out in both 
measurements. 

Figure 5.3 Comparison of hysteresis loops 
measured with micro~proximitor 
and 3000 proximitor systems at a 
peak shearing strain amplitude of 
0.0001 percent 

Ambient noise caused by structural and acousti
cal vibrations is a crucial factor in the small-strain 
measurements, and sometimes ambient noise is 
higher than the proximitor output. To solve this 
noise problem, two techniques were introduced in 
the measurements: First, a low-pass filter was 
used to cut off frequencies above those used in 
the test. Second, a vibration isolation table was 
used to isolate the measurement system from 
structural vibrations. The comparison of hysteresis 



loops measured using either technique at a peak 
strain amplitude of 5 • 10-5 percent is shown in 
Figure 5.4. Both techniques give almost the same 
effectiveness in dealing with the noise problem. In 
other words, the vibration isolation table can re
duce the noise level in the measurements about 
as much as the low-pass filter. If the low-pass fil
ter is used, however, the amplitude and phase of 
the signal may be changed somewhat by filtering. 
It is recommended that the cut-off frequency be 
set up at least 10 times higher than the loading 
frequency to minimize this effect. For example, 
when the loading frequency in the torsional shear 
test is 10 Hz, a cut-off frequency of 100 Hz is 
used. However, in this case, ambient noise cannot 
be reduced effectively if a high amount of noise 
occurs below 100 Hz. Therefore, using the vibra
tion isolation table is a more effective way of re
ducing the ambient noise. In test set-up #3, both 
the low-pass filter and the vibration isolation table 
were used to reduce the noise level, but the accu
racy of the measurement at strains below 5 * 10-5 

percent was improved very little. 
It is important to note that at strain amplitudes 

of 5 • 10-5 percent the reloading curves of both 
hysteresis loops shown in Figure 5.4 intersect the 
initial loading curve. At this strain amplitude, the 
noise level is too significant to construct an accu
rate hysteresis loop. Measurement of hysteretic 
damping is adversely affected due to distortion of 
the hysteresis loop by noise. However, the mea
surement of the secant shear modulus is affected 
very little because the slope of the hysteresis loop 
is not influenced by this distortion. With this limi
tation, hysteretic damping ratio was measured only 
at strains above 5 • 10-5 percent while secant 
shear modulus was measured at strains as small as 
10-5 percent. 

5.4.2 Elastic Stress-Strain Behavior at 
Small Strains 

Materials usually behave proportionally ("elasti
cally") at small strains. The terms "elastically" and 
"elastic behavior" are often used in this strain range 
because shear modulus is independent of strain am
plitude even though the material exhibits damping. 
This elastic behavior can be represented by hyster
esis loops which are independent of number of 
loading cycles. In other words, the hysteresis loop 
of the first loading cycle matches the 10th-cycle 
hysteresis loop in the elastic zone. Torsional shear 
tests with the micro-proximitor system enabled in
vestigation of any changes in hysteresis loops with 
number of loading cycles at small strains. 
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Figure 5.4 Comparison of hysteresis loops 
measured using either the 
vibration isolation table or the 
low-pass filter at a peak shearing 
strain amplitude of 5 .. 10-5 

percent 

Figure 5.5 presents both 1.25 and 10 cycles of 
hysteresis loops measured for a loose sand sample 
at a peak strain amplitude of 5 • 1(r4 percent. At 
this strain amplitude, stress-strain loops are inde
pendent of number of loading cycles, i.e. the ftrst 
10 cycles of loops match exactly (appear as one 
loop). The first 1.25 cycle is neither softer nor 
stiffer than the other cycles, and the area of each 
loop is not changed by the number of loading 
cycles. It can be said that the material behaves 
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Figure 5.5 Hysteresis loops of first 1.25 and 
ten cycles of loading on dry sand 
at a peak strain amplitude of 5 • 
10-4 percent under a confining 
pressure of 5 psi (34.5 kPa) 

"elastically" or "proportionally" in this strain range 
even though the material dissipates some energy. 

However, at a peak strain amplitude of 4 .. 10-3 
percent, the area of the first cycle hysteresis loop 
is bigger than the others while the slope of the 
loop is not changed by the loading cycles as 
shown in Figure 5.6. (A plot of G and D versus 
log y for different numbers of cycles is shown in 
Figure 5.9.) These results show that material 
damping of dry sand is affected by the number of 
loading cycles at a strain level where stiffness is 
still independent of loading cycles. 
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Figure 5.6 Hysteresis loops of first 1.25 and 
ten cycles of loading on dry sand 
at a peak strain amplitude of 4 • 
10-3 percent under a confining 
pressure of 5 psi (34.5 kPa) 

Torsional shear tests were also performed at 
confining pressures above 10 psi (69 kN). With the 
3000 proximitor system, the stress-strain behavior 
can be accurately measured at relatively high 
strains which are above 10-3 percent. Ten cycles of 
hysteresis loops at a peak strain amplitude of 2 .. 
10-3 percent are compared in Figure 5.7 for isotro
pic confining pressures of 10, 20, 40, and 80 psi 
(69, 138, 276, and 552 kN). At a strain amplitude 
of 2 .. 10-3 percent, hysteresis loops at a confining 
pressure of 10 psi (69 kN) are affected by the 
number of loading cycles, but at higher confining 



pressures the loops are independent of loading 
cycles. Therefore, it can be said that the elastic 
zone of dry sand is influenced by confining pres
sure, Le. as confining pressure increases, the elas
tic zone extends to higher strain levels. 

5.5 STIFFNESS AND MATERIAL DAMPING 
AT SMALL STRAINS 

By taking advantage of accurate small-strain 
measurements as illustrated in Section 5.4, stiffness 
and material damping of dry sand were investi
gated at strain levels as low as 10-5 percent which 
is more than 10 times lower than most previous 
research. The effects of number of loading cycles 
and isotropic confining pressure on small-strain 
modulus and damping ratio were also studied. 
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5.5. , Improvement in Stillness and 
Material Damping Measurements 

Variations in shear modulus and material damp
ing of dry sand with shearing strains measured by 
the micro-proximitor system with the vibration iso
lation table, the micro-proximitor system with elec
tronic filter, and the 3000 proximitor system are 
plotted together in Figure 5.8. Moduli and damp
ing ratios measured for the 10th cycle of loading 
in the torsional shear test are shown. One can see 



the significant improvement in small-strain stiffness 
and damping measurements that is achieved with 
the micro-proximitor system compared to the 3000 
proximitor system. In the micro-proximitor system, 
shear modulus was measured at strains as low as 2 
• 10-5 percent and damping ratio was measured as 
low as 6 • 10-5 percent. On the other hand, 
moduli and damping ratios can be measured accu
rately at strains of 10-3 percent and above with the 
3000 proximitor system. At strains above 10-3 per
cent, moduli and damping ratios determined by 
the three different techniques agree very well. The 
micro-proximitor system works well in the strain 
range between 10-5 percent and 10-2 percent, and 
the 3000 proximitor system works well between 
10-3 percent and 10-1 percent. Using both systems, 
material properties can be studied over a wide 
range of strains. 
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Two observations can be made upon examin
ing Figure 5.8. First, the modulus measured in 
the cyclic torsional shear test is constant below 
the elastic threshold strain, "( [e. In the past, cy
clic torsional shear tests have been usually per
formed at strains above 10-3 percent because of 
difficulties in accurately measuring small-strain 
hysteresis loops, and therefore the resonant col
umn test has been used as a primary testing 
technique in investigating the low-strain shear 
modulus (Gmax) at strains as low as 10-4 percent. 
However, in this study, low-strain shear modulus 
was measured at strains as low as 10-5 percent 
using the cyclic torsional shear test. Second, hys
teretic damping ratio still exists and is indepen
dent of strain amplitude below the elastic 
threshold strain even though it is small. As dis
cussed in Section 3.4, the stress-strain relation of 
metal specimens measured by the torsional shear 
test performed at frequencies below 1 Hz is lin
ear and therefore the damping ratio determined 
by the hysteresis loop is zero. Using the same 
equipment, material damping is obtained for dry 
sand at a frequency of 0.5 Hz. Therefore, mate
rial damping obtained for dry sand can be veri
fied as a real material property, not a compli
ance problem. Ni (987) showed that the 
hysteretic damping ratio of dry sand as mea
sured by the 3000 proximitor system became 
about zero below 10-3 percent, and he also 
noted the need of improving the resolution us
ing more sensitive transducers. In this study, 
hysteretic damping ratio measured by the micro
proximitor system shows a real and constant 
value at strains as low as 5 • 10-5 percent. This 
difference may come from both the improved 
resolution of the proximitor system and the use 
of four Signals which are averaged in the micro
proximitor system. 

5.5.2 Elled 01 Number 01 Loading 
Cycles 

The variation in shear modulus and material 
damping with strain determined for the first and 
tenth cycles in the torsional shear test and in the 
resonant column test are plotted together in Figure 
5.9. In the resonant column test, shear modulus 
and damping ratio are measured after about 1000 
cycles of loading. Both shear modulus and damp
ing ratio are not affected by number of loading 
cycles at strains below about 0.001 percent, even 
after 1000 cycles in the resonant column test. This 
behavior shows further evidence supporting the 
point that elastic (proportional) behavior is ob
tained in this strain range. 
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Figure 5.9 Variation in shear modulus and 
material damping ratio with strain 
measured for the 1st and 10th 
cycles of torsional shear loading 
and in the resonant column test 

Damping ratio is affected by the number of 
loading cycles at strains above 0.001 percent while 
shear modulus is still independent of cycles of 
loading. Material damping from the first cycle is 
larger than damping from 10th cycle and from the 
resonant column test. This difference increases as 
strain amplitude increases, and above a certain 
strain amplitude, damping from the 10th cycle is 
also larger than damping from the resonant col
umn test. This behavior agrees with observation of 
the hysteresis loops in Section 5.4.2 which shows 
that damping is affected by the number of loading 
cycles at smaller strains than modulus. The effect 
of number of loading cycles over the whole range 
of strains used in this study will be discussed fur
ther in Chapter 6. 

It is also interesting to note that shear modulus 
obtained from both resonant column and torsional 
shear tests overlaps over a wide range of strain 
amplitudes in spite of the significant change in 
frequency. For a dry sand, both the stiffness and 
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material damping are independent of loading 
frequency. Details of the effect of frequency on 
stiffness and material damping are discussed in 
Chapter 7. 

5.5.3 Effect of Isotropic Confining 
Pressure 

The variation of small-strain shear modulus with 
isotropic confining pressure is shown in Figure 
5.10. Shear moduli determined by the resonant 
column and torsional shear tests on dense and 
loose specimens are shown. Lewis (1990) investi
gated small-strain shear modulus with the shear 
pulse test using the same washed mortar sand. His 
results are also plotted in the figure. Small-strain 
shear moduli, Gmax , determined using the three 
different tests match well in the range of confining 
pressure betvveen 3 and 170 psi (20.7 to 1172 kN). 
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Figure 5.10 Variation of small-strain shear 
modulus with isotropic confining 
pressure determined by resonant 
column, torsional shear, and multi
modulus tests on dense and loose 
dry mortar sands 

Hardin (978) recommended an empirical equa
tion which related shear modulus and mean effec
tive confining pressure. The equation can be writ
ten as: 

- n 1-n Gma.x = C Cfo Pa / F(e) 

where Gmax 

C 
n 

small-strain shear modulus, 
material stiffness coefficient, 
stiffness index, 

(5.1) 



0"0 mean effective stress, 
P a atmospheric pressure in same units 

of aD, and 
F(e) function of void ratio. 

Hardin recommended that F(e) be: 

F(e) = 0.3 + 0.7e2 (5.2) 

From the variation of shear modulus with con
fining pressure, the stiffness index (n) and stiffness 
coefficient (C) can be determined using least 
square fitting. The results determined by the three 
different tests are summarized in Table 5.3. At the 
same density, the stiffness index and coefficient 
are almost the same in both the resonant column 
and torsional shear tests. The stiffness coefficient 
in the dense specimen is greater than that in the 
loose specimen while the stiffness indices are 
somewhat closer. These results also compare well 
with those from the shear pulse test. 

Table 5.3 Comparison of stiffness co
efficient and stiffness index for 
Log Gmox - Log cr' 0 relationship· 
measured by resonant column 
test, torsional shear test, and 
shear pulse test for isotropic 
confinement 

Range of 
Test Type Void Ratio (e) C n Stress (psi) 

Resonant 0.60 672 0.442 3 - 170 
Column 0.76 620 0.463 3 - 64 

Torsional 0.60 671 0.454 3 - 170 
Shear 0.76 609 0.467 3 - 64 
Shear 0.59 703 0.414 3 - 64 

Pulse" 0.76 595 0.498 3 - 64 

'Gmax - C (Jon p.l-n/F(e); F(e) = 0.3 + 0.7 e2 

•• From initial pressurizing series (Lewis, 1990) 

The variations in small-strain damping ratio 
with isotropic confining pressure for dry sand are 
shown in Figure 5.11. Damping ratios measured 
by both resonant column and torsional shear tests 
are plotted together. The small-strain damping ra
tio determined by the torsional shear test slightly 
decreases as confining pressure increases. At con
fining pressures below 10 psi (65 kN), damping 
ratios from the resonant column test are higher 
than values from the torsional shear test, and the 
range of the resonant frequencies in the resonant 
column test is between 72 Hz and 120 Hz. In this 
frequency range, the RCTS equipment determined 
a damping ratio of about 0.4 percent using the 
metal calibration specimen due to equipment 
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compliance. If damping values from the resonant 
column test are corrected as discussed in Section 
3.4 (They have not been corrected in Figure 5.11), 
then damping ratios obtained by both resonant 
column and torsional shear tests are almost 
equivalent at confining pressures below about 10 
psi (65 kN). However, at higher pressures, damp
ing ratios obtained from both the resonant column 
and torsional shear tests are almost equivalent 
without any correction. If corrected by subtracting 
0.4 percent from the damping ratio measured by 
the resonant column test, the resonant column 
damping values are much lower than the torsional 
shear values. Finally, at a confining pressure of 
170 psi (1172 kl\'), the corrected damping ratio be
comes almost zero. Unfortunately, the compliance 
problems in damping measurements from the reso
nant column test have not been fully solved over 
the complete frequency range. Further study is 
needed in this area. 
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Figure 5.11 Variation of small-strain damping 
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dry mortar sand 

In the torsional shear test, the damping ratio 
can be measured properly without any correction 
at frequencies below 1 Hz as discussed in Section 
3.4, Therefore, the small-strain damping ratio can 
be investigated effectively using the torsional 
shear test. 

Variations in the hysteretic damping measured in 
the 10th cycle of loading of the dense sand speci
men with strain determined at different confining 



pressures are plotted together in Figure 5.12. At 
strains below 0.001 percent, the hysteretic damp
ing ratio is almost independent of confining pres
sure and strain amplitude. However, at strains 
above 0.001 percent, hysteretic damping ratio de
pends on confining pressurej Le. at the same 
strain amplitude, damping ratio increases as con
fining pressure decreases and this effect increases 
as strain amplitude increases. 
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Figure 5.12 The variation in the 10th cycle 
hysteretic damping ratio of dense 
specimen with strain 

There are possible causes for this damping char
acteristic. At small strains below 0.001 percent, the 
mortar sand could behave only elastically and the 
energy dissipation comes from the particle contact 
without any position change. Hysteretic damping 
is constant in this strain range. As shearing strain 
increases, the energy dissipation is controlled by 
interaction between individual particles, especially 
by sliding between particles, and each particle 
tries to rearrange its position. At low confining 
pressure, particle rearrangement is easier and 
hence hysteretic damping is higher than at higher 
confining pressures. 
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5.6 SUMMARY 

Stiffness and material damping of dry sand 
were investigated at (small) strains between 10-5 
percent and 10-3 percent. For accurate measure
ment of stress-strain hysteresis loop at strains be
low 10-3 percent, the motion monitoring system 
in the torsional shear test had to be modified. 
The existing 3000 proximitor system was replaced 
by a micro-proximitor system with enlarged target 
arms, which results in about 50 times higher reso
lution in motion monitoring. Four proximitor sig
nals (instead of two) were obtained, compared, 
and averaged with a Tektronix digital oscilloscope 
to assure that pure torsion of the system was 
generated and any bending was canceled. A low
pass filter was used to filter out any high-fre
quency noise in the system. Finally, a vibration 
isolation table was used to isolate the test equip
ment from ambient building noise. 

Small-strain measurements in the torsional shear 
test were significantly improved with the micro
proximitor system. This improvement enabled inves
tigation of the deformational characteristics, particu
larly hysteretic damping, at small strains below 10-3 
percent. Elastic behavior of dry sand, in which the 
stress-strain hysteresis loop is independent of load
ing cycles, was found at these small strains. 

Shear modulus was measured at strains as low 
as 10-5 percent, and hysteretic damping ratio was 
measured at strains as low as 6 • 10-5 percent. Be
low the elastic threshold strain, shear modulus de
termined by the torsional shear test is constant. 
Hysteretic damping ratio still exists and is indepen
dent of the strain amplitude even though the value 
is small. At strains below the cyclic threshold, both 
shear modulus and hysteretic damping are not af
fected by number of loading cycles. However, 
damping ratio is affected by the loading cycles at 
lower strains while shear modulus is still indepen
dent of number of loading cycles. 

The effect of isotropic confining pressure on 
small-strain shear modulus was found to be well 
represented by a linear log Gmax - log aD relation
ship. At strains below about 10-3 percent, hyster
etic damping ratio was found to decrease slightly 
as confining pressure increases. 



CHAPTER 6. EFFECT OF LOADING CYCLES ON 
DEFORMATIONAL CHARACTERISTICS 

6.1 INTRODUCTION 

Cyclic loading environments (e.g., earthquakes, ma
chine vibrations, ocean waves, and vehicular traffic) 
can adversely affect the behavior of civil engineering 
structures. Sometimes the soil upon which the struc
tures are founded may be subjected to cyclic loads 
exceeding the elastic range of the soil. The effects of 
cyclic loading beyond the elastic range is one of the 
important factors influencing the deformational charac
teristics (stiffness and material damping) of soils. 

In the past, many researchers have performed 
cyclic and dynamic tests to study the effects of 
loading cycles on deformational characteristics. 
However, in rhe studies involving cyclic tests, strain 
amplitudes were relatively high, usually above 0.01 
percent, while in the dynamiC tests, the variation in 
the hysteresis loops with loading cycles could not 
be measured, even if the strain range was fairly 
low. Difficulties in accurately measuring small-strain 
hysteresis loops have prevented researchers from 
investigating the effects of loading cycles on defor
mational characteristics, particularly material damp
ing, at small strains, strains less than 0.001 percent. 

In this chapter, both resonant column and torsional 
shear tests were performed on dry sand and several 
undisturbed soils at strains between 0.0001 percent to 
0.1 percent. An elastic or proportional zone where the 
hysteresis loop is independent of loading cycles and a 
transitional zone from the elastic to the plastic ranges 
were defined for these soils. The effects of confining 
pressures and plasticity index on the elastic and cyclic 
threshold strains were investigated. The effect of num
ber of cycles of loading on moduli and damping ratio 
was also quantified. 

6.2 BEHAVIOR AT SMALL STRAINS 

Crystalline material behaves elastically at small 
strains. In this elastic zone, the stress-strain curve is 
independent of number of loading cycles, i.e. the 
first loading cycle matches exactly the tenth 
(Timoshenko and Gere, 1972). If measurements are 
made at small strains on soil, similar behavior is ex
hibited. The secant modulus remains essentially 
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constant over this range with the maximum stress 
proportional to the maximum strain. (Hence, this 
strain range is also called a proportional range.) Yet 
the behavior is not purely elastic because there are 
hysteresis loops. For simplicity, we will refer to this 
range as an elastic (or proportional) range in spite 
of the damping. However, in the past, the elastic 
zone was nor studied in detail with cyclic tests be
cause of the difficulties in accurately measuring 
stress-strain loops at small strains. 

As discussed in Section 5.4.2, dry mortar sand 
shows proportional behavior at small strains, 
strains less than about 0.001 percent. The torsional 
shear test with a micro-proximitor measurement 
system enabled the study of stress-strain loops at 
strains as small as 10-5 percent. Elastic behavior 
was also investigated for cohesive soils. Ten cycles 
of hysteresis loops of four different undisturbed 
cohesive soils at a shearing strain amplitude of 
about 0.01 percent are shown in Figure 6.1. Hys
teresis loops were measured with the 3000 prox
imitor system. To improve the resolution in the 
small-strain range, high-frequency noise was fil
tered out with a low-pass filter, and the initial D.C. 
voltage shift was canceled by the D.C. shifter. As 
shown in the figure, the stress-strain loops of the 
undisturbed cohesive soils are independent of 
number of loading cycles and the area of loops re
mains unchanged. (These results are more easily 
seen in Figures 6.19 and 6.28.) It can be assumed 
that cohesive soil behaves elastically at these strain 
levels, with some amount of energy dissipated 
through hysteretiC damping. The key point is, 
however, that modulus is independent of strain 
amplitude and number of loading cycles. 

It is interesting to observe that the elastic be
havior of undisturbed cohesive soil can be seen at 
strains up to above 0.01 percent, which is a rather 
large strain level when compared with the behav
ior of dry sand. At this strain level, the behavior of 
dry sand is not elastic; the stiffness increases and 
the area of the loop decreases as the number of 
loading cycles increases. Cohesive soil behaves 
elastically up to larger strains, almost an order of 
magnitude larger, than dry sand. 
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The variations in shear modulus and damping 
ratio with strain amplitude are determined for dif
ferent numbers of loading cycles and the elastic 
threshold strains for dry sand and several cohesive 
soils are investigated in Sections 6.3.3.2 and 
6.4.3.2, respectively. 

6.3 EFFECT OF NUMBER OF LOADING 
CYCLES ON DEFORMATIONAL 
CHARACrERIS1'ICS OF DRY SAND 

6.3. J Testing Procedures lor Dry Sand 

During RCTS tests on dry sand, a specific test
ing procedure was followed in an attempt to sat
isfy two main concerns. The first concern was to 
investigate the effect of number of loading cycles 
on the stress-strain curve, beginning from the vir
gin state (or normally-consolidated state) before 
any prestraining had occurred. The second con
cern was to investigate the effect of number of 
loading cycles. 

The testing procedure for dry sand is illustrated 
in Figure 6.2. First, ten cycles of TS testing were 
performed at the smallest strain amplitude pos
sible. TS testing was conducted at a frequency of 
0.5 Hz. This testing was followed by RC testing at 
almost the same level or at a little smaller strain 
amplitude so as not to cause any prestraining to 
the specimen. Below the elastic threshold strain 
where the deformational characteristics are not af
fected by strain amplitude, both tests were contin
ued with increasing strain amplitudes. 

Once the strain amplitude in the TS test ex
ceeded the elastic threshold strain, another ten 
cycles of TS testing were performed after which RC 
tests at the same strain were performed to check 
how the deformational characteristics changed with 
many loading cycles. Above the cyclic threshold 
strain, where stiffness is affected by loading cycles, 
sometimes more than ten loading cycles (20-50 
cycles) were applied in the TS test, starting from 
the virgin loading curve. 

6.3.2 Variation in Hysteresis Loops 
with Strain Amplitude 

Typical variations in ten cycles of hysteresis 
loops from the initial loading curve for different 
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Figure 6.2 Specific testing procedure 
used to investigate the eHect of 
the number of loading cycles on 
the deformational characteristics 
of dry sand 

strain amplitudes are shown in Figure 6.3. Shear
ing strain amplitudes from small to intermediate 
levels were used. At a peak strain amplitude of 
0.0005 percent, the ten loops match exactly. At 
this strain level, the material state lies inside the 
yield surface where material behavior is assumed 
to behave elastically (Atkinson and Bransby, 1978). 
At a peak strain amplitude of 0.004 percent, the 
area of the first hysteresis loop is bigger than the 
others while the slope of the loop is independent 
of loading cycles. This shows that material damp
ing is affected by the number of loading cycles at 
a lower strain level while the stiffness is still inde
pendent of number of loading cycles. At a peak 
strain amplitude of 0.014 percent, both the slope 
and area of the loops are affected by the loading 
cycles. Once the strain amplitude passes the yield 
surface, the stiffness increases and the area of the 
hysteresis loops decreases with increasing number 
of loading cycles. This behavior is called cycliC 
hardening. At a strain amplitude of 0.036 percent, 
cyclic hardening with number of loading cycles 
can be seen more clearly. 
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In plasticity theory (Atkinson and Bransby, 1978), 
if the sample is loaded beyond the yield surface, 
expansion of the yield surface due to plastic strain 
hardening occurs. Once the yield surface is ex
panded, the stress-strain behavior is elastic inside 
the expanded yield surface. Two sets of hysteresis 
loops are presented in Figure 6.4; one is the first 
ten cycles of hysteresis loops starting with the vir
gin loading curve and the other is ten cycles of 
loading after RC testing. At least 1000 loading cycles 
were applied during the RC test. Even though the 
same torque was applied in both tests, the former 
shows the cyclic hardening behavior while the latter 
shows behavior independent of number of loading 
cycles. It appears therefore that the virgin yield sur
face was expanded by cyclic loading beyond the 
elastic range during the RC test, and a new yield 
surface where the sample largely forgets the influ
ence of the previous stress history is established. 
Once the new yield surface is set up by cyclic 
hardening, the material exhibits "elastic" behavior 
inside the newly expanded yield surface. 

6.3.3 Effect of Number of Looding 
Cycles on StiHness 

A.s shown in Figure 6.3, the stiffness of dry sand 
is independent of number of loading cycles at 
small strains, but above a certain strain level, the 
stiffness is increased by cyclic hardening. The 
variation in shear modulus at a given number of 
cycles with strain amplitude was investigated, and 
results obtained from both TS and RC tests were 
compared. The transitional zone from the elastic to 
plastic ranges was investigated over a range of 
confining pressures. Threshold strain amplitudes 
for the two regions were studied. 

6.3.3.1 Variation in Shear Modulus with Strain 
Amplitude and Number of Loading 
Cye/es 

Typical variations in shear modulus of dry sand 
with sheaiing strain amplitude and number of 
loading cycles are shown in Figure 6.5. Shear 
moduli determined from the first and tenth cycles 
in the TS test, the RC test, and the first cycle in 
the TS test after RC testing are plotted together. 
The secant shear modulus was also calculated 
from the initial backbone curve obtained from the 
TS test at the largest strain amplitude in the test 
series. This value is also plotted in Figure 6.5. 
Moduli determined from the initial backbone curve 
(first 1/4 cycle in the TS test) can be considered as 
static moduli because the cyclic loading is so slow 
(0.5 Hz) that inertia can be neglected. On the 
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other hand, shear modulus obtained in the RC test 
is determined from the frequency response curve 
using the elastic wave propagation equation and is 
classified as a "dynamiC." 
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It is very interesting to note that all types of 
tests (static, cyclic, and dynamic tests) result in al
most identical shear moduli at shearing strains be
low about 0.001 percent. In this strain level, the 
behavior of dry sand is elastic, and shear modulus 
is independent of strain amplitude and type of 
test. In the past, static and dynamic stiffnesses 
were considered as different material properties 
and dynamic stiffness measured by the RC test was 
considered to be much higher than the static stiff
ness. This work shows that differences are caused 
by difficulties in accurately measuring small-strain 
static stiffnesses. If accurate stress-strain measure
ments are achieved in the static tests, dynamiC and 
static stiffnesses of dry sand are the same material 
property at small strains. 

However, at higher strains, shear modulus is af
fected by the number of loading cycles; the shear 
modulus from the tenth cycle is greater than from 
the first cycle, and the difference between the two 
moduli increases as shearing strain increases. 
Moduli obtained from the RC test, during which at 
least 1000 loading cycles were applied before mea
suring the shear modulus, are greater than first
cycle moduli and are close to (or greater than) the 
tenth-cycle moduli. The difference in shear moduli 
determined at different loading cycles is caused by 
cyclic hardening when strain amplitude exceeds 
the elastic range. The moduli determined by the 
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TS test after RC testing almost match the resonant 
column values. 

At shearing strains between about 0.001 percent 
and 0.01 percent, shear moduli calculated from the 
initial backbone curve do not agree with the first
cycle moduli obtained from the TS test; the moduli 
from the backbone curve are smaller than those 
from the first-cycle TS test. Cyclic straining (or 
stress reversal) occurs in the measurement of shear 
modulus in each TS cycle, while during application 
of the initial load at the largest strain amplitude in 
the test series, only monotonic straining is applied . 
The difference in moduli may be due to the differ
ent pattern of load application (Shibuya et aI, 1991). 

To quantify the effect of number of loading 
cycles on stiffness, the shear modulus at a given 
loading cycle is normalized by the value of the 
first loading cycle. Variations in normalized shear 
modulus, G/G(1st), with number of loading cycles 
were obtained at different confining pressures and 
strain amplitudes. These results are presented in 
Figures 6.6 and 6.7. The number of loading cycles 
applied in the RC test is assumed to be 1000, and 
the moduli determined by the TS test after the RC 
test are plotted at 1000 cycles. At a peak shearing 
strain amplitude of about 0.014 percent, the 
amount of increase in shear modulus with loading 
cycles depends on the confining pressure as 
shown in Figure 6.6; at pressures of 10 and 20 psi 
(69 and 138 kPa), the modulus is not affected by 
the number of cycles while at pressures of 3 and 5 
psi (21 and 34 kPa), the modulus increases with 
the number of loading cycles. The variation in nor
malized shear modulus with loading cycles at dif
ferent strain amplitudes is shown in Figure 6.7. 
Because stress-control equipment was used in this 
study, strain amplitude varies slightly with number 
of cycles. The input voltage to the driving system 
was carefully controlled to obtain the desired 
strain amplitude. At the same confining pressure, 
the amount of increase in shear modulus is greater 
at higher strain amplitudes. Interestingly, the in
crease is greatest in the first ten cycles, after which 
changes in modulus are relatively small. 

6.3.3.2 Elastic and Cyclic Threshold Strains 

It was shown in the previous section that shear 
modulus is independent of shearing strain amplitude 
and number of loading cycles at small strains, but 
above a certain strain level, modulus decreases as 
strain amplitude increases and increases as number 
of loading cycles increases. It is interesting to investi
gate the strain amplitudes where shear modulus be
gins to be affected by strain amplitude and loading 
cycles. Two threshold strains are defined: an elastic 



threshold strain, gte, above which shear modulus 
starts to decrease Vvith increasing strain and a cyclic 
threshold strain, gte, above which shear modulus 
starts to be affected by the number of loading cycles. 
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One convenient way to present the effect of strain 
amplitude on shear modulus is in terms of normal
ized shear modulus, G/Gmax versus log g. With this 
type of presentation, elastic and cyclic threshold 
strains are more clearly defined. Typical variations in 
normalized shear modulus with shearing strain am
plitude determined by the first and tenth cycles of TS 
testing at four different confining pressures are plot
ted in Figure 6.8. As shown in the figure, the elastic 
and cyclic threshold strains depend on confining 
pressure, with the threshold strains increasing with 
increasing confining pressures. 
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To quantify the effect of confining pressure on 
the elastic and cyclic threshold strains, a 
Ramberg-Osgood curve was used to fit the test 
data. Details of the fitting method are discussed 
in Chapter 8. The Ramberg-Osgood curves of nor
malized shear modulus determined for the first 
and tenth cycles at different confining pressures 
are shown in Figure 6.9. The curve fitting param
eters, C and R, are listed in Table 6.1. The varia
tion of C is quite large, ranging from 9521 to 
8356032, because it is calculated from the power 
of 10 and the value of the power is obtained 
from extrapolation of the linear curve. The pa
rameter, R, is directly obtained from the slope of 
the linear curve fitting. Unfortunately, it is diffi
cult to express separately the effects of C and R 
on the Ramberg-Osgood normalized stress-strain 
curve. To find the elastic threshold strain for 
shear modulus which is known as the shearing 
strain at which the shear modulus starts to de
crease, Equation 8.6 can be rewritten as: 

(6.1) 

where G' = G / G max. 
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In this research, the value of G¢ was arbitrarily 
defined as 0.98 at the elastic threshold strain. Using 
Equation 6.1, elastic threshold strains were calcu
lated, and the results are listed in Table 6.1. The 
variation in the elastic threshold strains of dry sand 
with confining pressure determined by RC and T5 
tests are plotted in Figure 6.10. Elastic threshold 
strain increases as confining pressure increases and 
the range of elastic threshold strain of dry sand 
(e=0.70) is between 0.0009 percent and 0.0024 per
cent. (Further study is encouraged to investigate the 
effect of confining pressure on elastic threshold 
strain varying void ratios of the specimen.) 
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Figure 6.10 Variation in elastic and cyclic 
threshold strains with confining 
pressures for dry mortar sand 

The cycliC threshold strain for shear modulus, de
fined as the strain amplitude where the shear 
moduli obtained from the first and tenth cycles in 
the TS test start to deViate, was also studied. As 
shown in Figures 6.8 and 6.9, the cyclic threshold 
strain also depends on confining pressure and in
creases as confining pressure increases. To investi
gate the effect of confining pressure on cyclic 
threshold strain, the Ramberg-Osgood curves shown 
in Figure 6.9 were used. In this research, the cycliC 
threshold strain was arbitrarily picked as the strain 
amplitude at which the moduli for the first and 
tenth cycles differed by 2 percent. These thresholds 
are also tabulated in Table 6.1 and plotted in Figure 

Table 6.1 Ramberg-Osgood curve fiHing parameters, threshold strains and effect of loading 
cycles on modulus of dry sand (e = 0.70) 

Elastic- Cyclic" G(lOth) G(lst) 
Pressure Threshold Tht'eshold 

(psi) Type R C (%) (%) y=O.Ol% yc 0.1% --
3 RC 2.4140 300,954 0.0009 

TS-1st 2.7095 8,356,030 0.0009 0.0035 l.079 1.232 
TS-10th 2.5032 814,141 0.0009 

5 RC 2.3812 165,844 0.0010 
TS-1st 2.4745 512,625 0.0010 0.0075 1.030 l.l25 
TS-10th 2.3443 127,555 0.0009 

10 RC 2.2619 27,701 0.0014 
TS-1st 2.2644 30,467 0.0013 0.0160 1.012 l.068 
TS-10th 2.1962 14,709 0.0013 

20 RC 2.2871 23,966 0.0020 
TS-1st 2.2984 20,994 0.0024 0.0200 1.000 l.047 
TS-10th 2.2139 9,521 0.0022 

"Defined at G'= 0.98-Gmax 
"Defined at G(lst)/G(lOth) = 0.98 
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6.10. As shown in Figure 6.10, the cyclic thresh
old strain increases as confining pressure in
creases, and the range is between 0.0035 percent 
and 0.02 percent. It can be seen that, at low con
fining pressures, the shear modulus is affected by 
number of loading cycles at strains below 0.01 
percent while at higher confining pressures (10 
psi (69 kPa) and above) moduli are not affected 
by number of loading cycles until the strain level 
exceeds 0.01 percent. 

The magnitude of the cyclic loading effect on 
stiffness is expressed as the ratio of the modulus 
for the first cycle to the modulus for the tenth 
cycle, GlOthiG1st> determined from the fit of the 
Ramberg-Osgood curves. The values are tabulated 
in Table 6.1. The variation in GlOthiGlst with con
fining pressure determined at different strain am
plitudes are plotted in Fig 6.11. At a strain ampli
tude of 0.001 percent, modulus is not affected by 
loading cycles at any confining pressure used. At a 
strain amplitude of 0.01 percent, GlOthiGlst varies 
from 1.0 to 1.079. The cyclic loading effect de
creases with increasing confining pressures and at 
confining pressure of 20 psi, shear modulus is not 
affected by number of loading cycles at this strain 
level. At a strain amplitude of 0.1 percent, the 
modulus is affected by loading cycles at all pres
sures tested, and the range of Gl0t~Glst is from 
1.047 to 1.232. It can be noted that the effect of 
loading cycles on stiffness of dry sand increases as 
the strain amplitude increases and the confining 
pressure decreases. 
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Figure 6.11 Variation in effect of number of 
loading cycles on stiffness of dry 
sand with confining pressure at 
different strain amplitudes 
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6.3.4 EHect 01 Number 01 Loading 
Cycles on Material Damping 

6.3.4.1 Variation in Material Damping with 
Strain Amplitude and Number of 
Loading Cycles 

Typical variations in damping ratio with strain 
amplitude determined at different numbers of 
loading cycles are shown in Figure 6.12. Damping 
ratios determined from the first and tenth cycles in 
the TS test, the RC test, and the first cycle in the 
TS test after RC testing are plotted together. In the 
TS test, damping ratio is measured from the area 
of the hysteresis loop, while in the RC test, the 
free-vibration decay method is used. Damping ra
tios in the RC test were corrected by subtracting a 
damping value of 0.4 percent determined with the 
metal specimens as discussed in Section 3.4. 

~ 

0 

"Q~ 
c 
c.:: 
CJ) 
c 

"0.. 
E 
0 

0 

12 Dry Sand A 
Void Ratio = 0.70 0 
(10 = 5 psi 

0 RC .. 
8 .... TS-Ist 

0 TS-IOth .... + .... TS-After RC 0 

CI 

A + 
4 

c 
AOOc 

~EI 

C,OC ~ [] 

OC.o 

0 
10-4 10.3 w 2 

Shearing Strain, 'Y [%) 
.. Damping ratios in RC tests were corrected for 

equipment damping by subtracting a damping 
value of 0.4%. 

WI 

Figure 6.12 Variation in damping ratio of dry 
sand with strain amplitude deter
mined by 1 st cycle, 10th cycle, RC 
test, and after RC testing at a con
fining pressure of 5 psi (34 kPa) 

At strains below about 0.002 percent, the 
damping ratios measured for different numbers of 
loading cycles are almost identical. At this small
strain level, the damping ratio of dry sand is also 



independent of measurement technique: in other 
words, both TS and RC tests give the same damp
ing value. However, at higher strains, material 
damping is affected by the number of loading 
cycles. Damping ratio measured for the first cycle 
of loading is larger than the tenth-cycle damping 
ratio and the difference between the two damping 
ratios increases as shearing strain increases. Damp
ing ratio determined by the RC test, in which at 
least 1000 loading cycles were applied before mea
suring damping, is even smaller than the tenth
cycle hysteretic damping ratio at high strain ampli
tudes. However, it is interesting to note that first 
cycle damping ratio determined by TS test after 
the RC test is nearly the same as the viscous 
damping ratio determined by the RC test. 

To quantify the effect of loading cycles on ma
terial damping, the variations of damping ratio 
with loading cycles at different shearing strain am
plitudes are presented in Figure 6.13. Damping ra
tios determined in the RC test are plotted using 
solid symbols, and the number of loading cycles 
applied in the RC test is assumed to be 1000. At a 
peak strain amplitude of 0.001 percent, damping 
ratio from the TS test is independent of loading 
cycles and is almost the same value as the material 
damping measured by the free-vibration decay 
method: This behavior matches with the observa
tion of hysteresis loops which are independent of 
the number of loading cycles. At a peak strain am
plitude of 0.006 percent, damping ratio is affected 
by number of loading cycles; damping ratio de
creases as number of loading cycles increases. At a 
peak strain amplitude of 0.014 percent, the effect 
of loading cycles on damping ratio can be seen 
more clearly. However, after many loading cycles, 
damping ratio measured by the free-vibration de
cay method eRC test) is equivalent to the damping 
ratio measured by the area of the hysteresis loop. 

As discussed earlier in Section 6.3.2, the area of 
the hysteresis loop decreases as number of loading 
cycles increases during cyclic hardening. There
fore, cyclic hardening decreases hysteretic damp
ing ratio. Once cyclic hardening is fully completed, 
the hysteresis loops which result in hysteretic 
damping are again independent of loading cycles. 
It can be reasoned that particle rearrangement in 
the early stages of cyclic hardening causes more 
energy loss through hysteretic damping. AB cyclic 
hardening progresses, the amount of energy loss is 
reduced. After many repetitions of loading, a new 
equilibrium is achieved and hysteretic damping is 
again independent of loading cycles. In this new 
equilibrium, the damping ratio determined by the 
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RC test is equivalent to hysteretic damping ratio 
even though the methods of measurement are 
different. 

15 Dry Sand 

~ 
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Solid symbols are damping from RC tests. 

Figure 6.13 Variation in damping ratio of dry 
sand with number of loading 
cycles at different shearing strain 
amplitudes 

Therefore, it can be concluded that material 
damping of dry sand is independent of loading 
cycles and measurement technique at strains below 
the cyclic threshold strain. Above the cyclic thresh
old strain, material damping of dry sand is affected 
by loading cycles; hysteretic damping ratio de
creases as the number of loading cycles increases. 
However, after many load repetitions, hysteretic 
damping ratio is again independent of loading 
cycles and damping ratios measured by the area of 
the hysteresis loop and the free-vibration decay 
method result in equivalent values. 

6.3.4.2 Elastic and Cyclic Threshold Strains 
for Material Damping 

A typical variation in normalized damping ratio, 
DlDmin with shearing strain amplitude determined 
for the first- and tenth-cycles in the TS test is plot
ted in Figure 6.14. The damping ratios are normal
ized by the small-strain damping ratio below the 
elastic threshold strain, denoted as Dmin. The elastic 
and cyclic threshold strains for damping were mea
sured at different confining pressures by Ramberg
Osgood curve fitting using measured damping ra
tios. The resulting values are tabulated in Table 6.2 
and presented in Figure 6.15. Similar threshold 
strains for stiffness determined in Section 6.3.3.2 are 
also compared in Figure 6.15. The elastic threshold 
strain for damping increases somewhat as confining 



pressure increases and is nearly the same magni
tude as the threshold strain for stiffness. However, 
the cyclic threshold strain for damping is much 
lower than those for stiffness and is only slightly 
dependent on confining pressure. It should be 
noted that damping is affected by number of load
ing cycles at lower strains than stiffness. 
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Figure 6.14 Variation in normalixed damping 
ratio of dry sand with strain 
amplitude determined by 1st and 
10th cycles of loading at different 
confining pressures 

Below the elastic threshold strain, the damping 
ratio is independent of strain amplitude. This 
small-strain damping ratio, Dmin , lies in the range 
between 0.6 and 1.1 percent. Small-strain damping 
measured by the free-vibration decay method is al
most the same value as damping determined by 
the TS test. 

6.4 EFFECT OF NUMBER OF LOADING 
CYCLES ON DEFORMATIONAL 
CHARACTERISTICS OF UNDISTURBED 
COHESIVE SOIL 

6.4. J Testing Proceclure for 
Unclisturbecl Cohesive Soil 

Both TS and RC tests were performed on the 
same specimen. During high-amplitude testing 
(g > 0.001 percent), the stiffness of cohesive soil is 
reduced due to cyclic degradation. To evaluate 
when degradation begins, low-amplitude moduli 
were determined after high-amplitude testing so 
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that these values could be used as reference val
ues to determine when any specimen change oc
curred as a result of high-amplitude cycling. To 
compare the results determined by TS and RC 
tests, the specific testing procedure illustrated in 
Figure 6.16 was followed. 

Table 6.2 Elastic and cyclic threshold strains 
for material damping and small
strain damping ratio of dry sand 
(e = 0.70) determined at different 
confining pressures 

Pressure 
(p§i) 

3 

5 

10 

20 

Type 

RC 
TS-1st 
TS-10th 
RC 
TS-1st 
TS-10th 
RC 
TS-1st 
TS-lOth 
RC 
TS-1st 
TS-lOth 

Elastic· Cyclic' 
Threshold Threshold 

(%) (%) 
0.0010 
0.0010 0.002 
0.0010 
0.0015 
0.0015 0.002 
0.0015 
0.0020 
0.0020 0.003 
0.0020 
0.0030 
0.0030 0.003 
0.0040 

• Determined by Ramberg-Osgood curve fits. 
•• Dmin obtained from RC test '~ra5 corrected for 

eqUipment compliance by subtracting damping 
value of 0.4%. 
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Figure 6.15 Comparison of elastic and cyclic 
threshold strains for material 
damping and stiffness of dry sand 
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Figure 6.16 Testing procedure used to 
investigate the eHect of number 
of loading cycles on the 
deformational characteristics 
of cohesive soils 

After the change in the low-amplitude shear 
modulus (g < 0.001 percent) with confinement 
time was well defined in the RC test at a given 
confining pressure, high-amplitude TS tests were 
performed. The TS tests were conducted at 0.5 
Hz and ten hystereSiS loops were generated, start
ing with the virgin loading curve. Above .the cy
clic threshold strain, stress-strain curves were 
sometimes generated for approximately 30 cycles 
of loading to investigate more fully the effect of 
number of loading cycles. After completion of 
high-amplitude TS testing, low-amplitude shear 
modulus was measured again in the RC test and 
compared with the value before high-amplitude 
TS testing. The low-amplitude shear modulus de
creases due to cyclic degradation. However, a rest 
period (usually one day) follOWing high-ampli
tude testing allows the stiffness to regain with 
time at constant confinement. Once the low-am
plitude modulus had regained to the previous 
value, high~ampIitude RC testing was performed 
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with increasing strain amplitudes. After high-am
plitude RC testing, another rest period followed 
which again allowed the regain in stiffness. Once 
the required stiffness was achieved, it was as
sumed to mean that the specimen was not per
manently altered, and further testing of the speci
men could be performed with essentially no 
effect of past cycling. 

6.4.2 Variation in Hysteresis Loops 
with Strain Amplitude 

A typical set of hysteresis loops of cohesive 
soil measured in the TS test are plotted in Figure 
6.17. The set consists of ten cycles, starting with 
the virgin loading curve, for four different strain 
amplitUdes. At strain amplitudes of 0.008 percent 
and 0.017 percent, the ten hysteresis loops 
match exactly as one loop. This implies that ma
terial behavior is "elastic" or "proportional" in 
this strain range. At a strain amplitude of 0.038 
percent, the hysteresis loop is affected by num
ber of loading cycles. The slope of the hyster
esis loop gets flatter with increaSing number of 
loading cycles. This means that the secant 
modulus decreases as number of loading cycles 
increases. This phenomenon is called cyclic deg~ 
radation, a totally different behavior than the 
hardening behavior exhibited by dry sand, 
where the modulus increases with increasing 
loading cycles. The degradation behavior is 
shown more clearly at strain amplitude of 0.065 
percent. 

To observe more clearly the degradation, three 
hysteresiS loops in the cycling sequence at an am
plitude of about 0.04 percent are presented in Fig
ure 6.18. The first cycle including the virgin load
ing curve, the tenth cycle, and the one hundredth 
cycle are plotted together. As shown in the figure, 
the slope of the hysteresis loop flattens as the 
number of loading cycles increases; in other 
words, cyclic degradation continuously reduces the 
stiffness of cohesive soil. The increase in pore wa
ter pressure or the breakage of particle bonds in 
cohesive soil seems to be associated with the de
crease in modulus during cyclic loading (Dobry 
and Vucetic, 1987). 
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Figure 6.18 Comparison of hysteresis loops of 
Boston Blue Clay determined for 
the 1 st, 10th, and 100th cycle in 
TS testing at a peak shearing 
strain amplitude of 0.04 percent 

6.4.3 Effect 01 Number 01 Loading 
Cycles on StiHness 

As discussed in the Section 6.4.2, cohesive soils 
exhibit elastic (linear) behavior at strains up to 

about 0.01 percent. In this section the variations in 
shear modulus with strain amplitude, number of 
loading cycles, confining pressure, and plasticity 
index are investigated. The elastic and cyclic 
threshold strains of undisturbed cohesive soil are 
also studied. 

6.4.3.1 Variation in Shear Modulus with Strain 
Amplitude 

Typical variations in shear modulus of Boston 
Blue Clay with strain amplitude determined for dif
ferent numbers of loading cycles are shown in Fig
ure 6.19. Shear moduli determined for the first and 
tenth cycles in the TS test and in the RC test are 
plotted together. At strains below about 0.01 per
cent, moduli determined from the first and tenth 
cycles are identical. This behavior means that the 
material is "elastic" in this strain range. At higher 
strains, however, shear modulus is affected by 
number of loading cycles; the tenth-cycle modulus 
is smaller than the first-cycle one due to cyclic 
degradation, with the difference between moduli 
increasing as strain amplitude increases. 
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Figure 6.19 Typical variation in shear modulus 
of Boston Blue Clay with strain 
amplitude determined from the 
backbone curve, the 1st and 10th 
cycles of torsional shear loading 
and in the resonant column test 

Moduli determined by the RC test are different 
from those obtained by the TS test over the 
whole strain range. At strains below 0.006 percent 
where the modulus is independent of both strain 
amplitude and loading cycles, moduli from the 
RC test are larger than the corresponding ones 
measured by TS tests at the same shearing strain 
amplitude. However, the difference between 
moduli from both tests does not vary with strain. 
In the RC test, moduli at small strains were mea
sured at a loading frequency of 43 Hz while cor
responding values in the TS test were obtained at 
0.5 Hz. Generally, the stiffness of cohesive soil 
increases with increasing loading frequency. 
Therefore, the moduli differences between the 
two types of tests at small strains can be ex
plained by the difference in loading frequency. 
(The effect of loading frequency on deformational 
characteristics will be discussed further in Chapter 
7.) At shearing strains above the elastic range, the 
difference in shear moduli between RC and TS 
tests decreases as shearing strain increases. At 
large strains, moduli obtained from the RC test 
can even be less than those obtained from the TS 
test because of cyclic degradation during RC test
ing where at least 1000 cycles are applied in 
measuring the modulus. In this case, cyclic degra
dation can have a more significant effect than the 
effect of loading frequency. 



To compare the variation in shear modulus with 
strain amplitude without the effect of frequency, 
moduli presented in Figure 6.19 are normalized 
using the maximum shear modulus in each test 
and are plotted in Figure 6.20. At strains below 
0.015 percent, shear modulus is independent of 
loading cycles. However, above the cyclic thresh
old strain, shear modulus is affected by loading 
cycles; at the same strain amplitude, normalized 
shear modulus obtained from the RC test is the 
smallest, the modulus from the tenth cycle of the 
TS test is in the middle, and the modulus from the 
first cycle of the TS test is the largest. The effect 
of number of loading cycles increases with in
creasing strain amplitudes. 

)( 
c 
E 

o 
.......... 

1.2 

o 
, 1.0 

on 
...2 

:;, 
IJ 
o 
~ .... 
e 
Q) 

....c. 
I./) 

IJ 

~ 
e 
E .... 
o 

Z 

0.8 

0.6 

Boston Blue Cloy 
0 0 - 15 psi 
IJ RC 134-43 Hz) 

11 TS-l sl [0.5 Hz] 

o TS·lOth (0.5 Hz) 

0.4 L....--'-.......................... _-'--.................. LII....---' ............... ~ 

10-4 10"3 10.2 

Shearing Strain, y 1%) 

Figure 6.20 Typical variation in normalized 
shear modulus of Boston Blue Clay 
with strain amplitude determined 
for the 1 st and 1 Oth cycles of 
torsional shear loading and in the 
resonant column test 

To quantify the effect of number of loading 
cycles on stiffness, the shear modulus at a given 
number of cycles is normalized by the value deter
mined for the first loading cycle. This variation in 
normalized shear modulus, G/GClst) with number 
of loading cycles at different confining pressures is 
plotted in Figure 6.21. At a peak strain amplitude 
of 0.04 percent, the effect of loading cycles on 
stiffness decreases as confining pressure increases, 
indicating the cyclic degradation decreases as con
fining pressure increases at a given cyclic strain. 
The variation in normalized shear modulus with 
number of loading cycles at different strain ampli
tudes is shown in Figure 6.22. At a strain ampli
tude of 0.008 percent, the stiffness is independent 
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of loading cycles, but at higher strains, stiffness 
decreases with loading cycles. At the same confin
ing pressure, the amount of decrease in shear 
modulus is greater at higher strains. 
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Figure 6.22 Variation of normalized shear 
modulus of Boston Blue Clay, Gf 
G( 1 st), with number of loading 
cycles at different shearing strain 
amplitudes 

6.4.3.2 Elastic and Cyclic Threshold Strains 

Effect of Confining Pressure. Variations in the 
first- and tenth-cycle normalized shear moduli of 
Boston Blue Clay with strain amplitude determined 
at different confining pressures are plotted in Fig
ure 6.23. A5 shown in the figure, the elastic and 
cyclic threshold strains depend on confining pres
sure. As discussed in Section 6.3.3.2, a Ramberg
Osgood curve was used to fit the data. The elastic 
and cyclic threshold strains, calculated at different 
confining pressures, are listed in Table 6.3. The 
elastic threshold strain is defined at the strain 



where the normalized shear modulus is 0.98 and 
the cyclic threshold strain is defined where the ratio 
between the moduli from the first and tenth cycles 
is 0.98. The range of elastic threshold strains on the 
Boston Blue Clay is between 0.005 percent and 
0.014 percent, and the range of cyclic threshold 
strains is between 0.018 percent and 0.025 percent 
at confining pressures from 7 to 60 psi (48 to 413 
kPa). Both elastic and cyclic threshold strains in
crease as confining pressure increases. 
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Figure 6.23 Variation in normalized shear 
modulus of Boston Blue Clay with 
strains at different confining 
pressures 

The variation in elastic and cyclic threshold 
strains with confining pressures are plotted in Fig
ure 6.24. The threshold strains of dry sand are also 
plotted for comparison. Elastic threshold strains of 
Boston Blue Clay are much higher than those of 

the dry sand. This shows that the stiffness of cohe
sive soil is independent of strain amplitudes up to 
higher strain levels than dry sand. In other words, 
a larger strain is reqUired to start nonlinear behav
ior in cohesive soil. The cyclic threshold strains of 
both materials are almost the same at confining 
pressures of 10 psi (69 kPa) and above. The differ
ence between elastic and cyclic threshold strains is 
much less for cohesive soil than for dry sand. This 
means that the stiffness of cohesive soil is affected 
by number of loading cycles shortly after nonlinear 
behavior is started while for dry sand, much more 
strain is needed after the elastic threshold strain. 
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Figure 6.24 Comparison of elastic and cyclic 
threshold strains for stiffness with 
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Boston Blue Clay and dry sand 

Table 6.3 Ramberg-Osgood curve fiHing parameters, threshold strains and effect of number of 
loading cycles on moduli of Boston Blue Clay· 

Eiastk- cyclic'" G(10th)!G(lst) 
Pressure Threshold Threshold 

(psi) Type R C (%) (%) 'Y= 0.05% 'Y= 0.1% 

7 RC 3.1514 26,308,737 0.0059 
TS-1st 2.4786 46,068 0.0051 0.0180 0.942 0.915 
T5-1Oth 2.5893 148,902 0.0049 

15 RC 2.8649 1,263,572 0.0068 
TS-1st 2.8612 757,007 0.0087 0.0200 0.938 0.908 
TS-10th 2.9985 3,233,702 0.0080 

30 RC 2.8451 931,322 0.0072 
TS-1st 2.9754 1,497,959 0.0106 0.0230 0.949 0.92 
TS-10th 3.0606 4,066,305 0.0096 

60 RC 2.9788 2,000,322 0.0093 
TS-1st 3.5993 216,620,722 0.0142 0.0250 0.971 0.969 
TS-10th 3.4247 67,608,297 0.0121 

• crmax :;; 10 psi from consolidation test 
•• Defined at G' = 0.98-Gmax 
••• Defined at G(10th)!G(1st) = 0.98 
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Effect of Plasticity Index_ The effect of plas
ticity index on the elastic and cyclic threshold 
strains was investigated with various undisturbed 
cohesive soils. Undisturbed samples from the 
Gilroy and Treasure Island sites near San Fran
cisco, the Boston Blue Clay, and a site near 
Granger, Texas, were used in this study. Only re
sults at confining pressures between 12 and 20 psi 
(83 and 138 kPa) were used to study the effect of 
plasticity index. This was done to minimize any ef
fect of confining pressure. The elastic and cyclic 
threshold strains were calculated using the 
Ramberg-Osgood curve fitting method. Values of 
Yte and Ycc are tabulated in Table 6.4. The varia
tions in elastic and cyclic threshold strains with 
plasticity index are plotted in Figure 6.25. Both 
threshold strains increase as plasticity index in
creases. The ranges of elastic and cyclic threshold 
strains are from 0.0009 to 0.084 percent and from 
0.007 to 0.05 percent, respectively, when plasticity 
index varies from 0 to 53 percent. 

10-' 

Cyclic 
Elastic 

C*GL 
I:J. TI 
o BBC 
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* Solid symbol is for cyclic threshold and open symbol is for 

elastic threshold. 

Figure 6.25 Variations of elastic and cyclic 
threshold strains with plasticity 
index for undistributed cohesive 
soils tested at isotropic pressures 
of '2 to 20 psi (83 to 138 kPa) 

The amount of cyclic degradation during ten 
loading cycles of loading (GlOm/GIst) was calcu
lated at strain amplitudes of 0.05 percent and 0.1 
percent. These are tabulated in Table 6.4. The 
variation in GlOth/Glst at a shearing strain ampli
tude of 0.1 percent with plasticity index is plotted 
in Figure 6.26. The amount of degradation in 
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stiffness generally decreases as plasticity index in
creases. The range of GlOth/GlSt is from 0.88 to 
0.96. However, GlOth/Glst for the sample from 
Gilroy from a depth of 120 ft (GL-4) least follows 
the trend. This sample is a non-cohesive soil and 
classifies as a silty sand. The degradation in the 
silty sand may be caused by the breakage of par
ticle bonds made by the silty material, but most 
of the particles consist of sandy material which 
shows cyclic hardening; hence, the overall 
amount of degradation is less. 
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Figure 6.26 Variation in amount of cyclic 
degradation with plasticity index 
at a peak strain amplitude of 0.1 
percent for undisturbed cohesive 
soils 

To determine the influence of PIon the varia
tion of G/Gmax with strain amplitude, G/Gmax at 
strain amplitudes of 0.01 percent and 0.1 percent 
were measured from the Ramberg-Osgood curves 
obtained from the first cycle, tenth cycle, and 
resonant column test. These values are plotted 
against values of PI in Figure 6.27. Consistent 
trends of G/Gmax with PI for a given strain ampli
tude are shown. As PI increases, G/Gmax increases 
for a given strain amplitude. Vucetic and Dobry 
(991) investigated the effect of PIon G/Gmax 
based on 16 publications encompassing normally 
and overconsolidated clays (OCR= 1-15), as well 
as sands. Their representative curves, taken from 
the middle of their data bands at strain ampli
tudes of 0.01 percent and 0.1 percent, are plotted 
in Figure 6.27 for comparison. The test results 
from this work show good agreement with their 
representative curves. 



Table 6.4 Ramberg-Osgood curve fitting parameters, threshold strains, and effect of loading cycles on moduli of undisturbed cohesive sails 

Elastic Cyclic G/GffiliJ[ G(10th)/G(lst) 
Sample PI Pressure Threshold Threshold 

ID (%) (psi) Type R C (0/0) (0/0) 1= 0.01% - 0.1°A, 1" 0.05% "0.1% 

RG 2.8689 8,693,607 0.0025 0.830 0.303 
GL-1 7 12 TS-lsL 2.3804 59,827 0.0021 0.008 0.871 0.428 0.908 0.881 

TS-I0th 2.4861 202,442 OJJ020 0.848 0.477 
RG 3.0775 22,029,264 0.0046 0.917 0.374 

GIr2 23 12 1'5-1sL 2.5651 125,979 0.0047 0.018 0.941 0.522 0.939 0.911 
TS-IOLh 2.6954 476,650 0.0046 0.934 0.475 
RG 2.6368 774,105 0.0024 0.855 0.359 

GL-3 17 18 1'5-1st 2.7873 1,530,382 0.0040 0.012 0.915 0.417 0.909 0.881 
TS-lOth 2.9286 7,214,396 0.0038 0.898 0.368 
RG 2.3754 173,101 0.0009 0.736 0.294 

GIr4 0 12 1'5-15t 2.3275 59,800 0.0014 0.007 0.817 0.373 0.948 0.941 
TS-IOlh 2.3267 70,843 0.0012 0.795 0.357 
RG 2.6277 206,300 0.0051 0.945 0.519 

TI-l 26 18 1'5-15t 2.6891 183,908 0.0078 0.028 0.970 0.600 0.961 0.937 
1'5-lOth 2.7873 499,689 0.0075 0.968 0.562 
RG 2.5110 108,592 0.0036 0.920 0.484 

11-2 23 20 TS-1st 2.4412 33,963 0.0049 0.028 0.949 0.578 0.969 0.959 
1'5-10th 2.4709 50,222 0.0046 0.943 0.552 
RC 2.6212 588,708 0.0026 0.867 0.377 

11·3 19 14 1'5-15t 2.4527 106,121 0.0024 0.012 0.880 0.426 0.919 0.891 
TS-10th 2.5941 463,447 0.0025 0.866 0.380 
RG 2.7234 409,355 0.0059 0.954 0.524 

11-4 30 19 1'5-1st 2.7401 260,915 0.0084 0.026 0.973 0.604 0.956 0.928 
1'5-10th 2.8556 845,084 0.0080 0.971 0.561 
RG 2.5866 80,909 0.0071 0.967 0.609 

GR-1 53 20 TS-1st 2.4704 20,859 0.0084 0.050 0.971 0.684 0.979 0.961 
1'5-lOth 2.5459 13,401 0.0082 0.973 0.657 
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Figure 6.27 Variation in normalized shear 
modulus determined in the TS and 
RC tests with PI at strain 
amplitudes of 0.01 percent and 
0.1 percent 

6.4.4 Elled 01 Number 01 Loading 
Cycles on Material Damping 

Typical variations in damping ratio with strain 
amplitude determined at different numbers of load
ing cycles are shown in Figure 6.28. Damping ratios 
determined for the first- and tenth-cycles of TS 
loading are almost identical over the complete 
strain range. The variation in damping ratio with 
number of cycles was also measured at different 
strain amplitudes, and the results are plotted in Fig
ure 6.29. The damping ratio is essentially indepen
dent of number of loading cycles over the strain 
range tested. Therefore, it can be concluded that 
material damping of these undisturbed cohesive 
soils was not affected by cyclic loading in the range 
of strains beween 10-1 percent and 10-1 percent. 
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Figure 6.28 Typical variation in damping ratio of 
cohesive soil (TI-1) determined for 
different numbers of loading cycles 
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Figure 6.29 Typical variation in damping 
ratio of cohesive soil (TI-1) with 
number of loading cycles at 
different shearing strain 
amplitudes 
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However, damping measured in the RC test is 
much larger than corresponding measurements in 
the torsional shear test, with the difference be
tween the wo methods being almost constant over 
the whole strain range. The difference in damping 
values measured by the free-vibration decay 
method and the area of hysteresis loop are due to 
a frequency effect as discussed in Chapter 7. The 
damping ratios are measured at different frequen
cies; in the free-vibration decay method, measure
ments are made at the damped natural frequency 
while in the torsional shear test, damping is mea
sured at 0.5 Hz. 

6.4.5 Small-Strain Material Damping 
and Elastic Threshold 

Below the elastic threshold strain, material 
damping still exists and is independent of strain 
amplitude, This elastic threshold strain for damp
ing and the small-strain damping ratio (Dmin) are 
important factors in the analysis of soil amplifica
tion during earthquakes. For soft soil deposits 
supported by rock or much stiffer soil, the seis
mic response of the soft soil at small strains can 
be very sensitive to variations in small-strain 
damping because in this strain range, the stress
strain behavior of the soil is practically linear and 
the site is susceptible to large dynamic amplifica
tion (Vucetic & Dobry, 1991). The elastic thresh
old and Dmin were carefully measured in both the 
resonant column and torsional shear tests for 
various cohesive soils. These results are tabulated 
in Table 6.5. 



Table 6.5 Summary of elastic threshold strains for damping and small-strain damping ratios of 
undisturbed cohesive soils 

Elastic Damping Ratio 
Sample PI Pressure Test Threshold Dmin 

ID (%) (psi) Type 

GL-l 7 12 RC 
TS 

GL-2 23 12 RC 
TS 

GL-3 17 18 RC 
TS 

GL-4 0 12 RC 
TS 

11-1 26 18 RC 
TS 

TI-2 23 20 RC 
TS 

11-3 19 14 RC 
TS 

TI-4 30 19 RC 
TS 

BBC 20 15 RC 
TS 

GR-l 53 20 RC 
TS 

The variation in elastic threshold strains for 
damping ratio of cohesive soils is plotted versus 
plasticity index in Figure 6.30. The elastic thresh
old strains were measured by manual curve fitting. 
As the plasticity index increases, the threshold 
strain generally increases. The range of elastic 
threshold strains is between 0.001 percent and 
0.02 percent. 

10-1 

~ 
c 
'0 .... 

10-2 V5 
-c 
'0 
...c. 
'" ID 

[J GL .... 
10-3 ...c. 

I-- A TI 
• !:! 
Vi o BBe 
0 Silty Sand + GR w 

10.4 
0 20 40 60 

Plasticity Index 1%1 

Figure 6.30 Variations in elastic threshold 
strain for damping with plasticity 
index of cohesive soils 

The vanatlOns in Dmin with plasticity index 
determined by RC and TS testing are plotted 

(%) (%) "'( = 0.01% "'( - 0.1% 

0.003 4.0 6.4 13.5 
0.003 1.4 2.6 11.5 
0.006 4.4 5.9 12.3 
0.008 1.6 2.2 8.1 
0.003 1.8 3.9 12.5 
0.004 1.3 2.3 12.0 
0.002 1.8 5.5 15.5 
0.001 1.1 3.8 13.0 
0.010 2.8 3.4 9.2 
0.008 1.7 2.2 8.0 
0.006 2.5 3.9 9.5 
0.005 1.2 2.0 8.1 
0.004 5.2 6.9 15.5 
0.003 1.5 2.6 9.0 
0.005 2.3 3.3 8.8 
0.006 1.5 1.6 7.0 
0.009 1.8 4.1 6.8 
0.009 1.6 1.8 4.5 
0.020 3.6 3.0 7.0 
0.010 1.5 2.6 9.5 
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together in Figure 6.31. Values of Dmin from TS 
tests are essentially independent of PI with the 
values falling in a narrow range between 1.1 
percent and 1.7 percent. However, Dmin values 
from RC test vary over a broad range, from 1.8 
percent and 5.2 percent regardless of the plas
ticity index. The reason for the scatter in the 
resonant column test may be caused by a dif
ferent frequency effect on each soil andlor 
some energy loss through system compliance. 
However, in the TS test, hysteretic damping is 
measured at a loading frequency of 0.5 Hz and 
system compliance does not seem to influence 
the measurement. Judging from this reasoning, 
small-strain damping ratios obtained from tor
sional shear tests seem to be more reliable and 
the effect of frequency on material damping 
needs additional study . 

6.5 SUMMARY 

The effect of the number of loading cycles on 
the deformational characteristics of dry sand and 
several undisturbed cohesive soils was investigated 
over a wide range of shearing strains using RCTS 
equipment. Both RC and TS tests were performed 
on the same specimen and the effect of number of 
loading cycles was studied from the start of the 
virgin loading curve to the state of numerous ap
plications (-1000 cycles). 
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Figure 6.31 Variation in small-strain damping 
ratio of cohesive soils with 
plasticity index determined by RC 
and T5 tests 

An "elastic" zone was found in both dry sand 
and cohesive soils. This zone is identified by accu
rately measuring small-strain hysteresis loops in 
the TS test, and finding the strain range where the 
loop is independent of number of loading cycles 
and strain amplitude. The elastic zone for dry sand 
ranges up to strains of about 0.001 percent while 
for cohesive soil the elastic zone ranges up to 
strains of. about 0.01 percent. The upper limit of 
the elastic zone increases as confining pressure in
creases. 

A cyclic threshold strain was defined below 
which shear moduli and damping ratios are inde
pendent of loading cycles. Below the cyclic thresh
old strain, the values of moduli and damping ra
tios of dry sand obtained from RC and TS tests are 
equivalent. However, above the cyclic threshold 
strain, shear modulus increases and damping ratio 
decreases as number of loading cycles increases. 
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In this case, values of G and D from the first cycle 
in the TS test are different from values measured 
in the RC test. This behavior in sand is called cy
clic hardening and the hardening effect increases 
as strain amplitude increases. However, once cyclic 
hardening is fully completed, which occurs in less 
than about 1000 repetitions of loading during the 
RC test, the deformational characteristics are again 
independent of number of loading cycles, and 
moduli and damping ratios measured by both RC 
and TS tests are equivalent. 

The elastic and cyclic threshold strains for 
modulus and damping ratio of dry sand increase 
with confining pressure. Also, the amount of any 
cyclic effect increases as strain amplitude increases 
and as confining pressure decreases. 

A cyclic threshold strain was also defined for 
undisturbed cohesive/soil below which moduli and 
damping ratios are independent of number of 
loading cycles. However, values of both G and D 
from the RC test are larger than those from the TS 
test because of the effect of frequency as dis
cussed in Chapter 7. At strains above the cyclic 
threshold, the modulus of cohesive soil decreases 
with increasing number of cycles, which is called 
cyclic degradation. On the other hand, damping 
ratio of cohesive soil is independent of loading 
cycles in the strain range up to 0.1 percent. The 
elastic and cyclic threshold strains of cohesive soils 
are found to increase with increasing confining 
pressure and increasing plasticity index. 

The small-strain damping ratios from the TS 
tests are nearly independent of PI and fall in a 
narrow range between 1.1 percent and 1.7 per
cent. However, the small-strain damping ratios 
from the RC test vary over a broad range, from 1.8 
percent to 5.2 percent, because of the varying ef
fect of frequency on each soil tested. 
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CHAPTER 7. EFFECT OF LOADING FREQUENCY ON 
DEFORMATIONAL CHARACTERISTICS 

7.1 INTRODUCTION 

To obtain design parameters for soil-structure 
systems subjected to the cyclic loading, laboratory 
and field seismic tests are typically performed. 
However, different sources of external loading are 
likely to have different loading frequencies, rang
ing from very low frequencies on the order of 0.05 
Hz to rather high frequencies on the order of 100 
Hz. Laboratory testing techniques can load soil 
specimens with different frequencies. For instance, 
in the RC test, the deformational characteristics are 
obtained at the resonant frequency of the system 
which typically ranges from 20 to 200 Hz. In the 
TS test, hysteresis loops are measured at frequen
cies below about 10 Hz. In field seismic tests such 
as the SASW (spectral analysis of surface waves) 
or crosshole test, measurements can be performed 
at frequencies up to about 400 Hz. It is well 
known that the strength of cohesive soil in 
undrained shear tests increases with increasing 
strain rate and that the deformational characteris
tics obtained from various testing techniques per
formed at different loading frequencies differ 
(Dobry and Vucetic, 1987). Therefore, in the de
sign of soil-structure or soil pavement systems, the 
effect of loading frequency on deformational char
acteristics should be considered, and measured 
values should be adjusted to the frequencies 
where the actual system is working. 

To investigate the effect of loading frequency 
on deformational characteristics, both RC and TS 
tests were performed on the same specimen. 
Loading frequencies in TS test can be varied eas
ily by changing input frequencies to the drive 
system while in RC test deformational characteris
tics are measured at the resonant frequency of 
the system. Typical loading frequencies used in 
this study are 0.05, 0.1, 0.5, 1, 5, 10 Hz and the 
resonant frequency. The effect of frequency on 
the shear modulus and material damping of vari
ous soils, including dry sand, undisturbed soils, 
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and compacted soil subgrades, was then investi
gated. The effect of frequency was investigated at 
two strain levels: a small-strain level of about 
0.001 percent and an intermediate-strain level of 
about 0.01 percent. Finally, the effect of loading 
frequency was empirically correlated with plastic
ity index. 

7.2 EFFECT OF LOADING FREQUENCY ON 
STIFFNESS 

Both resonant column and torsional shear 
tests were performed on dry sand and several 
cohesive soils to investigate the effect of loading 
frequency on stiffness. Shear modulus was deter
mined over frequenCies ranging from 0.05 Hz to 
the resonant frequency. 

7.2. J Frequency Effect on Stillness of 
Dry Sana 

First, the variations in shear modulus of dry 
sand with shearing strain amplitude as determined 
by TS and RC tests are compared in Figure 7.1. 
Both tests were performed on the same specimen 
so that the results can be compared without any 
compliances between test devices. Moduli deter
mined from the tenth cycle are used in the TS test 
to reduce the effect of number of loading cycles 
on the comparison. Above the cyclic threshold 
strain, the stiffness is affected by number of load
ing cycles. However, for this sand, cyclic harden
ing is nearly completed during the first ten loading 
cycles as discussed in Chapter 6. Shear moduli 
were compared over a wide range of strains from 
0.0005 percent to 0.05 percent. The excitation fre
quency in the RC tests is between 44 Hz and 85 
Hz while the loading frequency in the TS test is 
0.5 Hz. It can be seen clearly that shear moduli 
obtained from both tests are equivalent over the 
whole strain range tested even though loading fre
quency is quite different. 
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Figure 7.1 Variation in shear modulus of dry 
sand with shearing strain as 
determined by resonant column 
and torsional shear tests 

To investigate the effect of loading frequency in 
more detail, the loading frequency in the TS test 
was varied between 0.05 and 10 Hz. The variation 
in shear modulus with loading frequency at differ
ent strain amplitudes is shown in Figure 7.2. It is 
clearly noted that shear modulus is independent of 
loading frequency at a given strain amplitude even 
though shear modulus decreases as strain ampli
tude increases. The variation in modulus with 
loading frequency at different confining pressures 
is presented in Figure 7.3. The results also show 
that loading frequency has almost no effect on the 
stiffness of dry sand at a given confining pressure. 
Therefore, it can be concluded that the shear 
modulus of dry sand is frequency independent. 
The stiffness of dry sand obtained from dynamic 
tests such as the RC test are identical with the val
ues from quasi-static tests such as the TS test, pro
vided the effect of number of loading cycles is 
considered in the comparison. 

Several researchers have investigated the defor
mational characteristics of sand using RC equip
ment, and these data were also compared with 
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stiffness determined by TS Test (Iwasaki et aI, 
1978, Alarcon et aI, 1986, Ni, 1987, and Bolton and 
Wilson, 1989). Comparison of shear moduli deter
mined by both RC and TS tests are shown in Fig
ure 7.4 (Alarcon et ai, 1986). They showed that 
shear moduli obtained from both tests overlap in 
spite of the great disparity in loading frequency. 
However, their strain levels in the TS test were 
fairly high (usually above 0.01 percent) and the 
loading frequency in the TS test was not varied. 
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Figure 7.4 Variation in shear modulus of OHawa sand with shearing strain as determined by 
resonant column and torsional shear tests (Alarcon et ai, 1986) 

7.2.2 Frequency Elleet on Stillness 01 
Undisturbed Cohesive Soils 

A typical variation in shear modulus of cohesive 
soil (11-1) with shearing strain amplitude deter
mined by both RC and TS tests is plotted in Figure 
7.5. At strain amplitudes below about 0.004 per
cent, moduli determined by both tests are inde
pendent of strain amplitude, but moduli deter
mined by the TS test fall somewhat below the 
corresponding resonant column values at the same 
strain amplitude. The difference between the test 
results at small strains can be explained by the fre
quency effect as discussed below. At strains above 
0.004 percent, the difference between shear 
moduli determined by both tests decreases as 
strain amplitude increases. At large strains, some
times, moduli obtained from the RC test are even 
less than those obtained from the TS test due to 
cyclic degradation as discussed in Chapter 6. 

To investigate the effect of loading frequency 
on stiffness, the variation in shear modulus of co
hesive soil (TI-l) with loading frequency is plotted 
at strain amplitudes of 0.001 percent and 0.01 per
cent in Figure 7.6. Moduli from the RC tests are 
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also included. It is interesting to note that the 
modulus of this cohesive soil increases linearly as 
a function of the logarithm of loading frequency. 
At a strain amplitude of 0.01 percent, the modulus 
obtained by the RC test sometimes does not follow 
this behavior because cyclic degradation during 
the RC test counteracts the frequency effect. 
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Figure 7.5 Typical variation in shear modulus 
of undisturbed cohesive soil 
(Treasure Island, depth of 60 ft) 
with strain amplitude 
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Figure 7.6 Typical variation in shear modulus 
of undisturbed cohesive soil 
(Treasure Island, depth of 60 ft) 
with loading frequency 

To quantify the influence of loading frequency 
on stiffness, the shear modulus was normalized by 
the value of shear modulus at a loading frequency 
of 0.5 Hz. Typical normalized behavior is plotted 
in Figure 7.7. This normalization was done for a 
shearing strain amplitude of 0.01 percent. By per
forming least-squares curve fitting on these data, 
the fitting curve yields the effect of loading fre
quency on stiffness, which is 4.06 percent per log 
cycle of loading frequency. 
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Figure 7.7 Typical variation in normalized 
shear modulus of cohesive soil 
with loading frequency at a 
shearing strain amplitude of 0.01 
percent (normalized by the shear 
modulus at a frequency of 0.5 Hz) 

Other data are discussed later in this chapter 
(Table 7.1 and 7.2). In some cases, resonant column 

values show severe deviation because of cyclic deg
radation, and in those cases, only TS test results 
were used in the curve fitting. 

The effect of loading frequency on stiffness was 
investigated for various undisturbed soils, and the 
results are tabulated in Table 7.1. The effect of fre
quency ranges between 2.17 percent and 5.66 per
cent per log cycle. The samples were mainly tested 
in the loading stage. However, the Boston Blue 
Clay was loaded to a maximum confining pressure 
of 200 psi 0379 kPa), and frequency effect was 
also investigated on the unloading stage to check 
the influence of overconsolidation ratio (OCR). The 
effect of frequency on the Boston Blue Clay in the 
loading stage is greater than in the unloading stage 
where the OCR is 4 and 8, indicating that the effect 
of loading frequency decreases with increasing 
OCR. Unfortunately, the value of OCR of other 
samples cannot be identified because the maximum 
previous overburden pressure was not determined. 

Table 7.1 Effect of loading frequency on 
stiffness of undisturbed soils (from 
Boston, Gilroy T and Treasure 
Island sites) 

Confining Frequency Effect (olb) 
Sample 

10° 

Plasticity 
Index 
(%) 

Pressure 
(psi) Y= 0.001% Y= 0.01% 

BBe 

GL-1 

GL-2 
GL-3 

GL-4 

11-1 
11-2 
11-3 

11-4 

20 

7 

23 
17 

26 
23 
19 

30 

15 
30 
60 

50·· 
25·· 

6 
12 
12 
18 
36 
12 
24 
48 
18 
20 
14 
56 
19 
75 

4.32 5.66 
3.19 5.56 
3.26 4.85 
2.81 3.27 
2.82 3.48 
3.74 4.38 
3.09 4.05 
4.27 4.92 
3.58 4.23 
2.82 3.64 
2.21 2.86 
2.17 3.09 
2.18 3.13 
4.10 4.06 
4.23 3.81 
2.96 3.47 
3.86 4.79 
3.72 3.96 
3.89 4.00 

• listed in Tables 4.2, 4.3 and 4.4. 
•• Unloading stage: Maximum previous confming 

pressure is 200 psi. 
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Correlation of the effect of loading frequency 
on the stiffness of undisturbed soils with plasticity 
index at different strain amplitudes is presented in 
Figure 7.8. The open symbols represent testing at 
a strain amplitude of 0.001 percent while the solid 



symbols represent the results at a strain amplitude 
of 0.01 percent. Data in the only loading stage are 
plotted. It can be seen that the effect of loading 
frequency on stiffness increases as the plasticity in
dex increases even though there is considerable 
scatter. Wood (982) explained: "Intuitively, it 
seems reasonable that slower cycles give the clay, 
as a viscous material, more time to follow the ap
plied load and are likely to produce greater strains 
and greater pore pressure." It is interesting to note 
that the silty sand (GL-4) also shows some fre
quency dependency (2.17-3.13 percent) on stiff
ness even though the plasticity index is zero. The 
fraction of silty soil may be the main reason for 
the frequency dependency. Because natural sandy 
soil usually contains some silty fraction, it can be 
assumed that stiffness of most soils will be af
fected by loading frequency. In addition, the effect 
of frequency at a strain amplitude of 0.01 percent 
is generally a little greater than at a strain ampli
tude of 0.001 percent, indicating that the effect of 
loading frequency for undisturbed soil will most 
likely increase with increasing strain amplitude. 

7.2.3 Frequency Ellecr on SriHness 01 
Compacted Subgrade Soils 

The effect of loading frequency on the stiffness of 
compacted subgrade soils was also investigated. Com
pacted subgrades were tested for the purpose of 
studying the resilient modulus of subgrade soils. The 
disturbed soils came from around Texas. All tests 
were perfonned at a confIning pressure of 6 psi (41.4 
kPa). The effect of frequency on the compacted 
subgrades is summarized in Table 7.2. v.uiation in the 

effect of loading frequency on stiffness is shown at 
strain amplitUdes of 0.001 percent and 0.01 per
cent in Figure 7.9. As with the undisturbed soil, 
the effect of frequency on compacted subgrade 
soils also increases with increasing plasticity index. 
The range of the effect is betw"een 4.5 percent and 
8.4 percent, which is a little higher than exhibited 
by the undisturbed soils. In addition, it appears 
that strain amplitude has very little influence on 
the frequency effect of compacted subgrade soils. 
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.A A.-. _I Y= 0.001% 
_~_ .A 

- 8 
A 

~ 
Silly Sand 

a Gilroy #2 

.A Treasure Island 

o Boston Blue Clay 

10 20 30 

Plasticity Index (%) 
• Solid symbols represent testing at a strain of 0.01 % 

and open symbols are Iory= 0.001%. 

40 

Figure 7.8 Correlation of the effect of loading 
frequency on the stiHness of 
undisturbed soils with plasticity 
index at shearing strain amplitudes 
of 0.001 and 0.01 percent 

Table 7.2 Effect of loading frequency on the stiffness of compacted subgrade soils" 

Plasticity Frequency Effect (%) 
Sample Index Sample 

ID·· (%) Condition"· Y = 0.001% 

Soil #2 36 OMC 6.42 
Wet 6.55 
Dry 6.60 

Soil #5 10 OMC 4.51 
Soil #6 15 OMC 5.53 
Soil #7 20 Wet 6.82 
Soil #9 34 Wet 6.29 
Soil #10 4 Wet 4.73 
Soil #12 52 OMC 6.97 
Soil #13 36 OMC 8.40 
Soil #15 40 OMC 6.71 
Soil #16 29 OMC 7.96 

• All of the tests were performed at confining 
pressure of 6 psi. 

•• Listed in Table 4.6 . 
••• OMC = Compacted optimum moisture content 

Wet = Compacted wet of optimum 
Dry = Compacted dry of optimum 
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Y= 0.01% 

5.75 
6.78 
7.64 
5.05 
5.96 
6.56 
5.79 
5.70 
7.64 
7.51 
6.18 
7.11 
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Figure 7.9 Variation in the effect of loading 
frequency on the stiHness of 
compacted subgrade soils with 
plasticity index at strain amplitudes 
of 0.001 and 0.01 percent 

The variation in the frequency effect with plas
ticity index obtained from both undisturbed soils 
and compacted clays are plotted together in Fig
ure 7.10. The upper and lower bounds are plotted 
with solid lines and the best-fit curve is plotted 
with a dashed line approximately in the middle of 
the data band. It can be clearly seen that the ef
fect of frequency increases as the plasticity index 
increases and this effect is greater for compacted 
subgrade soils than for undisturbed soils. 
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Figure 7.10 Variation in the effect of loading 
frequency on the stiffness of cohe
sive soils with plasticity index at a 
strain amplitude of 0.01 percent 
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7.3 EFFECT OF LOADING FREQUENCY ON 
M~rERIAL DAMPING 

The effect of loading frequency on material 
damping was investigated with dry sand and with 
several cohesive soils. As discussed in Section 3.4, 
at loading frequencies above 1 Hz, damping ratio 
is not zero, even for the metal specimens, and the 
non-zero damping ratios measured with the metal 
specimens were considered to be a compliance 
problem. As such, the values of equipment damp
ing were subtracted from damping measurements 
of the soils at the same frequencies. 

7.3.7 Frequency Effect on Material 
Damping of Dry Sand 

Typical variations in damping ratios of dry sand 
with strain amplitude are plotted in Figure 7.1l. 
Damping ratios in the TS test for the tenth cycle 
and after the RC test are shown. (The loading fre
quency in TS tests is 0.5 Hz.) Damping ratios in 
the RC test are corrected by subtracting a damping 
value of 0.4 percent detected in the metal speci
mens. At strains below about 0.002 percent, damp
ing ratios determined by both the RC and TS tests 
are equivalent, in spite of the great difference in 
loading frequency. In this strain range, damping 
ratio of dry sand is also not affected by number of 
loading cycles. At strains above 0.002 percent, the 
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Figure 7.11 Variation in material damping of 
dry sand with shearing strain 
determined by resonant column 
and torsional shear tests 



strain amplitude for the measured damping ratio in 
the RC test was corrected by using the average 
value of three successive cycles in the free-vibra
tion decay curve starting from the steady-state 
strain amplitude. For strain above 0.002 percent, 
damping ratios from the tenth cycle of TS loading 
are greater than the corresponding RC values be
cause material damping of dry sand is initially very 
sensitive to the number of loading cycles. How
ever, damping ratios from the TS test after the RC 
test are equivalent to the values from the RC test 
as shown in Figure 7.11. 

Typical variations in damping ratio of dry sand 
with loading frequency are shown in Figure 7.12. 
The measured values of damping ratio are inde
pendent of frequency below 1 Hz as shown in 
Figure 7.12a. At higher frequencies, however, the 
measurements are affected by loading frequency. 
The values of corrected damping (corrected at 
each frequency by subtracting the damping ratio 
obtained from the metal specimen) are shov,ln in 
Figure 7.12b. It is interesting to notice that once 
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Figure 7.12 Variations in uncorrected and 
corrected damping ratios of dry 
sand with loading frequency 
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this correction is applied, material damping of dry 
sand is essentially independent of frequency as 
one might expect. Therefore, it can be concluded 
that material damping of dry sand is independent 
of loading frequency, and material damping ob
tained from both the resonant column and tor
sional shear tests are equivalent prOVided the ef
fect of number of loading cycles and the strain 
correction in the free-vibration decay curve are 
considered in the comparison. 

7.3.2 Frequency Effect on Material 
Damping of Cohesive Soil 

Typical variations in the damping ratio of com
pacted subgrade soils with strain amplitude as 
determined by both RC and TS tests are plotted in 
Figure 7.13. At shearing strains below about 0.01 
percent, damping ratios from both tests are con
stant. However, damping ratios from the RC test 
are larger than the values from the TS test, with 
this difference between the two methods almost 
constant in this strain range. Because the damping 
ratio of cohesive soil is independent of number of 
loading cycles as discussed in Section 6.4.4, the 
difference in damping values between both tests 
can be explained as the difference in loading fre
quencies. In the RC test, damping ratios are mea
sured at the resonant frequency (usually above 40 
Hz in these tests) while in the TS test damping ra
tio is measured at 0.5 Hz. 
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Figure 7.13 Typical variation in damping ratio 
of compacted subgrade soil with 
strain amplitude determined by RC 
and TS tests 

A typical variation in damping ratio of com
pacted subgrade soils with loading frequency is 
plotted in Figure 7.14. Damping ratios at frequen
cies above 1 Hz were corrected by subtracting the 
values of damping ratio detected in the metal 



specimen. The damping ratio is almost independent 
of loading frequency at frequencies below 5 Hz. At 
10 Hz, the damping ratio starts to be affected by 
loading frequency. It can be noted, then, that, on 
compacted subgrade, damping ratio increases as 
loading frequencies increase above 5 Hz. 

8 
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Soil #9 
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Figure 7.14 Typical variation in damping ratio 
of compacted subgrade soil with 
loading frequency 

The effect of loading frequency on damping ra
tio of undisturbed soils was also investigated. The 
damping ratios measured at each frequency were 
normalized by the values at a loading frequency of 
0.5 Hz. The variations of normalized damping ra
tios with loading frequency were determined at 
shearing strain amplitudes of 0.001 percent and 
0.01 percent. These results are plotted in Figure 
7.15a and Figure 7.15b, respectively. The upper 
and lower bounds were plotted with solid lines. 
and a best-fit curve was plotted with a dashed line 
approximately in the middle of the data band. 
Even though there is a lot of scatter in both fig
ures, it can be seen that at frequencies below 
about 2 Hz, damping ratio of undisturbed soil is 
independent of loading frequency. At higher fre
quencies, however, damping ratio increases as 
loading frequency increases. From the "average" 
curves, the normalized damping ratios at a loading 
frequency of 100 Hz, DOOO Hz)/D(O.5 Hz), are 
about 2.5 and 2.2 at shearing strain amplitudes of 
0.001 percent and 0.01 percent, respectively, indi
cating that the frequency effect on material damp
ing is not really influenced by the strain level. The 
solid symbols represent samples with a plasticity 
index above 20 percent to see the effect of plastic
ity index. However, there is an apparent lack of 
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correlation between plasticity index and the fre
quency effect on material damping. 

The variation in the frequency effect on com
pacted subgrade soils is presented in Figure 7.16. 
The damping ratio of compacted subgrade soil is 
also affected by loading frequency above 2 Hz. The 
scatter at high frequencies is a little less than that 
observed with the undisturbed samples. Average 
curves are plotted by the dashed lines in Figure 7.16. 
From the "average" curves, the nonnalized damping 
ratios at a loading frequency of 100 Hz, DO 00 Hz)/ 
D(O.5 Hz), are about 2.5 and 2.4 at shearing strains 
of 0.001 percent and 0.01 percent, respectively. 

7.4 SUMMARY 

The effect of loading frequency on the shear 
modulus and material damping of various soils 
was investigated using RCTS equipment. Loading 
frequencies in the TS test varied from 0.05 Hz to 
10 Hz and in RC test from about 30 to 150 Hz. 

For a dry sand, both the stiffness and damping 
ratio are independent of loading frequency, and 
values obtained from the TS test are identical to 
values from the RC test, provided the effect of 
number of loading cycles and the strain correction 
in the free-vibration decay method are considered 
in the comparison. 

For a cohesive soil, the moduli and damping 
ratios obtained from RC and TS tests are different 
over the complete strain range. This difference re
sults from the difference in frequencies used in 
the two methods of testing. The shear modulus 
increases linearly as a function of the logarithm 
of loading frequency. However, the effect of 
frequency does not begin to increase material 
damping until the frequency exceeds about 2 Hz. 

The effect of loading frequency on shear modu
lus increases with increasing plasticity index and 
the range of frequency effect is between 2.2 per
cent and 8.4 percent per log cycle of loading fre
quency. However, the effect of frequency on mate
rial damping is not well related to plasticity index 
for the sample s tested. 

The frequencies used in the TS test ranged from 
0.05 Hz to 10 Hz. At frequencies above 10 Hz, the 
TS test cannot be performed because phase shifts 
due to inertia and system compliance are combined 
and are difficult to analyze. If this difficulty is 
solved in the future, the effect of frequency on ma
terial damping can be studied over the complete 
frequency range from very low frequencies to fIrst
mode resonant frequencies and possibly above. 
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CHAPTER 8. EVALUATION OF 
RAMBERG-OSGOOD-MASING MODEL 

8.1 INTRODUCTION 

During cyclic loading, the stress-strain behavior 
of soils is nonlinear and, even at small strains, ex
hibits hysteresis. To develop a constitutive stress
strain relationship under cyclic loading, hysteresis 
loops are often constructed using a backbone 
curve described by Ramberg-Osgood (R-O) param
eters coupled with an assumption of Masing be
havior (Richart and Wylie, 1977, Idriss et aI, 1978 
and Saada, 1985). The R-O stress-strain equation 
generally fits experimental data quite well at 
strains less than 0.1 percent (Anderson, 1975). One 
of the advantages of using a Ramberg-Osgood
Masing (R-O-M) model is that once the R-O pa
rameters are determined from the backbone curve, 
the material damping ratio can be predicted as
suming Masing behavior. 

In this chapter, the R-O-M model was evaluated 
at small to intermediate strains using RCTS test re
sults. The R-O parameters were determined for dry 
sand and several cohesive soils. Hysteresis loops 
were predicted using R-O-M criteria. The predicted 
hysteresis loops were then compared with the 
measured loops at a given strain amplitude. The 
damping ratio calculated with the R-O-M model 
was also compared with the measured value over 
a wide range of shearing strains. The use of an 
additional amount of small-strain damping and a 
damping reduction factor in the R-O-M model 
were suggested as result of these comparisons. 

8.2 RAMBERG-OSGOOD-MASING MODEL 

B.2. J Stress-Strain Equation 

The stress-strain relations of soil during cyclic 
loading are not linear. Even at strains below the 
elastic threshold, soils exhibit hysteresis loops. An 
idealized stress-strain loop obtained for a soil 
specimen subjected to a symmetrical cyclic shear
ing stress of ±tc is shown in Figure 8.1. The corre
sponding shearing strains in a closed hysteresis 
loop are ±Ye. The curve ACODB, corresponding to 
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the locus of the tips of all possible hysteresis 
loops, is defined as the backbone curve for the 
soil specimen. The backbone curve is very impor
tant for evaluation of cyclic loading because it de
fines the initial stiffness of the soil at both small 
and large strains and constitutes the basis for char
acterizing the stress-strain behavior of soils for 
nonlinear analysis (Idriss et aI, 1978). 

Shearing Stress ('t) 

B 

-Yc Yo 

Shearing Strain iyl 

Figure 8.1 Idealized stress-strain backbone 
curve and associated hysteresis 
loop (from Dobry and Vucetic, 
1987) 

The backbone curve can be expressed by 
various mathematical formulations, including bi
linear, multilinear, hyperbolic, and Ramberg
Osgood. In this research, the Ramberg-Osgood 
formulation was used to characterize the back
bone curve for strain-softening materials. One form 
of the Ramberg-Osgood stress-strain equation for 
the initial backbone curve can be v.Titten as: 

(8.1) 

where 



y 
't .. 

Grnax 
C 
R 

shearing strain, 
shearing stress, 
initial shear modulus, 
dimensionless coefficient, and 
dimensionless exponent. 

The most widely accepted assumption made to 
construct analytical hysteresis loops from the back
bone curve is the Masing (1926) criteria. Masing 
suggested two criteria: 

1. the shear modulus at each load reversal has a 
value equal to the initial tangent modulus of 
the backbone curve (Figure 8.1), and 

2. the shape of unloading and reloading curves 
of the loop are the same as that of the back
bone curve with both stress and strain scales 
expanded by a factor of two and the origin 
translated to the reversal point. 

The following expression is then used to con
struct the unloading and reloading branches of the 
hysteresis loop: 

I 

:R 
± _ 't ± 'tc C 't ± 'tc i 

y Yc --G--+ 2R- 1 ~I = rna.., 
(8.2) 

To apply the R-O-M model, the stress-strain re
lationship of the virgin loading cycle (backbone 
curve) is determined at the largest strain amplitude 
in the series of TS tests. Shearing stresses are di
vided by the low amplitude shear modulus (Grnax) 
and the term 't/Grnax in Equation 8.1 is represented 
by 't'. Equation 8.1 can then be rewritten as: 

, ( ,)R y='t +C· 't (8.3) 

By taking the logarithm of both sides of Equa
tion 8.3, one finds: 

log(y - 't') = log C + Rlog( 't') (8.4) 

Equation 8.4 can be rewritten as a linear equa
tion of the form: 

Y=K+RlogX (8.5) 

in which K and R represent an intercept and 
slope, respectively. Using least-squares curve fit
ting, two unknowns can be obtained and then the 
Ramberg-Osgood parameters, C and R, can be de
termined. Once the Ramberg-Osgood parameters 
are determined, the analytical hysteresis loop can 
be constructed using Equation 8.2. 
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8.2.2 Normalized Stiffness Versus 
Strain Equation 

The variation of shear modulus with shearing 
strain can be obtained from both RC and TS tests. 
By dividing shear modulus by the maximum 
shear modulus (Gmax) determined for the particu
lar test, the variation in normalized shear modu
lus with strain amplitude can be determined. To 
fit this test data with the Ramberg-Osgood equa
tion, the backbone curve (Equation 8.1) is rewrit
ten as: 

, ( , )R y=G·y+CG·y (8.6) 

where G' = G/Gmax = normalized shear modulus. 
Equation 8.6 can be rewritten as: 

y. (1- G') = C· (G' . y t (8.7) 

By taking the logarithm of both sides, Equation 
8.7 yields: 

log[ y . (1- G')] = log C + R . log (G' . y) (8.8) 

Using a least-squares curve fitting, the Ramberg
Osgood parameter R is directly determined from 
the slope, and the parameter C is calculated from 
the intercept. It should be noted that when using 
this approach, normalized shear moduli larger than 
0.99 are deleted from the fitting process. 

The Ramberg-Osgood parameters C and R con
trol the shape of the normalized curve. Because 
parameter R is primarily responsible for the rate 
of increase of nonlinear effects with increasing 
strain amplitude, it thus controls the sharpness of 
the initial curvature of the normalized curve. Pa
rameter C controls the general location of the 
curve. The Ramberg-Osgood equation can easily 
fit the nonlinear test data. However, it is difficult 
to separate the effects of both parameters on the 
shape of the curve having a limited amount of 
data (Ni, 1987). 

8.2.3 Ramberg-Osgood-Masing 
Damping Ratio 

Upon two-way cyclic loading, the predicted 
stress-strain behavior forms a hysteresis loop and, 
therefore, the system dissipates energy. The energy 
diSSipation of the system is represented by the 
damping of the system. The hysteretic damping ra
tio, D, is expressed as: 

(8.10) 



where I1W equals the amount of energy dissipated 
per one complete load cycle (Le., the area of hy~~ 
teres is loop), and We equals the peak strain energy 
in a given load cycle. 

Using the Ramberg-Osgood representation of a 
backbone curve and the Masing criteria, Jennings 
(1964) expressed the energy dissipation per load 
cycle as: 

I1W = 4_C_(R -l)'tR+l 
G!ax lR+ 1 

(8.1l) 

The peak strain energy in a given load cycle is: 

We = 't. y/2 (8.12) 

By substituting Equation 8.11 and Equation 8.12 
into Equation 8.10, the damping ratio can be writ
ten as: 

D= 2(R-l) (l-G') 
n(R + 1) (8.13) 

Therefore, if Ramberg-Osgood parameters (C 
and R) are obtained using either the initial back
bone curve or the normalized stiffness versus 
strain curve determined by either RC or TS tests, 
the Ramberg-Osgood-Masing damping ratio can be 
analytically predicted. 

8.3 EVALUATION OF R-O-M MODEL 

B.3. J Dry Sand 

Comparison of Stress-Strain Hysteresis 
LOops. A typical initial backbone curve of dry 
sand measured in the TS test is presented in Fig
ure 8.2. The Ramberg-Osgood (R-O) fitting param
eters, C and R, of the backbone curve were calcu
lated as discussed in Section 8.2.1. As shown in 
Figure 8.2, the measured backbone curve can be 
properly fit by the R-O stress-strain equation. Fur
ther comparisons are shown in Figure 8.3 where 
typical variations in normalized shear modulus of 
dry sand with strain amplitude are determined by 
RC tests at three different confining pressures. R-O 
parameters for each normalized plot were calcu
lated. The measured normalized curves are com
pared with predicted values in Figure 8.3. It can 
be seen that the R-O normalized stiffness versus 
strain equation (Equation 8.6) also fits the mea
sured data properly. Therefore, one can see that 
the measured backbone curve and the normalized 
stiffness curve of dry sand can each be properly 
expressed by the R-O model. 
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Figure 8.2 Comparison. of initial backbone 
curve measured for dry sand with 
the backbone curve predicted by 
the Ramberg-Osgood model 
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Figure 8.3 Typical results of Ramberg-Osgood 
curve fiMing of normalized 
modulus versus strain 
measurements from RC tests at 
diHerent confining pressures 

Once the R-O parameters, C and R, are deter
mined, the stress-strain hysteresis loop can be pre
dicted using Masing behavior. Figure 8.4 presents the 
comparison of a hysteresis loop predicted by the R
O-M model with a measured hysteresis loop from 
the second cycle of TS testing at a strain amplitude 



of 0.001 percent The R-O parameters obtained from 
the backbone curve were used to construct the pre
dicted hysteresis loop. The predicted stress-strain be
havior by the R-O-M model is nearly linear at these 
small strains which results in the predicted area of 
loop being almost zero. However. the measured hys
teresis loop shows that some amount of energy dissi
pation exists even though the modulus is essentially 
independent of strain. Therefore, it can be seen that 
the linear stress-strain behavior predicted by the R-O
M model can be misleading about damping at small 
strains because some amount of energy is dissipated 
through hysteretic damping at these small strains. 
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Figure 8.4 Typical comparison of a measured 
hysteresis loop with ane predicted 
by the R-O-M backbone curve for 
dry sand at small strains 

Stress-strain hysteresis loops measured for the 
first and tenth cycles of TS testing at a peak strain 
amplitude of 0.032 percent are presented in Figure 
8.5. As discussed in Chapter 6, the area enclosed 
in the first-cycle hysteresis loop is greater than the 
area of the tenth cycle. The R-O parameters were 
calculated from the backbone curve and then used 
to predict a hysteresis lOOp. As seen in Figure 8.5, 
the predicted hysteresis loop matches reasonably 
well with the measured loop for the first cycle, but 
the area of the loop measured on the tenth cycle 
is smaller than the predicted loop. 

R-O parameters were also calculated from fitting 
normalized shear moduli from RC tests, where 
about 1000 loading cycles are applied during the 
modulus measurement. The predicted hysteresis 
loop from the RC data is compared with loops 
measured in the TS test in Figure 8.6. The same 
tendency as seen in Figure 8.5 occurs, indicating 
that the predicted loop is more nearly similar to 
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the loop measured on the first cycle and is bigger 
than the loop measured on the tenth cycle. There
fore, for dry sand, it can be noted that the R-O-M 
model predicts the hysteresis loop of the first load
ing cycle at intermediate strains (10-3 percent to 
10-1 percent) more closely than the area of loops 
at larger numbers of cycles because the model 
does not predict the decrease in the area of the 

450 
Dry Sand 
Void Ratio", 0.70 
a o = 10 psi 

• T5-1 sl Cycle 
a r5-1 Oln Cyde 

- Predicted by 
Bockbone Curve 

·450 ______ ~ _____ ~1------~------~ 
4-10.2 0 4 - 1 (}2 

Shearing Strain {%J 

Figure 8.5 Typical comparison of measured 
hysteresis loops with those predict
ed by the R-o-M backbone curve 
for dry sand at intermediate strains 
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G/Gmt:lX curve from RC tests on dry 
sand at intermediate strains 



hysteresis loop with increasing number of loading 
cycles. This is true even if the R-O parameters ate 
determined from the normalized shear moduli 
curve at an equivalent number of loading cycles. 

Comparison of Damping Ratios. One of the 
conveniences of using the R-O-M model is that ma
terial damping ratio can be predicted using Masing 
behavior. Once the R-O parameters have been de
termined from the backbone curve or the normal
ized shear modulus curve from RCTS tests, material 
damping ratio can be calculated using Equation 
8.13. It is interesting, therefore, to compare mea
sured damping ratios with predicted ones. Damping 
ratios predicted by the R-O-M model from RC and 
TS tests are plotted together and compared with 
measured damping ratios in Figure 8.7. The R-O pa
rameters determined from the backbone curve, first 
cycle in the TS test, and the RC test are used. Obvi
ously, at strains below 10-3 percent, predicted 
damping ratios do not match v.'ith experimental 
data. Predicted damping ratios at these strain levels 
are zero according to Masing criteria, while the ex
perimental data show that there are damping ratios 
even at very small strains. This small-strain damping 
ratio measured below the elastic threshold strain is 
often denoted as Dmin. 
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Figure 8.7 Typical comparison of measured 
damping ratios of dry sand with 
damping ratios predicted from 
normalized moduli and backbone 
curves using the R-O-M model 

To account for small-strain damping, the damp
ing ratio predicted by the R-O-M criteria was 
modified by adding measured Dmin to it. Predicted 
damping ratios for the three types of tests with 
this modification are presented in Figure 8.8. It is 
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very interesting to see that all predicted damping 
ratios match very well with damping ratios mea
sured for the first cycle of loading in the TS test. 
However, predicted damping ratios by the R-O-M 
model overestimate measured damping ratios for 
the tenth cycle of TS loading and in the RC test. 
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Figure 8.8 Typical comparison of measured 
damping ratios of dry sand with 
damping ratios predicted from 
normalized moduli and backbone 
curves using the R-O-M model with 
consideration of Dmin 

8.3.2 Undisturbed Cohesive Soil 

Comparison of Stress-Strain Hysteresis 
Loops. For cohesive soils, the R-O parameters are 
determined by the backbone or normalized modu
lus curves just as with sands. The predicted hyster
esis loop is also constructed in the same manner 
using Masing behavior. A typical comparison be
tween predicted and measured loops for a cohe
sive soil at small strains is presented in Figure 8.9. 
The predicted loop was constructed using R-O pa
rameters determined from the backbone curve. At 
this strain level, the predicted behavior by R-O-M 
model is essentially linear and the area of loop is 
almost zero. However, the measured loop shows 
some amount of energy dissipation. By comparing 
this behavior with that of dry sand (Figure 8.4), 
the discrepancy between measured and predicted 
loops at small strains is more severe for cohesive 
soil. At small strains, linear stress-strain behavior 
obtained by the R-O-M model can produce a sig
nificant error in predicting the actual stress-strain 
behavior of cohesive soil, by underestimating the 
area of the loop. 
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Typical comparison of a measured 
hysteresis loop with one predicted 
by the R-O~M backbone curve for 
undisturbed cohesive soil at 5mall 
strains 

A typical comparison of measured hysteresis 
loops with those predicted at intermediate strains 
is shown in Figure 8.10. The predicted loop was 
constructed using R-O parameters obtained from 
the backbone curve. In the measured loops, the 
slope of the tenth cycle is flatter than the slope of 
first cycle because of cyclic degradation. The area 
of the two measured loops does not, however, 
change much with the number of cycles. The 
slope of the loop predicted by the backbone curve 
is similar to the slope measured for the first cycle, 
but the area of the predicted loop is much greater 
than those of both measured loops. 

The R-O parameters were also calculated from the 
normalized shear moduli determined in the RC test. 
The predicted loop is compared with the measured 
loops in the TS test in Figure 8.11. The slope of the 
predicted loop is slighdy larger than the slope of the 
tenth cycle measured in TS testing. The area of the 
predicted loop is Significantly greater than the mea
sured loops. Therefore, it can be seen that for cohe
sive soil, the stress-strain relationship predicted by 
the R-O-M model overestimates the area of hysteresis 
loops measured at intermediate strains. 

Comparison of Damping Ratios. Typical clamp
ing ratios of cohesive soil predicted by three different 
types of measurements are plotted together and com
pared with measured values in Figure 8.12. The R-O 
parameters determined from the backbone curve, the 
first cycle in the TS test, and the RC test were used. 
Damping ratios predicted by R-O-M model are quite 
different from those measured by RCTS tests over the 
complete strain range. ObViously, at shearing strains 
below the elastic threshold, predicted damping ratios 
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are almost zero and do not even come close to the 
experimental values. At these small strains, cohesive 
soils still exhibit a significant amount of damping that 
is independent of strain amplitude. However, the R-O
M model cannot predict this small-strain damping ratio 
(Dmin). At higher strains, predicted damping ratio in
creases rapidly with increasing strain amplitude, and, 
above a certain strain level, predicted damping ratios 
exceed the measured ones. 
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Figure 8.10 Typical compari50n of measured 
hysteresis loop5 with those 
predicted by the R-o~M backbone 
curve for undisturbed cohesive 
soil at intermediate strain5 
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Figure 8.12 Typical comparison of measured 
damping ratios of undisturbed 
cohesive soil with damping 
ratios predicted from normalized 
moduli and backbone curves 
using the R-O-M model 

To account for small-strain damping ratio 
(Dmin), the predicted damping ratio was modified 
by adding the value measured for Dmin to it. These 
results are plotted in Figure 8.13. With this modifi
cation, the R-O-M model can predict damping ra
tios below the elastic threshold strain. However, 
above the elastic threshold strain, predicted damp
ing ratios are higher than measured ones, with this 
difference increasing with increasing strain. There
fore, a reduction in the predicted damping ratio is 
needed if one is to match measured damping ra
tios in this strain range. 

The amount of reduction for predicted damping 
ratios was investigated at different strain amplitudes 
(0.01 percent, 0.05 percent, and 0.1 percent) on 
various undisturbed cohesive soils. Table 8.1 pre
sents both predicted and measured damping ratios 
and damping reduction factors at different strain 
amplitudes. The damping reduction factor is the ra
tio of measured damping ratio to predicted one. At 
a strain amplitude of 0.01 percent, the measured 
damping ratio is usually larger than the one pre
dicted by the R-O-M modeL However, at strain am
plitudes of 0.05 percent and 0.1 percent, the pre
dicted damping ratio is much larger than the 
measured one. The values of damping reduction 
factors vary from soil to soil. However, the average 
values presented in Table 8.1 do show the trend. 
The average values of damping reduction factors 
are 1.66, 0.68, and 0.64 at strain amplitudes of 0.01 
percent, 0.05 percent, and 0.1 percent, respectively. 

89 

Predicted damping ratios and damping reduction 
factors were modified to take into consideration 
Dmin, and also tabulated in Table 8.1. With this 
modification, average measured damping values are 
71 percent, 56 percent, and 56 percent of the pre
dicted values at shearing strains of 0.01 percent, 
0.05 percent, and 0.1 percent, respectively. 
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Figure 8.13 Typical comparison of measured 
damping ratios of undisturbed 
cohesive soil with damping 
ratios predicted from normalized 
moduli and backbone curves 
using the R-O-M model with 
consideration of Dmin 

In summary, to match damping ratio predicted 
by the R-O-M model with measured damping, 
two modifications need to be considered: one is 
a correction for DIn;n and the other is a correction 
expressed by the damping reduction factor. Oth
erwise, the predicted damping ratio underesti
mates the small-strain damping ratio below the 
elastic threshold strain and overestimates the 
damping ratio at higher strains. The net result is 
that more investigation of damping ratio is 
needed and a better model to predict damping 
values needs to be developed. 

8.4 SUMMARY 

The Ramberg-Osgood-Masing model is frequently 
used to model nonlinear stress-strain behavior of 
soil during cyclic loading. The validity of this model 
was evaluated by comparing predicted behavior 
with measurements in the cyclic torsional shear test. 

The Ramberg-Osgood stress-strain equation gen
erally fits quite well the measured backbone curve 



Table 8.1 Summary of measured and predicted damping ratios, and damping reduction factors at diHerent stain amplitudes for 
various undisturbed soils 

Measure Predicted Damping Ptedicted" Damping" 
D(%) D(%) Reduction D(%) ReductJon 

Sample (j Test Dnilil* "1(%) = "1(%) = "1(%) = "1(%) = 'Y (%) = 

ID (psO Type (%) 0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10 -- --
GL-1 12 RC 4.9 6.4 10.9 13.0 

TS-1st 1.4 2.6 8.0 115 4.4 16.7 23.1 0.6 0.5 05 5.8 18.1 245 0.4 0.4 05 
GL-2 12 RC 4.8 5.9 105 12.3 2.7 14.9 20.3 2.2 0.7 0.6 7.5 19.7 25.1 0.8 05 0.5 

TS-1st 1.6 2.2 5.8 8.1 1.7 8.9 13.4 1.3 0.6 0.6 3.3 105 15.0 0.7 0.6 05 
GL-3 18 RC 2.2 3.9 9.0 12.5 4.2 14.3 18,4 0.9 0.6 0.7 6.4 16.5 20.6 0.6 0.5 0.6 

\0 TS-1st 1.3 2.3 9.0 12.0 2.6 12.6 175 0.9 0.7 0.7 3.9 13.9 18.8 0.6 0.6 0.6 
Q GL-4 12 RC 25 55 12.0 15.5 6.8 15.4 18.3 0.8 0.8 0.8 9.3 17.9 20.8 0.6 0.7 0.7 

TS-1st 1.1 3.8 9.8 13.0 4.7 12.7 15.9 0.8 0.8 0.8 5.8 13.8 17.0 0.7 0.7 0.8 
TI-1 18 RC 3.2 3.4 6.4 9.2 1.6 9.1 13.7 2.2 0.7 0.7 4.8 12.3 16.9 0.7 0.5 05 

TS-1st 1.7 2.2 55 8.0 0.9 7.0 11.7 2.4 0.8 0.7 2.6 8.6 13.3 0.8 0.6 0.6 
11-2 20 RC 3.1 3.9 6.5 9.5 2.2 9.9 14.1 1.8 0.7 0.7 5.3 13.0 17.2 0.7 05 0.6 

TS-1st 1.2 2.0 5.3 8.1 1.4 7.3 11.3 1.5 0.7 0.7 2.6 85 125 0.8 0.6 0.6 
11-3 14 RC 5.3 6.9 11.5 15.5 3.8 13.6 17.8 1.8 0.8 0.9 9.1 18.9 23.1 0.8 0.6 0.7 

TS-1s1 1.5 2.6 7.0 9.0 3.2 11.5 15.4 0.8 0.6 0.6 4.7 13.0 16.9 05 05 0.5 
11-4 19 KC 2,4 3.3 6.3 8.8 1.4 9.1 14.0 2.4 0.7 0.6 3.8 115 16.4 0.9 0.5 05 

TS-1st 1.3 1.6 45 7.0 0.8 6.8 11.7 2.1 0.7 0.6 2.1 8.1 13.0 0.8 0.6 0.5 
BBC 15 RC 3.6 4.1 45 6.8 1.2 10.3 16.6 3.4 0.4 0,4 4.8 13.9 20.2 0.9 0.3 0.3 

TS-1st 1.6 1.8 5.0 45 0.8 75 B.O 2.4 0.7 0.3 2.4 9.1 14.6 0.8 0.5 0.3 

Average 1.66 0.68 0.64 Average 0.71 0.56 056 

• Damping ratio below elastic threshold strain 
•• Wilh consideration of Dmin 



or normalized modulus curve at small to interme
diate strains. However, use of Masing behavior to 
construct hysteresis loops is questionable, espe
cially for cohesive soils. 

At small strains below the elastic threshold, the 
R-O-M model. cannot predict the small-strain 
damping ratio (Dmin) which exists for both dry 
sand and cohesive soils. The damping ratio pre
dicted by the R-O-M model should be modified to 
account for Dmio. 

At higher strains, with modification for Dmio , 

predicted damping ratios are usually overesti
mated by the R-O-M model. For dry sand, pre
dicted damping ratios match quite well with the 
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damping ratio measured for the first cycle in the TS 
test. However, the R-O-M model does not predict 
the decrease in damping ratio with increasing num
ber of cycles, even though the R-O parameters are 
determined at an eqUivalent number of cycles. For 
undisturbed cohesive soils, predicted damping ratios 
are much higher than measured ones, and some re
duction is needed for predicted damping ratios to 
match measured damping ratios. On the average, 
measured damping values were 71 percent, 56 per
cent, and 56 percent of the predicted values at 
shearing strains of 0.01 percent, 0.05 percent, and 
0.1 percent, respectively. However, these factors 
showed significant scatter amongst the various soils. 



92 



CHAPTER 9. APPLICATION TO THE EVALUATION OF RESILIENT 
MODULUS OF COMPACTED SUBGRADES 

9.1 INTRODUCTION 

In 1986, the American Association of State High
way and Transportation Officials (AASHTO) 
adopted the use of resilient modulus (MR) in the 
design of pavement structures. The AASHTO 
Guide specifies that, for roadbed soils, laboratory 
tests of resilient modulus should be performed on 
representative samples under stress and moisture 
conditions that simulate actual field conditions. 
However, experience gained in applying the cyclic 
triaxial test in geotechnical earthquake engineering 
has shown that significant inaccuracies can occur 
unless great care is exercised in evaluating the 
deformational characteristics of geotechnical mate
rials at small to intermediate strains, where resil
ient modulus testing is performed (Stokoe et aI, 
1990 and Pezo et aI, 1991). 

One aspect of this research has been to help 
develop an understanding of moduli measured 
during MR testing, especially at small strains, and 
to compare MR measurements with RCTS measure
ments. To accomplish this task, synthetic speci
mens were developed and tested. The synthetic 
specimens were made of a two-component ure
thane elastomer resin system as discussed in Sec
tion 4.3.2. These specimens represent three differ
ent stiffnesses [soft (TU-700), medium (TU-900), 
and hard (TU-960)], with stiffnesses ranging from 
that approximating a very soft sub grade to that ap
proximating a stiff, uncemented base. After testing 
with synthetic specimens, compacted subgrade 
soils were tested using MR and RCTS equipment, 
and moduli obtained from both tests were com
pared. The effect of plasticity index on normalized 
behavior (G/Gmax) of compacted subgrades was 
also investigated. 

9.2 MATERIAL PROPERTIES OF SYNTHETIC 
SPECIMENS 

Static compression, resonant column, and tor
sional shear tests were first used to evaluate the 
stiffness characteristics of the synthetic specimens. 
Before testing, each synthetic specimen was glued 
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to the base pedestal and top cap. This was done 
to eliminate (minimize) any compliance between 
the specimen and the top cap and bottom plate, 
and to achieve a fixed-free system. A 5-min. epoxy 
was used (i.e., one that was much stiffer than the 
synthetic specimen). The glue was allowed to cure 
overnight. 

Standard procedures followed in relating cyclic 
triaxial and resonant column results were also 
used to relate MR and RCTS results. For cyclic 
triaxial and RC results, Young's modulus, E, and 
axial strain, E a, are taken to be compatible with 
shear modulus, G, and shearing strain, y, (Silver 
and Park, 1975) through: 

(9.1) 

(9.2) 

where '\) is Poisson's ratio. In MR testing, E and 
MR are assumed equal. Therefore, MR is Simply in
serted in Equation 9.1 for E. In applying these 
equations, the material is assumed to be homoge
neous and isotropic. 

9.2. J Staric Maferial Properries 

Static measurements of Young's modulus and 
Poisson's ratio were determined by using the test 
setup shown in Figure 9.1. Axial loads were ap
plied by placing known weights concentrically on 
top of each synthetic specimen. A special top cap 
was used to align the weights concentrically. Prox
imitor probes and targets positioned near the 
middle of the specimen were used to measure the 
axial and radial deformations. These proximitors 
were the same micro-proximitors used in the TS 
test which are capable of measuring displacements 
to within an accuracy of 0.000005 in. (1.27 • 10-5 
cm). To ensure concentric loading, proximitors 
were located on opposite sides of the specimen, 
and their outputs had to exhibit deformations 
within 5 percent of each other for the measure
ments to be accepted. 
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b) Radial Strain Measurement 

Figure 9.1 Configuration of equipment used to perform static compression measurements 

By using the relationships given in Figure 9.1, 
axial and radial strains were determined. Static 
Young's modulus was then calculated from the 
axial stress and strain. Poisson's ratio, V, was de
termined from the ratio of radial strain to axial 
strain. 

The results of these tests are given in Table 9.1 
and Figure 9.2. Static values of Young's modulus at 
small strains for the soft, medium, and hard speci
mens are 1,670, 6,550, and 32,300 psi (11,515, 
45,162, and 222,708 kPa), respectively. Less than a 
2-percent decrease in modulus for the soft and 
medium specimens (TU-700 and TU-900) was 
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found, and less than a 4-percent decrease in 
modulus for the hard specimen (TU-960) also was 
found over the time for anyone test series (about 
12 min.) and strain ranges in the tests. The small 
decrease in modulus may be due to creep or non
linear behavior or both. However, the small de
crease is inconsequential for the cyclic MR testing, 
as will be discussed in the next sections. Average 
values of Poisson's ratio for the soft, medium, and 
hard specimens are 0.48, 0.50, and 0.47, respec
tively. These results show that the synthetic speci
mens behave fairly linearly at small static strains 
(axial strains less than about 0.3 percent). 



Table 9.1 Summary of Young's modulus and Poisson's ratio measurements performed statically 

Axial Axial 
Stress Strain 

O'a Ea 
Material (psi) (10-30/0) 

Soft 0.1 6.1 
CTU-700) 0.2 13.1 

0.3 20.1 
0.8 50.2 
1.4 81.0 
1.9 111.0 
2.4 142.0 
2.9 172.0 
3.4 204.0 
3.9 235.0 

Medium 0.2 3.5 
CTU-900) 0.7 11.3 

1.3 19.1 
1.8 26.9 
2.3 34.7 
2.8 42.6 
3.3 50.6 
3.8 58.5 
4.3 66.5 
4.8 74.5 
5.5 84.5 
6.1 94.2 
6.7 104.0 
7.3 114.0 

Stiff 0.5 1.6 
(TU-960) 1.0 3.1 

1.5 4.6 
2.0 6.2 
2.6 7.8 
3.1 9.4 
3.6 11.1 
4.1 12.7 
4.6 14.3 
5.2 16.3 
5.9 18.3 
6.5 20.3 
7.1 22.4 

9.2.2 Effect of Isotropic Confining 
Pressure 

Shear modulus was determined with RC and TS 
tests at several confining pressures, with Young's 
modulus E then derived from Equation 9.1. The in
fluence of isotropic confining pressure on small
strain Young's modulus for the three synthetic 
specimens is shown in Figure 9.3. All moduli mea
surements were performed at an equivalent axial 
strain of about 6.7· 10-4 percent after 50 min
utes at each pressure. Moduli corresponding to zero 

Radial Young's 
Strain Modulus Poisson's 

Er E Ratio 
(10-30/0) (psi) u 
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2.9 1,639 0.47 
6.3 1,679 0.48 
9.6 1,642 0.48 

24.1 1,673 0.48 
38.9 1,667 0.48 
53.3 1,676 0.48 
68.2 1,669 0.48 
82.6 1,674 0.48 
97.9 1,662 0.48 

112.8 1,660 0.48 
1.7 6,571 0.48 
5.5 6,549 0.49 
9.6 6,545 0.50 

13.5 6,543 0.50 
17.4 6,542 0.50 
21.3 6,526 0.50 
25.3 6,502 0.50 
29.3 6,496 0.50 
33.3 6,481 0.50 
37.3 6,470 0.50 
42.3 6,450 0.50 
47.1 6,454 0.50 
51.0 6,452 0.49 
55.9 6,439 0.49 
0.8 31,875 0.48 
1.5 32,903 0.47 
2.2 33,261 0.48 
3.0 32,903 0.48 
3.7 32,692 0.47 
4.4 32,553 0.47 
5.2 32,162 0.47 
6.0 32,126 0.47 
6.7 32,098 0.47 
7.7 32,025 0.47 
8.6 31,967 0.47 
9.5 31,921 0.47 

10.3 31,741 0.46 

confining pressure are denoted by the arrows on 
the modulus axis. Essentially the same moduli were 
measured at zero and all other confining pressures. 

Moduli determined at different confining pres
sures varied by less than 3 percent for each speci
men. On the basis of these results and similar re
sults obtained with the torsional shear method, the 
stiffnesses of the synthetic specimens were as
sumed to be independent of confining pressure, at 
least for pressures between 0 and 64 psi and for 
measurements performed at room temperature (-
74°F). 
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Figure 9.3 Variation in small-strain Young's 
modulus with isotropic confining 
pressure determined by resonant 
column tests 

9.2.3 Effect of Strain Amplitude 

RC tests were performed at shearing strain am
plitudes ranging from 0.0005 to 0.3 percent. Shear
ing strains were converted to equivalent axial 

96 

strains using Equation 9.2. Poisson's ratios deter
mined from static testing were used. Figure 9.4 
shows the RC test results performed at zero con
fIning pressure with the three specimens. As seen 
in the figure, the modulus is essentially constant 
over the range of strains tested. The small amount 
of creep and/or nonlinear behavior observed un
der static loading had no effect on the modulus 
measured dynamically. 
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Figure 9.4 Variation in Young's modulus 
with axial strain as determined 
by resonant column tests at zero 
confining pressure 

To obtain a perspective on how the strains 
used in these tests compare with those generated 
in MR testing, the range in strains in the MR test 
are presented in Figure 9.5 for materials with 
stiffnesses ranging from 1,000 to 100,000 psi 
(6895 to 689500 kPa). In this figure, a range in 
cyclic axial stress of 1 to 20 psi (6.9 to 137.9 kPa) 
has been used to calculate the strains. As can be 
seen, the strains used in resonant column testing 
of the medium and stiff urethane specimens com
pletely extend over the strain range generated by 
following the AASHTO T274-82 MR testing proce
dure. The strains used in resonant column testing 
of the soft urethane specimen extend over about 
half of the strain range in MR testing. Therefore, 
it is felt that the specimens have been evaluated 
over the proper strain range for comparison with 
MR testing. 

It is also interesting to see the wide range in 
strains generated in the MR test as the material 



changes from a stiff to a soft soil as shown in 
Figure 9.5. Strain is a key variable in predicrhig 
soil (subgrade) behavior, and one should expect 
a very stiff subgrade loaded with /lcr = 1 psi (6.89 
kPa) to behave essentially linearly if Ea < 0.001 
percent ,while a very soft subgrade will behave 
very nonlinearly under the same cyclic stress (be
cause the strain will be on the order of 20 to 50 
times greater). 
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Figure 9.S Comparison of axial strains gen
erated in MR test with those gen
erated in testing the synthetic spec
imens in the resonant column test 

9.2.4 Ellect 01 Loading Frequency 

Moduli determined by the resonant column and 
torsional shear tests at various loading frequencies 
and strain amplitudes are plotted in Figure 9.6. It is 
interesting to note that Young's modulus increases 
with increasing loading frequency but is indepen
dent of strain amplitude. Values of static Young's 
modulus are also shown in Figure 9.6. Static moduli 
are very close to the moduli determined at a load
ing frequency of 0.01 Hz. This comparison shows 
the consistency between Young's modulus derived 
from static measurements and from the torsional 
shear test, also suggesting that appropriate values of 
Poisson's ratio were measured. 

All moduli shov..'11 in Figure 9.6 are presented in 
a normalized fashion in Figure 9.7 by using the 
modulus of each specimen determined at 0.01 Hz 
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as the basis for normalization. The results show 
that the effect of frequency on modulus is essen
tially the same for each specimen. 

9.2.5 Effect of Temperature 

Only one specimen was tested at temperatures 
other than room temperature, 74°F, Moduli deter
mined for this specimen (TV 900, 2.0 in., 5.1 cm 
in diameter) at three temperatures, various loading 
frequencies, and four strain amplitudes are plotted 
in Figure 9.8. Average Young's moduli determined 
by the resonant column method for temperatures 
of 61°, 74°, and 85°F are 10,400, 9,770, and 8,720 
psi (71,708, 67,364, and 60,124 kPa), respectively. 
Ibis reflects about a 0.8-percent change in modu
lus for each degree (1°F) change. The resonant 
frequency of the test specimen for this temperature 
range varied from 29.5 to 32 Hz. The effect of 
temperature decreased with lower loading frequen
cies. At a loading frequency of 0.01 Hz the change 
in modulus was less than 0.2 percent per degree 
(1°F) change. These results provide a preliminary 
temperature correction factor that should be ap
plied when using synthetic specimens to evaluate 
MR equipment at temperatures other than 74°F, 
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Figure 9.6 Variation in Young's modulus with 
axial strain amplitude and loading 
frequency as detennined by 
torsional shear and resonant column 
tests at zero confining pressure 
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The rate at which the urethane specimens re
gain strength after being heated and then cooled 
has yet to be studied. Studies on polyurethane 
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have sho'wn the rate at which strength is regained 
will depend on the temperature, chemistry, and 
molecular structure. "When the synthetic specimen 
was heated to 85°F and then allowed to return to 
room temperature, after two days the modulus had 
only returned to 96 percent of its original strength. 
This observation suggests that exposing the speci
mens to significant temperature changes, especially 
after calibration, should be avoided. 

9.3 CALIBRA1"ION OF MR EQUIPMENT 

Like all other cyclic loading equipment, MR 
equipment requires careful calibration of all trans
ducers CLVDT's and load cell). In addition, calibra
tion of the complete system is advisable to achieve 
reliable results for stiff specimens or for small
strain measurements. Calibration of the individual 
transducers can be performed using standard pro
cedures, but calibration of the whole system re
quires more than routine procedures. To calibrate 
the entire MR system, the synthetic specimens of 
known stiffness properties were used. 

Claros et al (990) pointed out the necessity of 
changing the location of the L VDT used to record 
the axial deformation of the sample. At that time, 
an external LVDT attached to the loading piston as 
shown in Figure 9.9 was used. Use of an external 
L VDT created problems in detecting the deflection 
of the load cell and in detecting dynamic motions 
of the outer confining chamber . 

3. Top of Sn,,,,,innen 
Load Cell 

Specimen 

Figure 9.9 Sketch of initial setup, as used by 
Claros et al (1990), showing LVDT 
location and the four points at 
which dynamic motion 
measurements were made 



To study the dynamic motions and find the best 
location for monitoring axial deformations, relative 
movements of four points in the triaxial chamber 
were measured while performing MR tests on syn
thetic samples (Pezo et aI, 1991). Figure 9.9 shows 
the four points monitored in this inspection: the 
base and top of the triaxial chamber, the top of 
the specimen, and the external L VDT bracket. The 
relative movements were measured at different lev
els of deviator stress using micro-proximitors. This 
inspection revealed that: (1) the base of the 
triaxial chamber is a good reference point for 
these measurements because it moves the least at 
any level of deviator stress, and (2) that the better 
position for monitoring axial deformations is the 
top of the specimen rather than the external 
bracket. In addition, the decision was made to use 
two LVDT's located diametrically opposite at the 
top of the specimen. Each LVDT was supported by 
a steel bar attached to the base of the triaxial 
chamber. Modifications in the geometry of the top 
cap were also made to facilitate operation of the 
transducers. Figure 9.10 shows the final set-up of 
the triaxial cell. 

Once the final arrangement was selected, more 
testing with synthetic samples was performed. 
The new results, although closer to the moduli 
than those previously obtained by Claros et al 
(990), were not close enough. In particular, the 
values for TU-960 (the stiffest sample) were still 
lower by roughly 50 percent. It was decided to 
"glue" the specimen in the equipment. Hydro
stone paste was used as the glue to improve the 
contact between the specimen and the top and 
bottom platens. 

The three synthetic samples were retested after 
each one was grouted in the device. Various levels 

of deviator stress were applied under no confining 
pressure and a temperature of 70°F. The load du
ration and cycle duration were set at 0.1 seconds 
and 1.0 seconds, respectively, with an haversine 
waveform. Several repetitions were performed in 
order to gain a better statistical representation of 
the values. Finally, new MR values were obtained 
for the three synthetic samples which were very 
close to the values discussed in Section 9.2. Table 
9.2 shows the comparison of moduli of synthetic 
samples determined by resilient modulus and tor
sional testing. This comparison, along with the de
viation in resilient modulus obtained from not 
grouting the samples to the end platens, is illus
trated in Figure 9.11. The deviations in the moduli 
caused by not grouting the samples are significant 
for materials with resilient moduli greater than 
about 5000 psi (34475 kPa). 

Load Cell 

LVDT 

'Specimen 

Figure 9.10 Sketch of the final set-up of the 
triaxial chamber used in MR testing 

Table 9.2 Comparison of moduli of synthetic samples determined by resilient modulus and 
torsional testing techniques (from Pezo et ai, 1991) 

Resilient 
Modulus RC BeTS 

Synthetic lest Tests Deviation 
Samples Grouting MR(psi) E (psi) MR/E (%) 

TU-700 
NO 1,888 

2,220" 
0.850 - 15.00 

YES 2,252 1.014 + 1.40 

TJ.;-900 
NO 6,550 

8,921" 
0.734 - 2658 

YES 8,880 0.995 -0.45 

TU-960 
NO 22,410 

45,735" 
0.490 - 51.00 

YES 44,197 0.966 -3.40 

• All moduli adjusted to a frequency of 10 Hz. 
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Figure 9.11 Comparison of resilient modulus 
determined by MR and torsional 
testing systems showing the effect 
of grouting (from Pexo et ai, 1991) 

Once this calibration was completed, it was felt 
that there were no Significant discrepancies in the 
comparisons of the resilient modulus with the tor
sional testing techniques for the synthetic samples, 
and that the final arrangement of the MR testing 
equipment was capable of providing accurate mea
surements. It was very obvious that all measure
ments in the MR testing equipment are very sensi
tive to contacts between the specimen and end 
platens. Extreme care must be taken to eliminate 
any compliance in the specimen-platen contacts 
prior to testing. 

9.4 COMPARISON BETWEEN RCTS TESTS 
AND MR TEST 

Once the MR equipment was evaluated with the 
synthetic specimens and compliance problems were 
solved, a soil testing program of compacted sub
grade soils was initiated. The properties of com
pacted clay specimens are discussed in Chapter 4. To 
compare MR values determined with different testing 
equipment, companion specimens (two samples "'ith 
"identical" characteristics) were prepared so that they 
could be tested at the same time--one with MR 
equipment and the other with RCfS equipment. Each 
specimen was grouted to the top cap and base ped
estal using hydrostone paste. 

MR tests were performed by follOWing the proce
dures described in Appendix B, and RCTS tests 
were performed by following the test procedures 
for cohesive soil discussed in Section 6.4.1. To 
check the effect of frequency on stiffness, loading 
frequencies in the TS test were varied at shearing 
strain amplitudes of about 0.001 percent and 0.01 
percent. Loading frequencies of 0.05, 0.1, 0.5, 1, 5, 
and 10Hz were used. Isotropic confining pressures 

of 6, 4, and 2 psi (41.4, 27.6, and 13.8 kPa) were 
used in that order, and the comparison was made 
mainly at 6 psi (41.4 kPa). 

Typical results for MR testing on a compacted 
clay at 2 and 6 days after compaction are shown 
in Figure 9.12. The modulus generally decreases 
with increasing deviator stress and increasing axial 
strain. The influence of thixotropy on stiffness can 
be clearly seen. MR values increase significantly 
with sample age. This age effect should be consid
ered in the MR test, at least for cohesive soils, if 
consistent and repeatable results are desired. 
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Figure 9.12 Typical MR test results on a 
compacted subgrade soil at con
fining pressures of 6,4, and 2 psi 
(Pexo et ai, 1991) 

Typical variations in Young's modulus with 
equivalent axial strain determined by RC and TS 
tests are presented in Figure 9.13. Shear moduli 

100 



and shearing strains obtained from both tests are 
converted to the equivalent Young's moduli and 
axial strains using Equations. 9.1 and 9.2. At 
strain amplitudes below about 0.003 percent, 
moduli from the RC and TS tests are independent 
of strain amplitude, and moduli from the TS tests 
fall below the corresponding RC values at the 
same strain amplitude. This difference can be ex
plained by the difference in loading frequency 
between both tests. At strains above 0.003 per
cent, modulus decreases as strain amplitude in
creases in both tests. 
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Figure 9.13 Typical variation in Young's 
modulus with axial strain for a 
compacted subgrade as 
determined by resonant column 
and torsional shear tests 
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Moduli determined by the RC and TS tests at 
various loading frequencies are plotted at axial 
strain amplitudes of 0.00067 percent and 0.0067 
percent in Figure 9.14. Modulus increases linearly as 
a function of the logarithm of loading frequency. 

To determine the capability of the testing equip
ment, a comparison of results between MR and 
RCTS tests was made. To make this comparison, 
moduli obtained with the RC and TS tests were 
converted to equivalent resilient moduli using 
Equations 9.1 and 9.2. In addition, the moduli 
were finally adjusted to an excitation frequency of 
10 Hz, which is the primary loading frequency in 
the MR measurement. Figure 9.15 shows the typical 
variation in resilient modulus with axial strain as 
determined by the three different testing methods. 
Moduli obtained from the MR test overlap nicely 
with values from the RC and TS tests. 
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Figure 9.14 Typical variation in Young's 
modulus with frequency for a 
compacted subgrade as 
determined by resonant column 
and torsional shear tests 
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Figure 9.15 Comparison of MR values of 
compacted subgrade determined 
by RC, TS, and MR tests (Pezo et 
ai, 1991) 

Undisturbed samples of a IS-year-old com
pacted clay sub grade were obtained from a depth 
of about 7 ft C2.13 m) using a thin-walled sampler 
at the Granger, Texas, site. Two intact samples 
were extruded from one sample tube and tested 
using both MR and RCTS equipment. A comparison 
of MR values determined by the three different 



testing methods is shown in Figure Another 
encouraging overlapping of moduli can be seen. 
This overlapping of values provides sufficient evi
dence that a reliable system for measuring the 
elastic properties of subgrade materials has been 
developed. 
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Figure 9.16 Comparison of Ma values of 
undisturbed compacted subgrade 
determined by RC, 15, and Ma 
tests 

9.5 EFFECT OF PLASnCITY INDEX ON 
NORMALIZED BEHAVIOR OF 
COMPACTED SUBGRADE SOILS 

Various disturbed soils were gathered across 
Texas to investigate the resilient modulus of 
subgrade soils. The properties of these soils are 
presented in Table 4.6. Among the sixteen 
samples, ten compacted specimens exhibiting a 
wide range in the plasticity index (PI) were se
lected, These specimens were then tested using 
RCTS equipment. 

The PI represents the amount of water required 
to transform remolded soil from a semisolid to a 
liquid state (Lambe and Whitman, 1969), and it de
pends on the composition of the soil (size, shape 
and mineralogy of the soil particles, chemiStry of 
the pore water, etc.). Vucetic and Dobry (1991) in
vestigated the effect of PIon the location of the 
normalized modulus reduction curve, G/Grnax ver
sus log shearing strain, based on experimental data 
from 16 publications encompassing normally and 
slightly overconsolidated clays. They showed that 
the G/Gmax vs. log 1 curve tends to move towards 
increasing 1 as PI increases as shown in Figure 

9.17. Kokusho et al (982) demonstrated that even 
for large OCR's, the value of OCR has practically 
no effect on the position of the G/Gmax vs. log 1 
curve, as shown in Figure 9.18. 
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Figure 9.17 Variation in G/Gmax versus Log 1 
curve with plasticity index for 
normally and overconsolidated 
soils (from Vucetic and Dobry, 
1991) 
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Figure 9.18 Comparison of G/Gmax versus Log 
1 curves for three diHerent 
consolidation states (from Kokusho 
et all 1982) 

One of the advantages in the RCTS tests is that 
moduli can be measured from small strains (below 
the elastic threshold) to intermediate strains, where 
actual pavement systems are loaded by traffic. 
However, the MR test experiences difficulty in accu
rately measuring moduli at strains below about 0.01 
percent. Thus the feature of the normalized behav
ior in the small-strain region cannot be obtained, 
On the other hand, when one compares the RC and 
TS tests, the RC test can generate higher strains at 
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the same applied torque because of dynamic mag
nification. Therefore, the RC test was used to inves
tigate the normalized behavior of compacted 
subgrades over a wide range of strain amplitudes. 

The variation in normalized modulus reduction 
curves for the compacted sub grades is shown in 
Figure 9.19. The range of PI of the samples is 
from 4 percent to 52 percent. The curves show 
that the elastic threshold varies with PI. Soil #10 
(PI = 4 percent), which is the least plastic soil, ex
hibits nonlinear behavior at a strain amplitude of 
about 0.0006 percent, while Soil #12 (PI = 52 per
cent), the most plastic soil, exhibits linear behavior 
at strains up to 0.005 percent. These results show 
how the G/Gmax curve shifts towards increasing y 
as soil plasticity increases. Therefore, it can be 
concluded that PI of the soil is an important vari
able when studying the nonlinear behavior of 
compacted subgrade soils. 

To determine the influence of plasticity index 
on the elastic threshold strain, the Ramberg
Osgood curve fitting method was used. The elastic 
threshold strain is defined as the point when G/ 
Gmax is 0.98, and the associated values of yare 
tabulated in Table 9.3. The variation in elastic 
threshold strain with PI is shown in Figure 9.20. It 
can be seen that the elastic threshold increases 
with increasing PI. The elastic threshold strain 
ranges between 0.0011 percent and 0.0088 percent 
when PI varies from 4 percent to 53 percent. 

Values of G/Gmax at four different strain ampli
tudes, namely 0.005 percent, 0.01 percent, 0.05 

percent, and 0.1 percent, were also calculated 
from the Ramberg-Osgood curves. These values 
are plotted against the associated values of PI in 
Figure 9.21. The results show a consistent trend of 
G/Gmax with PI for a given strain amplitude. 
Therefore, once the small-strain modulus (Gmax) of 
compacted subgrades is obtained from field seis
mic tests, it is possible to predict the strain-depen
dent behavior of subgrades using the normalized 
curve at the given plasticity index. 
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Figure 9.19 Variation in normalized modulus 
reduction curves with plasticity 
index for compacted subgrade 
soils 

Table 9.3 Summary of elastic threshold strains and normalized shear modulus at different 
strain amplitudes for compacted subgrade sails 

Plasticity Elastic G/Gmax - E/Emax 
Sample Index Threshold 

ID (%) Type R C (%) y= 0.005% "(= 0.01% y- 0.05% ,,(=0.1% 

5 10 RC 2.3448 58,076 0.0016 0.921 0.839 0.528 0.394 

6 15 RC 2.4252 102,612 0.0020 0.935 0.859 0.542 0.402 

7 20 RC 2.6321 174,100 0.0058 0.984 0.954 0.710 0.547 

9 34 RC 2.5715 71,203 0.0070 0.988 0.966 0.767 0.612 

10 4 RC 2.3883 155,131 0.0011 0.878 0.769 0.437 0.317 
12 52 RC 2.5627 65.811 0.0070 0.988 0.966 0.768 0.614 

13 36 RC 2.3626 17,611 0.0045 0.977 0.945 0.732 0.589 
15 40 RC 2.4771 34,324 0.0062 0.985 0.962 0.765 0.616 

16 29 RC 2.482 49,534 0.0050 0.980 0.949 0.720 0.567 
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Figure 9.20 Variation in elastic threshold strain 
with plasticity index of compacted 
subgrade soils 

9.6 SUMMARY 

Synthetic specimens were constructed and cali
brated using axial compression, resonant column, 
and torsional shear testing techniques. Synthetic 
specimens can be considered to be linear, vis
coelastic material with stiffness characteristics inde
pendent of confining pressure, strain amplitude, 
and stress history. However, the stiffness of syn
thetic specimens is dependent on loading fre
quency and temperature. Therefore, values of 
Young's modulus used to calibrate MR equipment 
have to be selected at the appropriate frequency 
and temperature. 

A complete MR testing system was evaluated 
using the synthetic specimens. Compliance prob
lems were detected and modifications to the 
equipment and procedures were undertaken 
(Pezo, 1991). Two internal LVDT's were used to 

measure the axial deformation at the top of the 
specimen, and strong contact between the speci
men and top and bottom platens was found to be 
very important in order to measure accurate MR 
values, particularly at strains in the range of 0.01 
percent to 0.05 percent. Once the compliance 
problems were solved in MR testing, moduli ob
tained from both MR and torsional testing tech
niques agreed well for synthetic specimens as 
well as for compacted subgrades. 

The variation in normalized modulus reduction 
curves, G/Gmax vs. log y, of compacted sub grade 
soils was investigated. It was found that the nor
malized curve shifts to larger strains as soil plastic
ity increases. With the normalized behavior and 
small-strain modulus values obtained from field 
tests, strain dependent behavior of sub grades can 
be predicted at a given PI. 
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Figure 9.21 Variation in normalized modulus 
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CHAPTER 10. SUMMARY AND CONCLUSIONS 

10.1 SUMMARY 

The deformational characteristics of soils at 
small 00-5 to 10-3 percent) to intermediate 00-3 

to 10-1 percent) shearing strains have been investi
gated using resonant column/torsional shear 
(RCTS) equipment. Soils tested include dry sand, 
undisturbed silts and clays, and compacted clays. 
In addition, metal specimens and synthetic speci
mens have been developed to investigate the dy
namic characteristics of RCTS equipment and resil
ient modulus (MR) equipment, respectively. 

A key aspect of this work has been the accu
rate measurement of stress-strain loops at strains 
below 10-3 percent. To perform these measure
ments, a motion monitoring system in the tor
sional shear test was modified. The existing 3000 
proximitor system was replaced by a micro
proximitor system with enlarged target arms, 
which resulted in about 50 times higher resolution 
in motion monitoring. Four proximitor signals (in
stead of two) were measured, compared, and aver
aged with a Tektronix digital oscilloscope to as
sure that pure torsion of the system was generated 
and that any bending did not enter the measure
ment. A low-pass filter was used to eliminate high
frequency noise from the measurements. In addi
tion, a vibration isolation table was used to isolate 
the test equipment from ambient building noise. 
With this micro-proximitor system, shear modulus 
was measured at strains as low as 10-5 percent 
and hysteretic damping ratio was measured at 
strains as low as 6 • 10-5 percent. 

The effect of number of loading cycles on the 
deformational characteristics of soils was investi
gated over a wide range of shearing strains from 
10-4 to 10-1 percent. An elastic or proportional 
zone, where stress-strain loops are independent of 
number of loading cycles and strain amplitude, 
was defined for both dry sand and cohesive soils. 
A transitional zone from elastic to plastic be
havior was also studied. Elastic and cyclic thresh
old strains for various soils were defined and cor
related with confining pressure and plasticity 

index. Cyclic hardening of dry sand and cyclic 
degradation of cohesive soil were also quantified 
by the number of loading cycles at intermediate 
strains, strains above the elastic threshold. 

The effect of loading frequency on the 
deformational characteristics of dry sand and sev
eral cohesive soils was also investigated. Both 
resonant column and torsional shear tests were 
performed in a sequential series on the same 
specimen. Loading frequencies in the torsional 
shear tests were varied from 0.05 Hz to 10 Hz. In 
the resonant column test, deformational character
istics were obtained at the resonant frequency 
(which varied from about 30 Hz to 150 Hz). Metal 
calibration specimens were developed to evaluate 
the RCTS equipment over the range of frequencies 
used in testing soils. System compliance was thus 
accounted for in these tests. The effect of fre
quency was investigated at two shearing strain am
plitudes, 0.001 and 0.01 percent. In addition, the 
effect of frequency on shear modulus and damp
ing was correlated with plasticity index. 

The validity of the Ramberg-Osgood-Masing 
(R-O-M) model was evaluated at small to interme
diate strains by comparing predicted behavior with 
behavior measured in the cyclic torsional shear 
test. The Ramberg-Osgood equation fit the mea
sured backbone curves and normalized modulus 
reduction curves very well at small to intermediate 
strains. However, the use of Masing behavior to 
construct hysteresis loops did not reproduce mea
sured damping very welL 

To develop a reliable MR testing system, syn
thetic specimens were developed and calibrated by 
independent tests. Using specimens of known stiff
ness, we were able to detect compliance problems 
in MR testing equipment, and to then modify the 
equipment and procedures. After calibrating the 
MR equipment with synthetic specimens, com
pacted subgrade soils were tested using MR and 
RCTS equipment. Moduli obtained from both tests 
were compared, and the effect of plasticity index 
on the normalized behavior (G/Gmax or E/Emax) of 
compacted subgrade soils was investigated. 
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10.2 CONCLUSIONS 

J 0.2. J Evaluation of RCTS Equipment 
with Metal Specimens 

1. The shear modulus of metal specimens was stud
ied over loading frequencies between 0.05 and 
135 Hz with RCTS equipment. The shear modulus 
was found to be independent of loading fre
quency over this frequency range. This result 
agrees with the frequency-independent nature of 
metals found in the literature (Timoshenko and 
Gere, 1972). As a result, it was assumed that the 
shear modulus of soil can be measured over this 
range of frequencies with RCTS equipment with
out any system corrections. 

2. 'Below a loading frequency of 1 Hz, the hys
teretic damping ratio of metal specimens de
termined with RCTS equipment was zero as 
expected for metals. Above 1 Hz, however, 
damping ratios greater than zero were mea
sured because of system compliance. Damp
ing ratios of soils measured at frequencies 
above 1 Hz were corrected taking this compli
ance into account. 

J 0.2.2 Deformational Characteristics of 
Dry Sand and Cohesive Soils at 
Small Strains 

The deformational characteristics of dry sand 
and cohesive soil were investigated at strains be
tween 10-5 and 10-3 percent using cyclic torsional 
shear and resonant column tests. The following re
sults were found. 

l. For accurate measurement of stress-strain 
loops at strains below 10-3 percent, the mo
tion monitoring system in the torsional shear 
test had to be modified to incorporate micro
proximitors. With this new system, shear 
modulus was measured at strains as low as 
10-5 percent, and hysteretic damping was 
measured at strains as low as 6. 10-5 percent. 

2. For both dry sand and cohesive soil, an elas
tic threshold strain, "fte, was determined below 
which shear modulus measured in the cyclic 
torsional shear test is independent of number 
of loading cycles and strain amplitude. Hyster
etic damping exists below the elastic thresh
old and is independent of strain amplitude, 
even though the damping values are quite 
small (from 0.5 to 5.2 percent). 

3. For dry sand, the range of elastic threshold 
strains for shear modulus was between 0.0009 
and 0.0024 percent at confining pressures 
between 3 and 20 psi (20.7 and 137.9 kPa), 

respectively. For cohesive soil, the range of 
elastic threshold strains was between 0.002 
and 0.0084 percent at confining pressures be
tween 6 and 20 psi (41.3 and 137.9 kPa), re
spectively. At the same pressure, 'Yte is greater 
for cohesive soil than for dry sand. 

4. For both dry sand and cohesive soil, 'Yte in
creases as confining pressure increases. In ad
dition, 'Yte increases for cohesive soil as plas
ticity index increases. 

5. For all soils tested, the elastic threshold strains 
for shear modulus are almost the same as the 
elastic threshold strains for damping ratio. 

6. Grnax and Dmin for dry sand are independent of 
loading frequency. Gmax and Dmin for cohesive 
soil increase as loading frequency increases. 

J 0.2.3 Deformational Characteristics of 
Dry Sand and Cohesive Soils at 
Intermediate Strains 

The deformational characteristics of dry sand 
and cohesive soil were investigated at intermediate 
strains (from "fte to 10-1 percent) using cycliC tor
sional shear and resonant column tests. Cyclic test
ing was performed under drained loading condi
tions for the dry sand and under undrained 
loading conditions for the cohesive soils. At times 
bet~veen cyclic loading, all samples were allowed 
to drain. The following results were found. 
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1. For dry sand, a cyclic threshold strain, 'Yte , was 
determined above which shear modulus and 
damping ratio are affected by number of load
ing cycles. For cohesive soil, a cyclic thresh
old strain was also defined above which shear 
modulus is affected by number of loading 
cycles. However, material damping of cohe
sive soil exhibited no cyclic threshold over 
the strain range tested. 

2. For dry sand, the range of cyclic threshold 
strains for shear modulus was between 0.0035 
and 0.02 percent at confining pressures be
tween 3 and 20 psi (20.7 and 137.9 kPa), re
spectively. For cohesive soil, the range of cy
clic threshold strains for shear modulus was 
between 0.008 and 0.05 percent at confining 
pressures between 6 and 20 psi (41.3 and 
137.9 kPa), respectively. At the same pressure, 
the cyclic threshold for cohesive soil is greater 
than for dry sand. 

3. The strain range between 'Yte and 'Yl repre
sents a strain range where shear moduli and 
damping ratios are independent of number of 
loading cycles, but shear modulus decreases 
and damping ratio increases as strain ampli
tude increases. 



4. Above the cyclic threshold strain, dry sand ex
hibits an increase in modulus and a decrease 
in damping with increasing number of loading 
cycles. This behavior is termed cyclic harden
ing. Cohesive soil, on the other hand, exhibits 
a decrease in shear modulus with increasing 
number of loading cycles. This behavior is 
termed cyclic degradation. One interesting 
point is that material damping of cohesive soil 
is essentially independent of loading cycles at 
intermediate strains. 

5. The amount of cyclic hardening for dry sand 
and cyclic degradation for cohesive soil in
creases as strain amplitude increases and as 
confining pressure decreases. 

6. Once cyclic hardening is completed for dry 
sand, which occurs in less than 1000 cycles of 
loading during the resonant column test, the 
deformational characteristics become indepen
dent of number of loading cycles, and the 
moduli and damping ratios measured by both 
the RC and TS tests result in equivalent values. 

7. For both dry sand and cohesive soil, Y[c in
creases as confining pressure increases. In ad
dition, Yl increases for cohesive soil as plas
ticity index increases. 

8. For dry sand, both stiffness and damping ratio 
are independent of loading frequency, and 
values obtained from the TS tests are identical 
with values from the RC test, provided the ef
fect of number of loading cycles is considered 
in the comparison. 

9. For cohesive soil, shear moduli and damp
ing ratios obtained from TS and RC tests are 
different over the complete strain range. 
This difference results from the effect of 
loading frequency. 

10. The shear modulus of cohesive soil increases 
linearly as a function of the logarithm of load
ing frequency. The effect of frequency on 
shear modulus increases as the plasticity in
dex increases. The effect of frequency ranges 
from approximately 2.2 to 8.4 percent per log 
cycle of loading frequency as plasticity index 
varies from 7 to 52 percent, respectively. 
However, the effect of frequency does not be
gin to increase material damping until loading 
frequency exceeds about 2 Hz. No relation 
between the frequency effect and plasticity in
dex was observed for material damping. 

J 0.2.4 Evaluation of Ramberg-Osgood
Masing (R-O-MJ Model 

1. The Ramberg-Osgood (R-O) stress-strain equa
tion fits well the backbone curves and normal
ized modulus versus strain curves measured by 
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the RCTS tests on d!y sand and cohesive soil at 
small to intermediate strains. 

2. Below the elastic threshold strain, the R-O-M 
model does not predict the damping ratio 
(Dmin) which exists for both dry sand and co
hesive soils. Theoretical damping ratios pre
dicted by the model need to be modified by 
adding Dmin to obtain a reasonable fit in this 
strain region. 

3. On dry sand, the calculated damping ratio 
modified for Dmin matches the damping ratio 
measured in the first cycle in the TS test. 
However, the R-O-M model does not predict 
the decrease in damping ratio with number 
of cycles even though the R-O parameters 
were determined for an equivalent number 
of cycles. 

4. For cohesive soil, the calculated damping ratio 
modified with Dmin is much higher than the 
measured one. Measured damping values for 
various undisturbed soils are 71, 56, and 56 
percent of the predicted values, on the aver
age, at shearing strains of 0.01, 0.05, and 0.1 
percent, respectively. 

J 0.2.5 Evaluation of Resilient Modulus 
of Compacted Subgrades 

1. The stiffness of synthetic specimens is inde
pendent of confining pressure, strain ampli
tude, and stress history but depends on load
ing frequency and temperature. Therefore, 
values of Young's modulus used to calibrate 
MR equipment have to be selected at the ap
propriate frequency and temperature. 

2. Compliance problems with MR equipment 
were detected with the synthetic specimens. 
Modifications to the equipment and test pro
cedures were undertaken. Two internal 
LVDT's are now used to measure the axial de
formation at the top of the specimen. Strong 
bonds between the specimen and top and 
bottom platens were found to be important in 
order to measure accurate MR values, particu
larly at small strains with stiff soils. 

3. Once the compliance problems were solved in 
MR testing, moduli obtained from both MR and 
RCTS tests agreed well for synthetic speci
mens as well as for compacted subgrade soils. 

4. Normalized modulus versus strain curves 
move to increasing strains as the plasticity 
index (PI) of subgrade soils increases. This 
behavior results in the elastic threshold in
creasing with increasing PI of the subgrade 
soil. Elastic threshold strains ranged from 
0.0011 to 0.0088 percent when PI varied from 
4 to 53 percent. 
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APPENDIX A. DERIVATION OF WAVE EQUATION IN 
THE TORSIONAL RESONANT COLUMN TESTS 

The calculation of shear wave velocity and 
shear modulus in the resonant column test is 
based on the theory of elastic wave propagation. 
The idealized problem being analyzed is shown in 
Figure A.I. Soil specimen is excited in its first 
mode of torsional vibration, and the data reduction 
is made using measurements of the resonant fre
quency, the length of the soil specimen, and the 
values of the mass polar moments of inertia of the 
specimen, I, and drive system, 10 , 

The incremental angle of twist, de, along the in
cremental distance, dx, due to a torque, T, is: 

where 

Tdx 
de=-

G Jp 

G shear modulus of the rod and 

(A. I) 

J p = the area polar moment of inertia of 
cross-section of rod. 

The torque on the two faces of the element are 
T and T + CaT/ax) dx, as shown in Figure A.I. 
The net torque of the element becomes: 

:ECtorque)T = - T + ( T + ~: dx ) = : dx CA.2) 

Applying Newton's second law to the motion of 
the rod, we got 

aT dx = I a
2
e = pJ dx a

2
e 

ax at2 p at2 
CA.3) 

Substituting aT/ax from Equation A.I into Equa
tion A.3, we got 

CA.4) 

Using the relationship between shear wave 
velOcity, shear modulus, and mass density 
CG = p vs2), Equation A.4 reduces to: 
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CA.S) 

Equation A.5 is the wave equation in torsion for 
an elastic rod. 

Using the separation of variables, the general 
solution to Equation A.S is: 

e(x,t) = lA Sin~x + B cos~xJ' eirot (A.6) 
VS Vs 

where 

CD 

A and B 
the natural circular frequency, and 
constants which depend on the 
boundary condition of the elastic 
rod. 

The boundary conditions in the fixed-free tor
sional resonant column test are: 

0) the angular displacement at the fixed end is 
zero, e '" ° at x = 0, and 

(2) the torque at the free-end of the rod is equal 
and opposite to the inertia torque of the drive 
system, 

where 

(A. 7) 

mass polar moment of inertia of 
drive system, and 
the length of the rod. 

By substituting first boundary condition, it can 
be seen that B = 0. Thus, Equation A.6 becomes: 

CA.8) 

The second derivative with respect to time of 
the general solution at the end of the rod is: 



~ Torsional Excitation 

I 

Added Mass with 
Mass Polar Moment of 

'---'nema, 10 

Length, 
1 

x 

Soil Specimen, 

I 

T+ aT dx ax 

T 

Figure A.l Idealization of fixed-free resonant column specimen 

(A. 9) 

The torque at the end of the rod is: 

(ae., Aro (ro 11 ilOr 
TX"'l = GJp -a I = - GJp Cos - .1· e 

X Jx",l Vs Vs ) 
(A.IO) 

By substituting Equation A.9 and Equation A.IO 
into Equation A.7, which is the second boundary 
condition, and cancelling the common terms, one 
can get: 

(A. 11) 

By utilizing the relationship G = P vs2, one may 
obtain: 

(A. 12) 

After multiplying each side by length, I, and us
ing the relation I = P Jp 1, the following relation is 
found: 

rol (rol J . tan v 5 = ~ . tan ~ (A.13) 

where 

Equation A.13 is routinely used to calculate the 
shear wave velocity in the resonant column test. 
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APPENDIX B. RESILIENT MODULUS TEST 

B.1 TEST EQUIPMENT 

At The University of Texas, the resilient modu
lus testing equipment has been implemented fol
lowing the recommendations published by Strate
gic Highway Research Program (SHRP) Protocol 
P-46 (989). The characteristics of resilient modu
lus (MR) testing equipment are illustrated in the 
following paragraphs. 

The triaxial pressure chamber is used to contain 
the test specimen and the confining fluid during 
the test. The chamber is similar to most standard 
triaxial cells except that it is somewhat larger to 
facilitate the internally mounted load and deforma
tion measuring equipment, and has additional out
lets for the electrical leads from the transducers. 
Air is used to pressurize the chamber. 

An MTS closed-loop system was used to apply 
the cyclic loading by hydraulic system. The shape 
and amplitude of the cyclic loading waveform are 
set by the use of a function generator, with the 
loading function continuously monitored by an os
cilloscope and a plot strip chart. The load duration 
and cycle duration are set at 0.10 sec. and 1.0 sec., 
respectively, with an haversine loading waveform. 

Two LVDT's mounted inside the triaxial cham
ber diametrically opposite each other are used to 
monitor axial deformations. The calibration range 
of LVDT is 0.02 in. (0.051 cm). All measurements 
from L VDT's are referred to the base of the triaxial 
chamber and deformation measurements are based 
on the whole length of the specimen. Two LVDT 
signals are averaged to eliminate the bending and 
tilting effects of the specimen. 

A 100-pound (0.4 kN) load cell is used to moni
tor the actual deviator stress applied during the test
ing. The load cell is mounted inside the triaxial 
chamber and centered at the top of the soil sample. 
SHRP P-46 recommended the capacity of load cell 
as 100 lb. (0.4 kN), 600 lb. (2.67 kN), and 1200 lb. 
(5.34 kN) for sample diameter of 2.8 in. (7.1 cm), 
4.0 in. 00.2 cm), and 6.0 in. 05.2 em), respectively. 

A data acquisition system was developed to 
record the Signals emitted by the transducers. A 
data acquisition board was mounted inside an IBM 
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XT personal computer, and software was devel
oped for acquiring, plotting, storing, and comput
ing the MR values of the test samples. 

It should be mentioned that our MR testing 
equipment cannot measure accurately axial strains 
smaller than about 0.01 percent because of the 
limitation in resolution of the transducers installed 
and the compliance of the system itself. Generally, 
this is a factor common to all MR testing equip
ment: when the sample undergoes smaller strains, 
erratic MR values are calculated. Figure B.1 illus
trates the system developed and assembled at The 
University of Texas at Austin. 

B.2 METHOD OF ANALYSIS 

During the MR test, specimens are subjected to 
testing sequences that consist of the application of 
different repeated axial deviator stresses (ad) un
der different confining pressures (03)' Also during 
the test, the recoverable axial strain (ta) is deter
mined by measuring the resilient deformations of 
the sample across a known gauge length. 

Applying the deviator stress results in an imme
diate axial deformation followed by a plastic de
formation while the load is sustained, with a re
bound occurring once the load is removed. It is 
known that the rebound or resilient deformation 
remains approximately the same during the testing 
process or throughout a large number of applica
tions. The axial deviator stress is defined as the re
lation between the applied axial load (P) over the 
cross-sectional area of the sample (A): 

(B.D 

It is generally recommended that an internal 
load cell be used to offset the effect of friction on 
the loading piston. 

The measurement of deformation may be taken 
with external or internal LVDT's to the triaxial 
chamber. If an external LVDT is used, deformations 
from the load cell or loading system will be mea
sured and the results will have unacceptable error. 
To avoid this problem, it is usually recommended 



that the LVDT's be mounted inside the triaxial 
chamber. Axial strain is defined as the relation be
tween axial deformation (.1) over the gauge length 
(Lg) that such deformation is referring to: 

(B.2) 

The resilient modulus is then calculated as: 

(B.3) 

The standard test for "Resilient Modulus of 
Subgrade Soils~ was specified in 1982 by the 
American Association for State Highway and Trans
portation Officials (AASHTO T-274-82). The test 
method requires an evaluation of resilient moduli 
under a number of stress states for both cohesive 
and cohesionless soils. For cohesionless and cohe
sive soils, the resilient modulus is expressed by 
Equations B.4 and B.5, respectively: 

MR = K1 · eK2 

MR =Kl·~2 

Air Pressure 
Control Panel 

7 
~ ........... t-

O 0 000 - - - ...... 
o DOD 

,T, ,11 
o 0 

(B.4) 

(B.5) 

where 

K1 and K2 

e 

experimental constants determined 
from a set of test results, with rhe 
use of statistical regression tools, 
and 
the sum of principal stresses. 

1.3 TEST PROCEDURE 

In general, the resilient modulus tests were 
run in accordance with the SHRP Protocol P-46, 
which is a modification of the standard merhod 
of resting for resilient modulus of soils 
(AASHTO T -27 4). 

Initially, each specimen was grouted to the top 
cap and base pedestal using a hydrostone. It was 
shown with the synthetic samples in Chapter 9 
that strong contacts are important factors in evalu
ating resilient modulus. Use of hydrostone paste 
also has a beneficial result because the levelness 
of the top cap can be easily adjusted to accommo
date any unevenness in the ends. Two rubber 

Signal Conditioning 
Amplifier 

MTS Close 
Loop System 

C:SCillO!SCOpe I-_O_O_----:D~,....",...j 
ODD 0 0 

c::::::J = 
00 

...----'---, 0 0 
00 

Figure B.l Sketch of the MR testing system developed at The University of Texas at Austin 

112 



membranes were placed around each specimen to 
prevent moisture loss or air migration during the 
test. After the sample was installed and its ends 
secured, it was allowed to cure overnight to assure 
that the hydrostone reached its full strength and 
stiffness. 

Two MR testing procedures are recommended in 
SHRP Protocol P-46 depending on soil types: cohe
sive and granular soils. 

For cohesive soils, 200 load repetitions are ap
plied with a 4-psi (27.58-kPa) deviator stress un
der a 6-psi (41.37-kPa) confining pressure, which 
is a conditioning stage. The conditioning stage is 
used to eliminate the effects of interval between 
compaction and loading and to minimize the ef
fects of initially imperfect contact between the 
end platens and the test specimen. After this con
ditioning stage was completed, the testing se
quence illustrated in Table B.1 was followed. This 
testing sequence consisted of applying 100 repeti
tions at each one of the following deviator 

Confining 
Sequence Pressure 

No. (psi) 
1 6 
2 6 
3 6 
4 6 
5 6 
6 4 
7 4 
8 4 
9 4 
10 4 
11 2 
12 2 
13 2 
14 2 
15 2 

stresses: 2, 4, 6, 8, and 10 psi 03.79, 27.58, 
41.37, 55.16, and 68.95 kPa, in ascending order) 
and at confining pressures of 6, 4, and 2 psi 
(41.37, 27.58, and 13.79 kPa, in descending or
der). To report the MR values at different stress 
states, the strain values of the last five cycles of a 
particular testing sequence were recorded and av
eraged. In this way, MR values were computed 
for a given level of deviator stress and axial 
strain. Then, by using all testing data recorded, 
simple linear regressions were developed and 
used to express MR of the specimen in terms of 
deviator stress, as expressed in Equation B.5. 

For granular soils, 200 load repetitions are ap
plied with a IS-psi 003.43-kPa) deviator stress un
der a IS-psi 003.43-kPa) confining pressure in the 
conditioning stage. After the conditioning stage, 
testing sequences illustrated in Table B.2 are fol
lowed. If the total vertical strain (permanent defor
mation) exceeds 10 percent at any time, the test is 
stopped and the results reported. 

.Deviator 
Stress Number of 
(psi) Load Application 

2 100 
4 100 
6 100 
8 100 
10 100 
2 100 
4 100 
6 100 
8 100 
10 100 
2 100 
4 100 
6 100 
8 100 
10 100 

Table B.l Testing sequence for cohesive soil 
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Confmmg Devwor 
Sequence Pressure Stress Number of 

No. (psi) (psi) Load Application 
1 3 3 100 
2 3 6 100 
3 3 9 100 
4 5 5 100 
5 5 10 100 
6 5 15 100 
7 10 10 100 
8 10 20 100 
9 10 30 100 
10 15 10 100 
11 15 15 100 
12 15 30 100 
13 20 15 100 
14 20 20 100 
15 20 40 100 

Table B.2 Testing sequence for granular soil 
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APPENDIX C. FREQUENCY AND TEMPERATURE EFFECTS ON 
STIFFNESS OF ASPHALT CONCRETE 

'0
9 

-(/) 
0.. '0 S 

Cyclic 
Torsional 

c-
0 

4 

Sample 
Temp 
73 F 

85 F 
101 F 

Resonant SASW 
column In Situ 

• • 
• 

Frequency I Hz 

Figure C.l Variation in shear modulus of asphalt concrete with loading frequency at different 
temperatures 
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APPENDIX D. TEST DATA FOR EFFECT OF LOADING CYCLES 

Figure D.l Test data for dry sand 

Initial Void Ratio 
Sample Diameter 

Confining Pressure 

Strain 

(%) 

0.0008 

0.0016 

0.0043 

0.0072 

0.0115 

0.70 
2.0 inches 

3 psi 

ReTest 

G 

(kst) 

1160 
1110 

990 

893 

800 

TS Test - 10th Cycle 

Stnrin G 

(%) (kst) 

0.0007 1189 

0.0010 1160 

0.00"'.2 1108 

0.0049 999 
0.0071 904 

0.0130 690 

D 

(%) 
1 

1.9 

2.8 

4.2 

6.1 

D 
(%) 

1.2 

1.2 

1.9 

3.9 
6.2 

9.2 

TS Test - 1st Cycle 

Strain G D 

(%) (tst) (%) 
0.0007 1189 1.2 

0.0010 ll60 1.2 

0.0022 HOO 2.0 

0.0049 990 5.0 

0.0075 856 9.0 

0.01S0 600 15.8 

TS Test - after RC Test 

strain G D 

(%) (lest) (%) 

0.0022 1118 1.9 
0.0049 1009 3.3 
0.0071 910 4.6 

0.0125 787 6.6 
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Confining Pressure - 5 psi 

RC Test TS Test 6 1st Cycle 
Strain G D Strain G D 

(%) (ksf) (%) (%) (Jest) (%) 

0.0004 1510 0.9 0.0003 1547 0.9 

0.0009 1510 0.9 0.0005 1547 1.0 

0.0014 1470 0.9 0.0011 1502 1.0 

0.0023 1430 1.1 0.0022 1448 1.9 

0.0036 1330 1.6 0.0049 1321 3.4 

0.0063 1240 2.8 0.0066 1238 5.0 

0.0110 1110 3.6 0.0084 1229 7.1 

0.0150 1010 4.3 0.0140 987 11.7 

0.0211 927 5.7 0.0240 740 20.9 

TS Test - 10th Cycle TS Test - after RC Test 
strain G 0 Strain G D 

(%) (ksf) (%) (%) (ksf) (%) 

0.0003 1547 0.9 

0.0005 1547 l.0 

0.0011 1511 LO 
0.0022 1440 15 0.0022 1440 1.7 

0.0049 1315 25 0.0049 1315 2.3 

0.0065 12S5 35 0.0064 1271 2.8 

0.()Og5 1213 3.9 

0.0131 1054 6.6 0.0140 1099 4.9 

0.0209 850 ILl 0.0230 921 6.9 
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Confining Pressure - 10 psi 

Stmin 

(%) 
0.0004 

0.0007 

0.0012 

0.0021 

0.0035 

0.0058 

0.0094 

0.0140 

0.0210 

0.02SO 

RCTest 
G 

(ksf) 

2110 

2130 

2100 

2040 
2010 

1860 

1770 

1660 

1510 

13SO 

TS Test - 10th Cycle 
Strain G 

(%) (ksf) 

O.OOOS 2080 

0.0010 2080 

0.0020 2013 

0.0043 1925 

0.0067 1840 

0.0095 .751 

0.0119 1675 
0.0159 1601 

0.0219 1468 

0.0306 1323 

o 
(%) 

0.7 

0.7 

0.9 

1.0 

1.3 

2.0 

2.6 

3.1 

3.8 

4.6 

D 

(S) 

0.8 
0.8 

Ll 

1.8 

2.4 

3.2 

3.9 

4.7 

6.0 

7.5 
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Strain 

(%) 

0.0005 

0.0010 

0.0020 

0.0043 

0.0067 

0.0095 

0.0120 

0.0160 

0.0230 

0.0320 

TS Test - 1 st Cycle 
G 

(ksf) 

2080 

20SO 

2013 

1913 

1833 

1744 

1659 

1586 

1397 

1267 

. 

D 
(%) 

0.8 

0.8 

1.2 

2.5 

3.3 

4.6 

5.4 

6.3 

9.5 

10.6 

TS Test - after RC Test 
Strain G D 

(I) (ksf) (") 

0.006S 1875. 2.5 

0.0093 1777 2.9 

0.0156 1631 3.3 

0.0218 1474 4.4 

0.0303 1337 5.7 



Confining Pressure 20 psi 

RC Test TS Test - 1 st Cycle 
Strain G D Strain G D 

(%) (ksf) (%) (%) (ksf) (%) 

0.0003 2930 0.6 0.0003 2906 0.8 

0.0006 2920 0.6 0.0006 2906 0.8 

0.0012 2900 0.8 0.0010 2897 0.8 

0.0020 2880 0.9 0.0020 2837 0.9 

0.0034 2800 1.0 0.0044 2753 1.8 

0.OOS7 2710 1.3 0.0061 2719 2.5 

0.0093 2550 1.7 0.0097 2567 3.5 

0.0153 2420 2.5 0.0130 2491 4.1 

0.0235 2230 3.1 0.0170 2408 5.0 

0.0383 1880 4.1 0.0230 2235 7.1 

TS Test - 10th Cycle TS Test - after RC Test 
Strain G D Stmin G D 

(%) (ksf) (%) (%) (k:sf) (%) 
0.0003 2906 0.8 

0.0006 2906 0.7 

0.0010 2893 0.8 

0.0020 2859 0.9 

0.0044 2769 1.3 0.0044 2780 13 

0.0061 27(J7 1.6 0.0061 2710 1.5 

0.0096 2597 2.2 0.0094 2637 1.9 

0.0130 2516 2.7 0.0128 2526 2.4 

0.0170 2429 3.3 

0.0222 2318 4.1 0.0225 2289 3.0 
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Figure D.2 Test data for undisturbed soil 

Sample ID: BBC Confining Pressure 7 psi 

RCTest TS Test - 1st Cycle TS Test - 10th Cycle 

Strain G D Strain G D Strain G D 
(%) (bt) (%) (%) (kst) ($) ($) (lest) (%) 

0.0024 420 2.6 0.0005 367 1.6 0.0005 367 1.6 
0.0046 415 2.6 0.001 367 1.7 0.0010 367 1.7 
0.0083 404 3.0 0.002 366 1.7 0.0020 366 1.6 
0.0146 376 3.4 0.0042 361 1.7 0.0042 361 1.7 

0.0086 354 1.9 0.0087 351 1.9 
0.0185 328 2.9 0.0188 322 2.4 
0.033 294 4.3 0.0343 283 3.9 

Sample ID: BBC Confining Pressure 15 psi 

RCTest TS Test - 1st Cvcle TS Test - 10th Cycle 
Strain G D Strain G D Strain G D 
(%) (kat) (%) (%) (kat) (%) (%) (lest) (%) 

0.0008 638 1.8 0.0003 589 1.5 0.0003 589 1.1 
0.0004 638 L8 0.0006 592 1.6 0.0006 592 1.6 
0.0016 637 1.9 0.0010 . 598 2.0 0.0010 598 1.7 
0.0031 643 2.4 0.0020 595 1.8 0.0020 595 1.7 
0.0059 640 2.5 0.0040 595 2.0 0.0040 597 1.8 
O.otl3 608 2.6 0.0083 585 2.2 0.0083 583 2.0 
0.0197 566 2.5 0.0170 554 3.1 0.0172 546 2.7 
0.0344 498 3.1 0.0430 473 5.7 0.0449 453 4.9 
0.0596 415 4.8 0.0730 396 8.2 0.0807 358 7.9 



Sample ID: nBC Confining Pressure 30 psi 

ReTest TS Tesl - 1st Cycle TS Test - 10th Cycle 
Strain G D Strain 0 D Stl1lin G D 
(%) (ut) (%) (%) (Jest) (%) (%) (lest) (%) 

0.0006 t010 2.2 0.0004 1032 1.7 0.0004 1036 1.7 
0.0011 1090 2.2 0.0008 1040 1.6 0.0008 1038 1.6 
0.0022 1090 2.1 0.0012 1030 1.7 0.0012 1031 1.7 
0.0043 1090 2.4 0.0023 1031 1.7 0.0023 1037 1.5 
0.0083 1060 2.1 0.0048 lOll 1.7 0.0048 lOll 1.6 
0.0149 U120 2.4 0.0097 1016 1.9 0.0097 1012 1.8 
0.0179 1000 2.6 0.0200 959 2.5 0.0203 945 2.4 
0.0303 907 4.8 0.0390 871 4.4 0.0406 836 3.9 
0.0516 754 5.7 0.0610 7M 6.6 0.0650 713 6.0 

Sample 10: BBC Confining Pressure 60 psi 

ReTest TS Test - lst Cycle TS Test - 10th Cycle 
Strain G 0 Strain G D Stl1lin G D 

(%) (ut) (%) (%) (ut) (%) (%) (bf) (%) 
0.0008 1790 1.9 0.0005 1666 1.4 0.0005 1668 15 
0.0015 1780 2.1 0.0010 1668 1.4 0.0010 1668 1.4 
0.0030 1780 1.7 0.0020 .1670 1.5 0.0020 1670 1.4 
0.0059 1780 2.1 0.0040 1671 1.6 0.0040 1671 1.5 
0.0110 1730 2.2 0.0080 1663 1.8 0.0080 1658 1.6 
0.0199 1650 2.3 0.0170 1604 2.4 0.0171 1590 2.1 
0.0317 1530 3.3 0.0350 1467 4.0 0.0362 1420 3.2 
0.0510 1310 5.0 



Sample ID: GL-l Confining Pressure 12 psi 

RCTest TS Test - 1st Cycle TS Test - 10th Cycle 
Shain G D Straio G D Stnio G D 
(%) (kst) (%) (%) (kst) (%) (%) (of) (%) 

0.0005 1330 4.0 0.0005 1271 l.J 0.0005 1287 1.4 
0.0011 1330 4.2 0.0010 1287 1.4 0.0010 1287 1.4 
0.0021 1310 4.2 0.0020 1256 1.5 0.0020 1256 1.6 
0.0041 1270 4.5 0.0041 12]0 1.6 0.0041 1216 1.6 
0.0078 1150 5.4 0.0064 1197 1.8 0.0064 1188 1.9 
0.0148 970 7.0 0.0087 1168 2.2 0.0090 1132 2.3 
0.0279 785 9.0 0.0100 1118 2.6 0.0102 1095 2.7 
0.0600 541 10.9 0.0160 10]1 304 0.0168 984 3.7 

0.0290 886 5.4 0.0]10 829 5.6 
0.0460 748 6.9 0.0503 684 7.5 
0.0720 596 9.0 0.0807 532 9.5 

Sample ID: GL-2 Confining Pressure = 12 psi 

ReTest TS Test - I sl Cycle TS Test - 10th Cycle 
Stnio G D Strain G 0 Stnio G D 
(%) (kst) (%) (%) (kst) (%) (%) (ksf) (%) 

0.0008 199 4.4 0.0005 136 1.6 0.0005 736 1.6 
0.0010 795 4.4 0.0010 736 1.6 0.0010 736 1.6 
0.0020 805 4.4 0.0022 731 1.7 0.0022 732 1.6 
0.0035 799 4.1 0.0046 724 1.8 0.0046 721 1.8 
0.0069 764 4.5 0.0071 708 2.0 0.0071 704 2.0 
0.0099 745 5.4 0.0098 694 2.2 0.0099 690 2.2 
0.0130 689 5.5 0.0140 658 2.6 0.0140 657 2.7 
0.0200 642 5.8 0.0240 615 ].6 0.0249 59] 3.8 
0.0240 580 8.1 0.0]90 546 4.8 0.0411 518 5.0 
0.0360 468 9.2 0.0650 459 6.7 0.0699 427 6.8 
0.0590 ]95 10.5 0.0990 ]83 8.1 0.1077 ]52 8.9 
0.0810 ]56 11.1 



Sample ID: GL-3 Confining Pressure 18 psi 

ReTest TS Tesl· lsi Cycle TS Tesl - 10th Cycle 
Strain G D Strain 0 D Strain G 0 
(%) (ksf) (%) (%) (kst) (%) (%) (kst) (%) 

0.0005 1330 1.9 0.0007 1202 1.4 0.0007 1205 1.2 
0.0010 1330 1.9 0.0010 1207 1.2 0.0010 1205 1.2 
0.0018 1330 1.8 0.0020 1200 1.3 0.0020 1199 1.2 
0.0035 1280 2.4 0.0041 1182 1.3 0.0041 1178 1.4 
0.0062 1230 2.6 0.0062 1155 1.6 0.0062 1149 1.6 
0.0108 1130 3.5 0.0086 1117 2.0 0.0087 1107 2.1 
0.0178 971 5.4 0.0100 1101 2.3 0.0102 1077 2.S 

0.0210 943 4.9 0.0223 888 4.9 
0.0400 77S 7.9 0.0441 703 7.9 
0.0660 620 9.5 0.0724 S6S 10.1 

Sample lD: GL-4 Confining Pressure 12 psi 

RCTest TS Test - lsi Cycle TS Tesl - 10th Cycle 
Shain G D Strain G D Stmin G 0 
(I) (kst) (%) (%) (kst) (I) (%) (ksf) (%) 

0.0005 1410 1.8 0.0006 1429 1.1 0.0006 1433 1.1 
0.0008 1410 1.8 0.0010 1421 1.1 0.0010 1426 1.1 
O.OOIS 1420 2.0 0.0018 1403 1.4 0.0018 1397 1.4 
0.0028 13S7 2.1 0.0039 1331 2.3 0.0039 1316 2.0 
0.0049 1264 3.6 0.0061 1268 2.9 0.0062 1243 2.7 
0.0086 1 III 4.9 0.0100 IIS6 3.8 0.0103 1123 3.8 
0.01S1 948 6.4 0.0230 948 7.S 0.0239 913 6.4 
0.0288 764 9.0 0.0380 802 9.0 0.0400 761 8.2 



Sample ID: 11-1 Confining Pressure 18 psi 

RCTest 1'8 Test - 1 sl Cycle TS Test· 10th Cycle 
SbBin G D Strain G D Strain G D 
(%) (bit) (%) (%) (kst) (%) (%) (lest) (%) 

0.0008 141 2.8 0.0006 680 1.6 0.0006 680 1.6 
0.0015 734 2.8 0.0010 681 1.7 0.0010 681 1.7 
0.0030 741 2.7 0.0018 681 1.7 0.0018 681 1.7 
0.0058 721 2.8 0.0037 678 1.7 0.0037 678 1.7 
0.0107 =701 3.0 0.0075 666 2.0 0.0075 666 1.9 
0.0191 650 3.7 0.0100 656 2.2 0.0100 653 2.1 
0.03]0 572 5.0 0.0200 622 2.9 0.0204 611 2.9 
0.0561 485 6,3 0.0490 523 5.4 0.0507 505 5.2 
0.0920 393 8.6 0.0730 467 6,7 0.0768 444 6.7 

0.1030 413 8.0 0.1096 388 8.1 

Sample ID: 11-2 Confining Pressure 20 psi 

RCTest TS Test - lSI Cycle TS Test - IOtb Cycle 
SbBin G D Strain G D Stnlin G D 
(%) (lesl) (%) (%) (lesl) (%) (ti) (lest) (%) 

0.0011 988 2.S 0.0004 9S5 1.1 0.0004 9SS J.I 
0.0021 981 2.6 0.0009 955 1.2 0.0009 955 1.2 

0.0041 961 2.8 0.0010 9S5 1.2 0.0010 955 1.2 
0.0072 922 2.9 0.0020 953 1.3 0.0020 953 1.3 
0.0133 866 3.5 0.0040 941 1.5 OJ)040 941 1.4 
0.0238 778 4.5 0.0065 929 1.6 0.0065 923 1.6 
0.0440 664 5.9 0.0100 902 2.0 0.0101 894 1.9 
0.0879 50s 8.5 0.0250 80S 3.5 0.0250 804 3.3 

0.0380 747 4.5 0.0392 725 4,2 
0.0620 655 6.1 0.0645 630 5.7 
0.0870 587 7.2 0.0910 561 6.9 



Sample ID: TI-3 Confining Pressure 14 psi 

RCTesl T8 Test - 1st Cycle TS Test - 10th Cycle 
Shain 0 D Strain G D Strain G D 
($) (bt) (%) (%) (bf) (%) (%) (of) (%) 

0.0008 2600 S.2 0.0006 2450 1.4 0.0006 2450 I.l 
0.0014 2510 5.4 OJ)OIO 2450 1.5 0.0010 2450 1.6 
0.0029 2S40 5.4 0.0027 2400 1.6 0.0027 2400 1.1 
0.0058 2]]0 5.9 0.0041 2]00 1.9 0.0047 2]00 1.9 
0.01 11 2220 65 0.0017 218] 2.2 0.0078 2150 2.] 
0.02]1 1840 8.4 0.0100 2088 2.6 0.0102 2045 2.5 
0.0486 I1SO 115 0.02]0 184] 4.4 0.0241 1160 4.2 

0.0120 1694 4.8 0.0]]9 1600 5.2 

Sample ID: TI-4 Confining Pressure 19 psi 

RCTest TS Test - 1st Cycle TS Tesl - LOth Cycle 
Shain G D Strain G D Strain G D 
(%) (bf) (%) ($) (bf) (%) (%) (of) (%) 

0.00054 1310 2.1 0.00033 1240 1.2 0.0003 1240 I.l 
0.00101 1110 2.] 0.00068 1240 1.2 0.0007 1240 1.2 
0.00199 1290 2,4 0.001 12]6 1.4 0.0010 12]6 I.l 
0.00]15 1280 2.4 0.002 12]5 I.l 0.0020 12]5 I.l 
0.00701 1280 2.5 0.0041 123] I.l 0.0041 1233 1.4 

0.0128 1210 2.9 0.0069 1224 1.4 0.0069 1224 1.4 
0.0211 1120 ].1 0.0098 1205 1.5 0.0099 1198 1.6 
0.0156 1020 4.8 0.02 1124 2.5 0.020] 1106 2.5 
0.0649 8]5 6.9 0.0]1 1041 ].5 0.0]81 1010 ],7 

0.054 951 4.8 0.0564 910 4.9 



Sample ID; GR-t Confining Pressure '" 20 psi 

ReTest TS Test - 1st Cycle TS Test - 10th Cycle 
Strain G D SlnIin 0 D Strain 0 D 
(%) (bl) (%) (%) (bt) (%) (~) (lest) (%) 

0.0012 813 3.7 0.0006 714 1.6 0.0006 714 1.6 
0.0023 813 3.6 0.0012 114 1.6 0.0012 114 1.6 
0,0047 812 1.9 0.0023 774 1.6 0.0023 774 1.6 
0.0091 191 4.1 0.0047 767 1.7 0.0047 767 1.7 
0.0174 7S2 4.4 0.0071 761 1.8 0.0071 761 1.8 
0.0328 681 4.7 0.0100 7S6 1.8 0.0100 7S6 1.8 
0.0601 583 5.9 0.0200 724 2.3 0.0202 718 2.2 
0.1010 506 6.8 0.0130 684 2.7 0.0333 677 2.6 

O.OSOO 633 3.2 0.0510 621 3.2 
0.0700 589 3.7 0.0721 572 3.8 
0.1000 S27 4.5 505 4.8 
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APPENDIX E. TEST DATA FOR EFFECT OF LOADING FREQUENCY 

Figure E.l Frequency effect on undisturbed soils 

Sample ID: BBC Coni. Pressure = 15 psi 

Y= 0.002% 1=0.017% 
Frequency G D G D 

(Hz) (kst) (%) (kst) (%) 
0.05 567 2.4 518 3.6 
0.1 578 2.2 530 3.2 
0.5 595 1.8 554 3.1 
1 

i 

607 l.8 564 2.6 
5 615 2.0 580 2.4 

43.5 643 2.4 566 2.5 

Sample ID: BBC Coni. Pressure 30 psi 

1=0.002% ),==0.017% 
Frequency G D G D 

(Hz) (kst) (%) (lest) (%) 
0.05 989 2.3 896 3.4 
0.1 1004 1.9 917 3.0 
0.5 1032 1.7 961 2.5 
1 1044 1.7 971 Z.4 
5 1063 1.7 1003 2.3 

55 1090 2.1 1000 2.4 

Sample ID: BBC Conf. Pressure 60 psi 

,,(=0.002% ,,(=0.017% 
Frequency G D G D 

(Hz) (kst) (%) (ksf) (%) 
0.05 1610 2.1 1520 2.9 
0.1 1630 1.8 1540 2.5 
0.5 1670 1.5 1600 2.4 
1 1690 1.6 1630 2.0 
5 1730 1.6 1670 1.9 

70 1780 1.9 1680 2.3 
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Sample ID: BEC Conf. Pressure - 50 psi (Unloading) 

),=0.002% ,,(=0.017% 
Frequency G D G D 

(Hz) (lesf) (%) (lesf) (%) 
0.05 2608 1.4 2521 1.7 
0.1 2650 1.2 2544 1.5 
0.5 2701 1.1 2608 1.5 
1 2717 1.2 2629 1.6 
5 2766 1.2 2691 1.5 

87 2890 1.5 2770 2.0 

Sample ID: BBC Conf. Pressure - 25 psi (Unloading) 

y=0.002% 1= 0.017% 
Frequency G D G D 

(Hz) (ksf) (%) (ksf) (%) 
0.05 2701 1.7 2523 2 
0.1 2732 1.4 
0.5 2795 1.2 2550 1.82 
1 2815 1.2 
5 2867 1.2 2722 2.43 

87 2960 1.6 2770 1.6 

Sample ID: GL 1 Conf. Pressure 6 psi 

,,(=0.001% ",(=0.01% 
Frequency G D G D 

(Hz) (lesf) (%) (lesf) (%) 
0.05 853 1.8 723 3.2 
0.1 881 1.7 741 2.9 
0.5 899 1.7 778 2.9 
1 893 1.5 766 3.1 
2 782 3.4 
5 931 2.3 795 3.5 

55 993 4.9 767 7.0 

Sample ID: GL 1 Conf. Pressure 12 psi 

)'=0.001% y=0.01% 
Frequency G D G D 

(Hz) (ksf) (%) (ksf) (%) 
0.05 1237 1.7 1032 3.1 
0.1 1236 1.4 1055 2.8 
0.5 1287 1.4 1118 2.6 
1 1293 1.4 1088 2.9 
5 1307 1.8 1126 3.1 

65 1400 4.4 1150 5.4 
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Sample ID: GL 2 Coni. Pressure 12 psi 

I 
1'=0.001% "(= 0.01 % 

Frequency G D G D 
(Hz) (ksf) (%) (ksf) (%) 
0.05 703 1.4 647 2.4 
0.1 717 1.5 667 2.1 
0.5 736 .' 1.6 694 2.2 
1 744 1.9 697 2.5 
5 765 2.3 718 2.9 

45 799 4.1 702 5A 

Sample ID: GL 3 Conf. Pressure = 18 psi 

I 
,,(=0.001% ,,(=0.01% 

frequency I G D G D 
(Hz) (lesO (~ (ksfl ~~l 
0.05 1140 1.3 1022 3.0 
0.1 1175 1.2 1034 2.7 
0.5 1207 1.2 1101 2.3 
1 1194 1.5 1082 2.7 
5 1238 1.5 1112 2.6 

61 1330 1.9 1113 3.5 

Sample ID: GL 3 Coni. Pressure 36 psi 

1'=0,001% f 1'=0.01% 
Frequency G D G D 

(Hz) (ksf) ('If,) I (ksf) (%) 

0.05 1686 1.1 1533 2.1 
0.1 1692 1.0 1561 2.0 
0.5 1738 1.0 1626 2.0 
I 1733 1.2 1615 2.0 
5 1787 1.3 1653 2.0 
70 1830 2.1 1500 3.9 

Sample ID: GL 4 Co of. Pressure 12 psi 

1'=0.001% 1=0.01% 
Frequency G D G D 

(Hz) (ksf) (%) (ksf) (%) 

0.05 1371 1.6 1091 4.5 
0.1 1393 1.3 1094 4.2 
0.5 1421 1.1 1156 3.8 
1 1414 1.3 1125 3.8 
2 1442 1.4 
5 1449 1.4 1154 3.8 

62 1470 1.8 1110 4.9 
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Sample ID: GL 4 Conf. Pressure = 24 psi 

1=0.001% 1= 0.01 % 
Frequency G D G D 

(Hz) (ksf) (%) lksf) (%) 
0.05 2051 1.3 1720 3.8 
0.1 2054 1.1 1750 3.5 
0.5 2118 1.1 1806 3.8 
1 2121 1.2 1785 3.1 
5 2171 1.2 1840 2.9 

62 2180 2.1 

Sample ID: GL 4 Conf. Pressure '"' 48 psi 

y= 0.001 % y=O.Ol% 
Frequency G D G D 

(Hz) (ksf) (%J (ksf) (%) 

0.05 3234 1.2 2757 3.0 
0.1 3265 1.0 2798 2.8 
0.5 3347 1.0 2894 2.5 
1 3328 1.1 2879 2.6 
5 3378 1.1 2941 2.6 

92 3410 1.9 3.6 

Sample ID: TI 1 Conf. Pressure 18 psi 

1=0.001% 1=0.01% 
Frequency G D G D 

(Hz) (ksf) (%) (ksf) (%) 
0.05 655 1.9 621 2.5 
0.1 659 1.9 632 2.3 
0.5 681 1.7 656 2.2 
1 698 1.6 662 2.1 
2 701 1.7 
5 677 2.0 

44 734 2.8 701 3.0 

Sample ID: TI 2 Conf. Pressure = 20 psi 

,),=0.001% ,),=0.01% 
Frequency G D G D 

(Hz) (ksf) (%) (kst) (%) 
0.05 920 1.3 855 2.2 
0.1 940 1.0 873 2.0 
0.5 961 1.2 902 2.0 
1 977 1.2 903 2.0 
5 925 2.0 
10 940 2.2 
53 988 2.6 866 3.5 
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Sample ID: TI 3 Conf. Pressure 14 psi 

1=0.001% 1=0.01% 
Frequency G D G D 

(Hz) (lest) (%) (lest) (%) 
0.05 2375 1.3 2002 2.6 
0.1 2380 1.2 2011 2.6 
0.5 2450 1.5 2088 2.6 
1 2465 1.5 2083 2.8 
5 2524 2.1 2161 3.4 
10 2181 3.7 
85 2600 4.6 2220 6.5 

Sample ID: TI 3 Conf. Pressure 56 psi 

,,(=0.001% y=O.OI% 
Frequency G D G D 

(Hz) (lest) (%) (lest) (%) 
0.05 3060 1.0 2678 2.1 
0.1 3083 1.1 2680 2.1 
0.5 3097 1.4 2808 2.1 
1 3175 1.5 2796 2.4 
5 3260 2.1 2881 2.9 
10 3298 2.4 2923 3.3 
97 3450 5.3 3140 6.0 

Sample ID: TI 4 Conf. Pressure 19 psi 

,,(=O'(X)1 % ,,(=0.01% 
Frequency G D G D 

(lg) (lest) (%) (lest) (%) 
0.05 1190 1.1 1145 1.7 
0.1 1203 1.1 1169 1.6 
0.5 1236 1.4 1205 1.5 
1 1252 1.3 1209 1.7 
5 1285 1.5 1245 1.8 
10 1260 1.8 
60 1330 1.9 2.9 

Sample ID: TI 4 Conf. Pressure 75 psi 

,,(=O'(X)1 % ,,(=0.01% 
Frequency G D G D 

(Hz) (lest) (%) (lest) (%) 

0.05 1758 1.3 1740 1.5 
0.1 1782 1.2 1750 1.5 
0.5 1817 1.4 1783 1.5 
1 1836 1.3 1864 1.5 
5 1875 1.3 1891 1.4 
10 1905 1.4 
72 1990 2.10 1950 2.1 
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Figure E.2 Frequency eHect on compacted subgrades 

Sample ID; Sample #2 (OMC) PI 36 % 

y=0.001% y=0.01% 
Frequency G D G D 

(Hz) (ksf) (%) (ksO (%) 
0.1 1542 2.0 1519 2.3 
0.5 1601 2.2 1578 2.4 
1 1618 2.4 1603 2.7 
5 1700 2.7 1689 2.9 

43 1810 4.3 1750 4.9 

Sample ID: Sample #2 (WET) PI 36 % 

y=0.001% ')'= 0.01 % 
Frequency G D G D 

(Hz) (ksf) (%) (ksf) (%) 
0.1 378 2.7 343 3.7 
05 392 2.7 366 3.6 
1 407 2.8 372 3.8 
5 425 3.6 

21 435 5.5 402 5.8 

Sample ID: Sample #2 (DRY) PI 36 % 

,),=0.001% ,),=0.01% 
Frequency G D G D 

(Hz) (ksf) (%) (ksO (%) 
0.05 1713 2.7 
0.1 1742 2.9 
0.5 1836 2.8 
1 1862 2.9 
5 1986 2.9 
10 2034 3.3 

Sample ID: Sample #5 (OMC) PI 10 % 

,),=0.001% y=0.01% 
Frequency G D G D 

(Hz) (ksO (%) (ksO (%) 
0.05 2062 1.2 1914 1.9 
0.1 2089 1.2 1936 1.9 
0.5 2137 1.5 1995 2.1 
1 2153 2.0 2011 2.5 
5 2233 3.4 2098 4.1 
10 2300 4.5 2155 5.1 
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Sample ID: Sample #6 COMe) PI 15 % 

y=0.001% y=O.01% 
Frequency G D G D 

(Hz) (lest) (%) (lest') (%) 
0.05 2003 1.9 1883 2.4 
0.1 2034 1.7 1915 2.5 
0.5 2090 2.0 1982 2.7 
1 2125 2.4 2016 3.1 
5 2244 4.1 2126 4.7 

Sample ID: Sample #7 (WET) PI 20 % 

y=0.001% y=0.01% 
Frequency G D G D 

(Hz) (kst) (%) (kst) (%) 
0.05 847 2.8 809 3.2 
0.1 853 2.6 828 3.0 
0.5 889 2.4 868 2.8 
1 913 2.2 890 2.6 
5 946 2.3 918 2.7 

52 1030 4.4 984 4.8 

Sample ID: Sample #9 (WET) PI 34 % 

y=0.001% y=0.01% 
Frequency G D G D 

(Hz) (lest) (%) (lest') (%) 
0.05 820 2.5 806 2.8 
0.1 840 2.2 820 2.7 
0.5 882 2.2 868 2.6 
1 899 2.2 889 2.6 
5 936 2.7 920 3.0 
10 955 3.1 931 3.5 
54 987 5.4 952 . 5.6 

Sample ID: Sample #10 (WET) PI 4% 

y=0.001% y=0.01% 
Frequency G D G D 

(Hz) (k:sf) (%) (ksfl (%) 

0.05 1154 3.5 951 5.0 
0.1 1175 2.8 973 4.6 
0.5 1204 2.3 1028 4.2 
1 1233 2.0 1029 3.7 
5 1269 2.4 1070 3.9 
10 1090 4.3 
54 1380 6.2 1078 6.8 
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Sample ID; Sample #12 COMe) PI 52 % 

y=OJXH %. r=0.01% 
Frequency G D G D 

(Hz) (kgf) (%) (k:sf) (%) 
0.05 1625 2.4 1536 3.0 
0.1 1652 2.2 1563 2.9 
0.5 1703 2.6 1642 3.1 
1 1762 2.7 1673 3.4 
5 1855 3.9 1785 3.9 
10 1873 4.4 1806 4.5 
76 2000 6.9 1931 7.2 

Sample ID: Sample #13 COMe) PI 36 % 

y=0.001% r=0.01% 
Frequency G D G D 

(Hz) (ksf) (%) (ksf) (%) 
0.05 2034 2.47 1970 2.44 
0.1 2039 2.45 2000 2.51 
0.5 2144 2.45 2091 2.87 
1 2259 2.84 2143 3.12 
5 2389 3.29 2273 3.66 
10 2408 3.61 2326 3.93 

sample ID: Sample #15 COMe) PI 40 % 

y=OJXH% I y=0.01% 
Frequency G D G D 

(Hz) (ksf) (%) (ksf) (%) 
0.05 1075 1.2 1020 1.1 
0.1 1105 ·1.2 1055 1.1 
0.5 1147 1.2 1087 1.3 
1 1185 1.3 1I20 1.4 
5 1230 1.6 1I65 1.9 
10 1170 1.9 
90 1240 3.5 1170 3.7 

Sample ID: Sample #16 COMe) PI 29 % 

y=OJXH% y=O:01% 
Frequency G D G D 

(Hz) (kgf) (%) (ksf) (%) 
0.05 1165 1.73 1113 2.19 
0.1 1185 1.73 1129 2.26 
0.5 1227 2.27 1179 2.63 
1 1246 2.62 1203 2.96 
5 1311 3.49 1262 3.82 
10 1284 4.22 
90, 1490 5.60 1390 7.10 
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