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FOREWORD 

The investigation r~porl·t·d herein was ccmducted by Southwest Research 
Institute in the Departrnent of Stn:ctur?.l Re~earch. Joseph F. Minor and 
l\.:aurice :2. Brondar:l ser·,,cd a,; the project Ptincipal Investigators. This 
report was pn•p<>recl under Contract Nc. FH··ll-663:3 with the Bureau of Public 
Roads, FC'deral H~ghway Acir:-:inistration, Departm cnt 0£ Transportation. The 
scope of '-'JOrk requir eel de,•elopment of imaginative concepts for highway struc­
tures which are responsive to new safety requir ernents; however, it was speci­
fied that these concepts be lirr.ited to structural schemes employing structural 
cable systen1s in applications which differ frorn'those used in conventional sus­
pension bridges. 

The report 1s presented in three separatE volurne s: 

Volume I - Rese<-rch Information 

Volume II - Preliminary Designs anci E'1ginee:-ing Data 

Volume III - Supporting Data 

Ec:-.ch volume is responsive to different inforrnation requirements and is es~en­
tially complete w·ithin itself. For example, those conccrn"!d v;i.th study method­
ology and concept development will be interest.:-d in Volume I, wnile practicir.g 
engineers responsible for irnplem~::ntation v:ill find information in Volume II 
more applicable. 

Individuals in both categories \vho .,;_,,ish to pursue their interests in 
m·')re detail will find the sLipporti:-1g data contained in 'lolume III useful. In­
cluded are a bibliography, det3.ilcd methods of analysis, calculations for pl·<O­
liminary bridge designs, ccmputer ?ro:sram summaries, and supporting data 
for sign and lighting system support structur(;s preliminary designs. 

Rev!ewed: 

Leonard U. Ra.si:relli 
Assistant Director 
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ABSTRACT 

Volume III of the three vokme report contains supporting data for both 
Volume I (Research Information) and Vo:ume II (Preliminary Designs and 
Engineering Data). A bibliog:.:aphy of literature reviewed during the concept 
identification process, detailed methods of : .. ,alysis fer eight bridge concepts 
given design attention, and engineering dat.<~. fo:: two concepts (not selected for 
detailed attention) are included. Calculr.~ions for bridge conccp: preliminary 
designs, computer programs, and sign and lighting system analysis methcdB, 
including comrnents on dynarr1ic analysis, are ir,cluded as :>~ugmentive informa­
tion for the highway engineer who \vishes to pursue, in detail, one or more 
of the design concepts pl·esented in Volume II. lviethods of analysis, computer 
progran1 listings, and computer program printouts for the preliminary designs 
presented in Volume II are also contained herein. 
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The research infonnation (Volume I) and tl:e preliminary designs 
and engineering data {Voh.t:-ne II) <L':"f~ synthese'3 of investigative activities 
conducted in co:1sidcra ble detail during- the accon1plishrnent of the program, 
In order to nc:Jt unnecc::;s<.ril.y burden thEse surrtr.1ary documents with presen­
tations of detailed dG.la 3-nd calcl'Ltions, supporting data of the report are 
conta.ined in this v o l u!Y' e, 

Informati-:m r~ertinent to the i:irst volun1e of the report (Research 
Info:-mation) are presented in the first three appendixes. Al_'pendix A is a 
bibliography of reference material -::mployed in the:: concept identificativn 
ana rnethod of analysis review processes, Appendi~ B contains detailed 
presentations of methods of analysis for the eight b::-idge concepts considered 
in the concept design evaluation portion of Volume I. (These analyses also 
serve as basis methods of analysis for the four preliminary designs presented 
in Volume II.) Concept design calculations and discussions for the two 
bridge concepts which were not. given design considerc.tion in Volume II are 
included in Appendix C. 

Supporting data .for the second volume of the report (Preliminary 
Designs and Engineering Date.) are presented in the final three appendixes. 
Analysis and design calcu:a.tions fo:r the three bridge concepts which 
received preE_,-.-linary design consideration are contained in Appendix D; 
cornputer prograrn lisl;ngs 2,nd data p::.-~ntouts for tLese concepts are con­
tained in Appendix E. Th~s, complete sets of data for the three bridge 
co;1cepts which re.::eiv 12d pr-~lirninaJ-y clcsign artention can i:,e gained by 
refe:.:ring to the approp:;:iat.:~ ·-net}1ods of analysis in Appendix B, d::sign calcu­
lations in A?pendix D, ;::_ml coJ:<.puter oriented resdts in Appendix E. Finally, 
supporting data for sign and light: structures are included in Appendix F. 
This final appendix also includes comt>1eP~:: regarding the dynami<: analysis 
of sign support structures, 
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APPENDIX B 

METHODS OF .ANALYSIS OF CABLE 
SUPPORTED BRIDGE CONCEPTS 
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METHODS OF AJ\ALYSJS 1-:c::,_ •....:/- ...:;,;__,}:": StJ1?PORTED BRIDGE CONCEPTS 

B. 1. "A" Frame Brid~ 1\'.'~.ili 

H 

FIGURE B. 1. "A" FRA~,fE BRIDGE, 
ELEVATION VIEW 

x'/ 
/ 

FIGURE B. 2. "A" FRA.\'i:E 
BRIDGE, PLAN VIEW 

D 

FIGURE B. 3. "A" FRAME BRIDGE, 
TRANSVSRSE SECTION AT 

CENTERLINE 

\Ve a.ssurne that the fr;·cnlc :-rH:t11bers ar<:> hinged at top and botton1. 
The floor bcan-1s itnposc conccnt r2tcc: loacL onh· <Jn the frarne. It is suffi­
cient to consider the cquilibriUJn ol the fr;:;_;nc XOX', just as if it were 
independent of the frame YOY'. 
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FIGURE B. 4. FREE-BODY DIAGRA:\1 OF INCLINED MEMBER 

The tension, T, in each suspender has horizon•:>.! components which 

are self-balancing. The vertical components are carried equally by the tv:o 
frames, XOX' and YOY'. The inclination uf the tension, T, to the ·,;ertical 

is 8. 

F'rorn Figure B. 4, 2:: !viy,• = 0 gives 

'ifh cot a - Hh - RB :12 cot a. = 0 ( 1} 

Sin-::e !Jte reaction at Dis zero, I1Y1c = 0 gives 

and ( 2) 

H1 = - V1 cot a 

Equilibrium of the "joint" gives 

Y = vl, (3) 

Substituting (2) and ( 3) into ( l), we have 

Vh cot a. + Vh cot a. - RBhz cot a. = 0 

RBhz v ---- {4) 
2h 

19 



and 

But, 

Px 
RB =-

2a 

So, for 0 ~x ~a, 

PxHz 
H =---cot cr. 

4ah 

Pl:.zx 
v:: --· 

4ah 

T = 0 

B. 1. b P 3ehvcen B and C 

P (a + b - x) 
R B = l .:.._---,.b-....;.:.. 

P (x - a} 
T cos e = ------

2 b 

Equilibrium of the "joint" gives (Fig. B. 1) ~F = 0, y 

v + T cos e - v 1 :.: o 

H 1 = - V 1 cot a 

Vh cot n - Hh -~(a+ b- x) h2 cot n = 0 
2 b 

From (9) and (10), 

V1 = - H tan a 

Substituting from {7) and (12) into (8), we have 

V + p (x - ~ + H tan a = 0 
2 b 

20 
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Multiplying ( 13) by h cot a., we have 

P ix - a) 
Vh cot a. + Z ' b h cot a + Hh =: 0 

Subtracting {14) from (11), we find 

So, 

and 

or 

and 

-2Hh - ~ { (x - a)h + (<. + b - x)h 2 } cot a. = 0 

H = -__!'_cot a { {x - 2 }h + (a + b - x)hz} 
4bh 

· P (x - a) P { } V = - - - -- (x - a)h +(a + b - x)hz 
2 b 4bh 

V = !h {(a + b - x)hz - (x - a)h} 

Pfx - a) 
T = -· -

2
b-- sec e, 

21 
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B. 2. Leaninr: Piers Bridge_~naly~is 

0 

r·--~~-+------~ 
H~--'------~~-------+--~----------------------

R 

1 /2 

FIGURE B. 5. LEANING PIERS BRIDGE, ELEVATION VIEW 

Consider the equilibrium (;[joint 0 as the strut is assumed to ~akc 

direct force only: 

FIGURE B. 6. FREE-BODY DU\GRAM 
OF LEANING PIER 
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{1) 

and 

\\' c have 

R1=Qsinf}, H1 = Q cos p 

where Q is lhe force in the strut. 

If we substitute fron1 (3) into (1) and (2) and solve for Tc and T1 in 
tern1s of Q, we get 

T 0 -= Q sin (f} +a) j sin (8 +a) 

<..nd 

T1 = Q sin ([3- O)/ sin (8 +c.) 

(2) 

(3) 

(4) 

Taking moments of the forces <:cting on the bridgt:. ~bout the cer:ter 
hinge, we have 

R7-P(f-x) =0 

and 

R p 2x 
I. 

It is evident that the right-ha:1d reaction Rz = 0, since the shear 
V - 0. The vcrtica.l equilibrium of the bridge then gives 

Let us as';umc that the bridge is free to move horizontally. Then 
H =Hz = 0. The horizontal cquiHbrium of the~ t:,e:-, gi?es 

So, 

Px 
- - cosec a. 

21 
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Q sin ([3 - e; 
sin (B + a.) 

Px =- c.:osec a u 

T = Px cosec a ~~n (B_ +a) sin (f3 +a.) 
0 21 sin (p - 0) sin (a +a} 

Px COSt;C a sin (!) +a.) 
= 21. sin (p - 0) 

24 
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B. 3. :3raced A':cl1 Bridr<e A.n~J.vsis 
-- ......... ~----L._ .. _ 

FIGURE B. 7. BRACED ARCH BRIDGE, ELEVATION VIE'.'/ 

£ TJ = xy + a 1 y + b 1 x 

The equations for determining Mo. Ho, and Vo are 

S S S S I 

-Mo J ,drs- Vo J S'll~ + Ho J ,z~ + J M T)ds = o 
0 0 I 0 I 0 I 

( 1) 

s " s ·d s cl s,."t 
Mo f s ~ + v o f ~ z ..2 - Ho f s, ~ - f ""1 "d s = o 

0 I 0 I 0 I 0 I 
(2} 

S S S • S I 

Mo J ~ + Vo J s dTs - Ho J , ~- J M ds = o 
OI 0 l 0 I 0 I 

(3} 

Vie assume that the vertical c:::>mponent in ec:.ch suspender is T 1 , T 2 , etc .• 

then the b~nding momer.t M' is 

{4) 
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InEqu.ation (4), ~ - ak = 0 ;r :, ~i>"-tive. 

We take the equaii•.)n c.f the arch to be 

x2 
y = a 0 x +- (sec Fig. B. 7) 

c 

Let height of arch = h and spc.~n =-= 1.. - 2a
1 

ao = tan lJ.Io. Therefore, 

where 

(1 - 2a 1)2 
----=h 

(1 - 2a 1} 
--

2
-- tanlJ.Io 4c 

(£- Zal)Z 

4 c = _____ : ____ _ 
(£ -2a 1} ' 

{ h- --
2
-- tanlJ.Io} 

These equations determine all properties of the arch. 

Equations ( 1 ), (2), and (3) may be written in the form 

26 
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wnere TR is the sum of tb.e two Euspe><dcl·s. 

We dP..tine the followinr: so,rmboJ.s ;.6 .-
¢1 (y) = tan 4J sec ~~ + jJ.._, (tan >fi + sec ~~) 

¢3(4J) = sin l(1 sec44, -!..sin 4J secZljl -.!.£(sec lj.t + t'"-n tfi) z 2 

4>4(lp) = Fec31j.t (3 sec2 l)i - 5) 

( I) } I 6 7 1, 4.1. 1 • I ? ' 4>5 4.1 = 3 sin 41 sec l.jJ - T2 sin '¥ sec '!' + 8sm y sec~y 

27 

+~~(sec y + tan 4J) 

3 
16 a I Iz 

+---g 
. 3 c3 II Z 

(9) 

( 1 O) 

(11) 

( 1 z 
Cont'd) 



g0 = 2 sec l)J0 

g
1 

= 2 tan2l)J0 cosec ~~0 

.I. .I. ( :> .._ 3 a 5 \ g 2 = tan '~'O sec '~'O - . -- ; 
2 a 1 
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41:>1 
h 1k = £4 {-tJi0 )- f 'If•) +·--{d' (-:1; _ ¢ (w >} 

4' k .:: '! '(I 1 'k 

( 14) 

2 3 a 1 , a, , I., 
+- J o ( -tjl ) - o (lj; ) t + _.:_ 2 ...: sec lj; 

cZ l · 1 0 · 1 k J c3 3 I 1 0 

The next step is to solve Equ::J.tions (7 ), (8), and (9) in the form 

Mo 

[:::} v 0 c = [ cyl ( 15) 

Hoc f5c 
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where 

(16) 

-kl -kz 4k3 
I 

I 
[ Aij] = k4 k5 _:~I 

-:~ J kc, k4 
L. 

{17) 

( 18) 

(h, 2- <'.z h4 2\j ____ _(h3 5- ash A 5\J 
~. c • \ ' c '±, J 

We then obtain 

Mo = L cT kc.k 

v0 c = L cT k;Jk {19} 

H 0 c = L cT k ~'k 

FIGURE B. 8. SPAN 7\0TATION 

The deflection w at a pain~ s due to a load at z ir. a simply support~d beam 
is 

Pa 3 
w = bEI f(s, z, Tlr ) 

<:>,Z 
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have 

where 

and 

For the compatiLi.lity (>f. defcJ1 '··•o.t;.,m of a.rch a.nd beam, we must 

c2 5 T .£ · ~ 3 r ' ) L cTkqkJ. + ._Ll c~ .:.:._ iFf \cl , z, Y)d 
4Iz k-=l 2<lj 6I l J j,z 

These equations determine Tk for any value of z 

.., 
T]X_~;)t. - -( -· 
a a. 

'11 = x, 

'11 = s. 

{a· 1 {a· } 'Yk ~ qkJ. = a.! _l }, ~ . - h ~ . + f3 k ....1 h 3 - h 5. + - h 7 . 
< C •xJ -'J_, C J J 4 ~J 
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where 

p = j, j?._k 

p :: k, k > j 

j=l,2, ..• 5, k "' 1, 2, 3, 4, 5 

'We next solve the .:::.::. c,f five cquat:o:·:s: 

{j = 1, 2, 3, • '. 5) 

3T .1 .r 
+ .l J 

A.a3 
J 

=f(d.,z,TJ0.) 
J J, z 

for any chosen value of z. This gives Tv for a given 2. Thus, the 
tensions are deter:-nined for any position--of the load, and all quantities 
required in the arch and beam can be determined. 

32 

(22) 

(23) 



E. 4. Bridle Bridre .P.m.]Ltis 

B. 4. a. Bridle Brid)?C with Hin£ 

FIGURE B. 9. BRIDLE BRIDGE, ELEVATION VIEW 

x ~a 

Rl = P{a- x) 
a 

Rz X c - Rl(a +b) + P(a + h- x) = 0 

R
2 

X c - P(a - x) (a + h) 1 P(a + b - x) = 0 
a 

Pbx 
R 2c = --­

a 

Rz = _ Phx 
ac 

P(a- x) -P + ZT1 sin a - Phx:..: 0 
a ac 
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sin a = p {1:.~ 
ac 

'1'1 COS G 

T? = ------
.- cos J) 

The con1pression in the <;JWf!l" ;s 

xP ( b) F1 =- 1 +- ( 1 -;- cot a t;m I)) 
2c. c 

R 1 ::: 0 

Rz X c + P(:1 + b- x:) = 0 

P~_0__-+ h - x) 
Rz""- c 

{ ·0 

( 5) 

(6) 

(7} 

( S) 
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;\+b-:-:\ 
J .. ---·---1 

c ' 
(9} 

( 1 0} 

Equations {4) ~nd (9) are always valid. If the hendin~ of the to\ver is 

taken into account, 1"z is t;J be calcul<1ted frorr1 the iorrr~ula 

Tz = 
T 1 ~Lz cos a 

l+fl2Cosp 

B. 4. b. Bridle Drid;cc Without Hinc_e 

This is lhc• ,.<tme as in Fif.:t:re 13. 9. except that the hi:-.Fe at the 

point x = a is r UT1ovc-d. 

The equation fot c!.::tertninin~j th~· L.::'nsion T 1 is 

-~)2 
:t 

flz 
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1 dx ( ( 
f(d,x,!l) "'---h l 

6 a-2 l 
d\( _::\,. 

"" - } 1 ~ -

"i' \ ·;;, a 

, = d d <X 

TJ = X d >X 

{ 1 3) 

36 



B. 5. 

,. ·~ ·jp 
.1 t 

't ~ R1 "-1 

~ az 
a3 j.. 

FIGURE B. 11. STAYED GIRDER BRIDGE, ELEVATION VIEW 

This is a statically indctc:rr.-1inate structure. We apply the statically 
indeterminate tensions as loads on the beam. 1he deflection at each point 
must be compatible w,!.h. the stretching of the cable. 

The basic equations are 

for - 1, 2, .• • 6 (1) 

where the right-ha:-:d side is the deflection of the beam ar.d the left-hand side is 
the stretching oi the tie. 

':'he deflec~ion at x ciue to a load Pat~ on a simply supported beam 
of length a is 

wh~rc 

'1 t ::: X, x.,. 

(Z) 
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or 

Pa3. 
w - 6EI l(x, £, 1lx, ~) (3) 

The deflection at x ::.: a 5 is 

3
3 [ ( ) w = -- Pf a f. T1 t. x =al 6EI s' ~• as., 

sin a 

sin a ... l = s1n a {4) 
.J 

01" 

j ;. s 

6EI 

'7 { 5) 

Taking P = I, 

coser -: =---
l 

j I s (6) 

s=I,2, ... J 

j - 1, Z, ... J 

There ar\.' as n1any equations as there arc ten~don members, so the statically 
indt,terminatc quantities can be determined. Ea.::h solution is valid ford 
g'vcn pos!tion x = ~ of the unit load. 
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H1 

""-
Hz 

/ 
Hinge 

Roadway 

d L 

2(h + L) 

NOTE: Inclination of plane of frame to vertical = :? 

FIGURE 13. 12. FRAI\fE BRIDGE, PLAi'J A~<D ELEL\TION \'fEWS 

39 



We shall assume that all the for.cc3 act in the planes of the frames. This means 
...., 

that the tension n1eml:::ers iir•c in <Lc pL;.nc~ of the frames, or, equivalently, 

the floor bearns are in the planc:S of the iran•cs. This, in fact, is a 

desirable feature. Obvious rnodifi.catio,.,~, rn:1y be made if the ties arc not 

in the plane of the frame. 

Solution of Rigid Fr;"me 

FIGURE B. 13. FREE-BODY DIAGRAM OF RIGID FRAlvfE 

All forces acting in the p:ar,e of tLe frame are produced by the tensions 

in the plane of the franw. 

v F3 
(?.h + d cos (l) + F4 

d co 5 C1 r (Fz F' d s::-~a 
= - 1 I ----1 Z.c Zc 2c 

( l ) 

Ft (Z'o +d cos a)_+ F3 
cl c 0 s Cl (Fz rl) 

d :,in a 
Vz = - - ----

· · Zc 2c 2c 
(2) 

c = b + d cos Cl 

(F3 + F.tl 
= ----- cot a -r 

(3) 
2 
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(4) 

The deflection D-1 at the top of the fraow, in a direction normal to the 

inclined leg, is given by 

D.l = 
(F3- F.j,) d3pl (Fl - F;'_} d3pz 

--·--- + 
EI1 EI 1 

(5) 

P1 = t{ :~ (1 +~:~)co' a} 

P2 = t{~} 'inn(~+~~:~- co' 0} 
(6) 

Rel"ltions between tL•nsions, T, and forces, F, are 

(7) 

The di:>place1nents downward, in the plane of the frame, oi the lov.rer extrcmit;· 

of the tension rnembers, in the direct:on of their lengths, are as follows: 

Tz 

41 

TJ £ i 
t -A·;,:;- (8) 
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I 

Tz 
I 3 

- _d_ [(T 
I 

oz = 
Ell l 

- T 3H31 + (Tz - Tz)(~l co:: l)J + f3z sin~)] cos (a-~} 

I 
Tz£ ~ 

+ _"_t. ( l 0) 
AzE 

T3 

d3 I 

03 ::- - Elt [(Tl - T 3H3l + (Tz. - Tz.)(p 1 cosy+ p-, sin~)] cos a 

T3t l 
( 1 J ) +--

A1E 

The cmditio:1 oz .. .Sz leads to 

( 12) 

with 

( 1 3) 

I 

lf Equatwn (12) is used, Tz rna) b·~ e1imi.naLd fron1: te equations ard we get 

(1 5) 



Assurne a load P C'.r c<~ch b!<i~ge pnicr. The \·erticd deflection of 

the beam at any point :~ \vhu: \.he 1:nic k:)<i is at x = £ is given by 

w = !';
1

3 
f(x, S• r;) {16; 

l']=x 

X>~· 

X\ / 
--I \1 

a J \ 
- g_ \ + (~ - 5_) 2} -!l ( ~ - 5_) 2] 

2-) a a a a a 

a i!; the bridge span and x and s are m~asured from the left <:nd. 

The bridge girder is .:;ubjected ~o the following ]oad3: 

(1; The tensions T 1 :os<? and T 3 cos<)> at x = a 1 and a 3 
I 

(2) The tensions (Tz + ~z) cos 'i) cos lj; at X = a/2 ::: az 

(3) The travelling load unity at x =: s· 
Equating th.:! deflection of the girder, at each of the points x = al, az, and a 3 , 

to the dec1cctions cf thO:! cables, one obt<Lins the following equations: 

( l 7) 

T 1u 21 + T 2a 22 + T:-lc.~ 3 = f(a 2 , r;, 11) cos¢ cos lj; ( 18) 

(l 9) 
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with 

lzi - 7 2 nzz = ---:-- + 2tzz cos-ljJ co 5 G> 
a 3Az 

{20) 

Equations (17), (18), o.nd (19) arc to b.:; solved for the tensions T 1 , T 2 , ;mel 

Assuming th3.t the Ti are kr:own, tne bending rnoments and shears in 

the frarne and the b;. ic1gc girder can be calculated. 
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( F 2 - F·1 ) d E: i ~- u . ( F :~ + rj) d r: r;, s u + ~'. F 3 b 
v = ------·-··· ·i· ··--------------·---

1 2c /~c 

Hz 
(Fz - Fl) (F3 - F4) 

= - ___ "' ___ + ----:;--·- cot a. 
t.. .... 

Vz = Zc Zc 

(Tz ·· Tz) d sin u sin lj.; 
= -------------------Zc 

I I 

[T 1 + T 3 + (Tz + Tz) cos •.;,] r 1 cos u + 2b(T 1 .; Tz cos~') 
+ 

Zc 

' (Tz - Tz) d sin a sin lj.; 
v 2 --

Zc 

[ T i + T 3 + (T 2 + T ~) cos y] ct cos a + Zb (T 3 + T ~ cos t~} + .. 
2c 

Hz 
I 

(Tz T.,) cos~] 
.:::.._ _ _!t.c_. --

2 
cot a. 

M 2 =- (Vz cosa- Hz sina)x 

In the last two equationE, x is nH-asurcd along the leg cf the rigid frame. 
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J«----------- -------------
"1 

/' 
' / '"'(z T~ 

Span a 

FIGURE B. 14. FRAME BRIDGE WITH HINGE, ELEVATION VTEW 

Li this case, an additional equation is available from the condition 

that there i:3. no bending rnoment at the hinge. 

The two equations to be solved for T 1 and T 3 are 

-T 3 (13 4 sec¢ cos a. - >--136) = >--t(al, ~. 11) + ~17~} 

Tl(-13 4 seccj> cos a.+ X.j3 9 ) + T 3(13 4 sec¢ cos a. 

£!1 \ 
+--sec cj> + X.f>lo I 

A1 d3 I 

P1• 132• 133• and 13 4 have been defined in Paragraph B.6.a. 

,.. ,., " ,;.. a I ( a 1 ) 2 l 2 I a 1 (a 1 [3 3) 13s = ~- 1 -- + --- -seclj; -- seclj; +-
3 g2 g g.) A

2 
g a 2 
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( 
h\ ~2 1 ( 3 1 !:>3' 13 9 = 1 - - -- sec tj; -· ::; e c tj; + -) 
g) Azg3 a 2 

A , 1 , coso h 2 
1 

h al t-'3 
(
. 1 \2 · 2 i. I ( \ ( A ) 

do= 1 -g) -3~g2 + A
2

g3 -g-}seclf --;_-secl.j.J- 2 

g=~ 
2 

TJ = s 

-n(~- 1.) 2} 
g g g 

• 1 
For calculatmg Tz and T 2 , we have 

and 

1 

Tz = Tz + I33(T1 - T3) 

(2 5) 

(26} 

(28) 

1 Once T 1 , T
2

, T2 , and T3 are known, Equations {i:.l)maybe used for 

calculating mom.ents anu shears in the .·igid frame. 
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~ 

~'s = lJ.I7, 

FIG0RE B. 15. LEANlliG ARCHES BRIDGE, 
ELEVATION VIEW 

Tl:e aim of the analysis is to obtain the tensions in the cables and the 

bending moments and shea1 s, in the arch rib as well as in th,~ bridge girder, 

for a \>Pi• lo;:,.d at ar.y point on the span. 

The analysis is carried out for two types of arch rib: (1) constant 

arch section, and(2) moment of inertia varying as the secant of the angle of 

slope of thearch(i.e., I(s) = Ic sec~. where Ic is t:.e moment of inertia at the 

crown). 

The basic equ:J.ticns to be derived express the conditioT1 that the deflec-

tion of the arch :rib plus the stretching of the cable P.quals the a.?flection of the 

bridge girder at the appropriate point in the appropriate direction. 
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I:quations for detennining \10 , v0 , and Ho {;;-;>?,Lire B. IS) 2.re 

d 5 d:; • ., d ~~ { ~;: i 0: f f (. 1ft 

- Mo !') 1 - v0 s, -1-+ hJ ·q (. -i- ') :>.:. .. {~~:: o (1) 

A· f r ~ 
M j t= ds + ,. t.2 ds _ •-r , t,. de; [·':'!'.ds_ 0 0 s - ~ 0 ';:. -- '' •) ' !;.. •• - - -· •• ---

I I \. I l l 
• j .I 

(Z) 

Jds ft ds (, ds f' dr,, M 0 --+Vo s--E 0 11--IM•---=0 
I I ·.; I j I 

( 3) 

In Equ::t tions ( 1 ), {2), and { 3), the integr::>.ls are to extend ovo;;r the entire 

arch length. ds is the differt:ntiallength of arch rib c:nd M' is the h•nding 

n1on:1ent due to the external loads. 

In evaluating the integrals involved in Equations ( 1), (2). ;1.nd ( 3), it will 

be noted that if 

I(s) =(sec 4;) Ic 

then 

ds --= 
I{ s) 

~ 
I • c 

since d s :::: ds sec ljJ, 

Thus, the integrals can be :·eadily evaluated. This is the case of "varialJle 

mo1nent of inertia" for the arch rib. 

The arch rib is asst:tned to be a p.1rabola defined by 

T) = s tan lJ!o + s 2 / c 
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or 

( 5) 

In Erpation (4), i);o is th~ slope of th.:: arch at the lefl abu~ment. In Equation (5), 

Lis the ar;~h ;~pan and his ~he arch rise. We also have the relation 

(6) 

The integr;1ls in Equations (l), (2), and (3} may be evaluated for the tv:o cases 

and defined a.s follows: 

Constant 1\1onlent of Inertia 

J yd,~ ~2 [ (-;,~)2 'z- 'o] ~ Lz go(Yl 

f xy ds ::: L
3 

[( L ')
3 

f - (1:-"-)2 
f., - (l \ f 

8 4h 1 4 '1. ~ 4h) 1 + 'o] = L3 gi.(y) 

J Yl do = ~: [ t:Y '• -z U;}z + (.~r' 

f x d s = L 
2 

[ (_h_ \ l f - ( _h_ ') fo -, = 
2 4h; .l ~4hj 

..J 

t 0l = L3 gz(·~) 
J 

(7) 

f L3 [ ( L )3 ' · )2 
x2 ds = - 4. \4h f2 - z ( 4'h 

f ds ~- L (1:::..) fo = Lg5(y) 
4h, ' 

In :Sguation~ (7), 

fo = :1- {tan y sec L); + h {tan L); + sec ·~)} 
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f 1 .., I 
J = b S<'C-' \1.1 

f 1 (. , ~. ! . 1 ., l I ( , ')} 2 = B t s1n \1.1 sec ·4-' - l s1n '.P sec'-,~ - -; p;>t, &ec y -f tan y 

f3 = ~ec39 (~ s·~cz . .,,J- 5) 30 . . 

We al:J::> define 

and similar expressions. 

l sin y sec2l)J 
8 

+ i h(sec 4• +tan~->} 

( 8) 

(9) 

For varying motncnts of inertia such th 'lt I( s) = Ic sec tf;, the expressions for 

gl• gz. etc., are as follows: 

(10) 

1 c:,.z 1 E3 ~ 
( ~) '') (") ..:;,_ g3 ,_, =z~' g4\S =} L3' g5 S =L 

For both constant and varying moments of inerti.:t, the definitions in Equation (9) 

hold, with appropriate interpretation of the term gk. 
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where 

Let 

Equations (1), (2), and {3) ~::c;:.' T:UW h<: pelt in the fcH'Tl1 

r lvfo/L 

(G;il~ v0 

l Ho 

. { ~k } :J I 11 ~- } h 3k = s1n 9 .. g4 k - - g') ,_ + cos tJk Lgl '· - -- g, ,_ 
K • L .) • ''- . ' " L .J. ''. 

[ G·· ]-l =[F .. ] lJ lJ 
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Then 

1.10 ! 5 
,~ 

= L Rk<'·k L 
k= l 

15 
Yo -· I RkPk (15) 

k= 1 

15 
H 0 

::; 2: Rk"~'k 
k= 1 

By uE:e of Castigliano's theorerr., it rnay be shown that the deflection of the 

arch rib ir. the direction of the tension Rj is given by 

L3 [ 1v10 , 
oR · = -- - n 1 : - V h . -+ J EI L • J 0 3, J 

H 0h., . 
L.,J 

(16) 

Here, I is either the constc:nt tnoment o!: inertia or, in the case of varying I, 

the tnon1ent of inertia Ic at the crown, and 

( t· TJ· 
ej)hi,k Z(j,k) = (sin0j)h 3,k- ~ sinBj +-J cos 

L 

+(cos Gj} hz, k k > j (17) 

Z(j,l<);;. {>:nG;)P-.3 j -( Sk sin 9k + "Ilk co>:) \ 
()k) hl, j 

J , L L 

+(co& G1Jhz,j '>k J_ (18) 

Se1bstituting Equation {15) into Equation ( 16}, we may write: 
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( 19) 

qJ·, k = zu. ~<>- rq 1·a,_- h~ .(),_ ·f l1,,yk -'- .') .1' .;. (, J . 

The cable t,.;nsions act on the be~tln, In th<" y,!an.~ of Lhe ar-ches, the component;; 

norrnal to the beam a.re 

5 

Tl ·- I 
k=l 

Rk sin ak 

10 

Tz = 2: Rk sin e. (20) 
,{ 

k= 6 

15 

T3= I Rk sin ek 
k= 11 

The deflect.ion of the l>e2m at any point x, due to a unit load at x = x', is 

a3 
w= bEI;f{x, x', s) (2.1) 

where 

s = x, x ~ x' 

s = x', x 2: x' 

The vertical deflection of the bear:; at th-= r2sultant tension Tj, for a unit load 

on each floor b"aDJ.• is: 
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a3 
W·--

J - 6EIB 
I 

,h. • 

It is to be noted that there ;:r ~ ,;-,1y 3 v:.:lc~es of d, viz, d 1, d 2, ar:d d 3, 

whereas there are 15 value3 u! Rk and 6):'::. C; "" t~e inchr:~.tion to the ver.1cal 

pla'1e of the plane of th-: arche~•. 

Co:-npatibility of deformation requires that the cc)rnp0uent :::1£ the ddlec-

ti 1n of the bearn in the plane of the arch equal the deflection of the ~rch rib 

plus the stretching of the cable. This condition YllUSt b._ satisiied for every 

cable. 

Note that wj ha<> cnly 3 vJ.lues, whe:.-e.lS Rj ~,nd (! j have 15 values each. Thu.>, 

there are 15 equa~i0ns for Jeterrrinin(; th~ R.i. 

Equation (22) may be put in the f,"llow:n_li brm 

f.l·R· J J 
+ ~ Rk {>--.q(j, k) + 

k=l 

In appl;·ing Equation (23), it is to b~ noted ~hat 

SrJ. • d, ) ~ 
J r ) 

= f(dj, x', Sd. ,I i.n Uj (23) 
J• X 

(1} The value of j for Rj on the left '11ust be consistent with the value 

of dj on the right. 
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(2.} :Jince the cables C"!~r.ot carry c lmpression, if any R. turns cut 
negative, the solution must be revised by setting thaf Rj = 0, ~' 

(:)) I= Ic in the caro;e of va:·ying ?.no::-1ent of inertia cf arch rib 

Additionally·, we need the values of 

( 1) Bending moments at crown an~ L:~:::-inging 

(2) Thrusts at crown and springing 

(3) Bending moments in bridge girder. 

P rch Rib 

At Springing 

Mome:1t = Mo 

Thrust = Ho cos ·~ o + Vo sin YO 

At Crown 

"'A t M +\r L I-1 h •· ome'1 = 0 0 7 - -10 

7 

Thrust= Eo + 2: Rk cos Ok 
k= l 

Bridge Girder 

(24) 

(26) 

It would be sufficient to calculate the bending moments at 2 points, say 

at 1/L.:- and 1/2-E--pan. The tension T1 is [see Equation (20)] 

5 

Tl = I Rk sin ek 
k= 1 

>'fNote: The signs of the R; are dependent not only on the cross sect<onal area 
I 

of the caLles but also the flexinal rigidies of the beaD"l and the arch. 
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Let 

Then 

where 

M1 = Rd 1 - (dl- x' )o 

Mz:: Rdz + Tl(dz- dJ)- (dz - x' )6 

(d 1 - x' ) < 0 
0 = 0 if 

(dz - x' ) < 0 
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B. 8 Dome Bridge AnalyEL~'.. 

r = 3, s = 4 

r=2,s=4 

r=3,s=4 

FIGURE B. 16. DOME BRIDGE, PLAN VIEW 

The plan view of the gridwork deme is shown in Figure B. 16. We 
assume that the radial legs a~·e fixed at ~he lower extremeties. The coor­
dinates (r, s) are shown in the figure. Loadr, a:;:e applied at ay fo the intersections. 
of the grid. 

There are six unknown displacement components at each node which 
we denote by the column matrix 

(1) 



where x, y, and z are loc~d coort~inater;, xis taken in the radial direction 
positive outwards; y is vertically up, and z is L-. the pociti.ve s direction. The 
() are the rotations, a.r,J the [, are the deflections. 

Similar1y, we define the force-colurnn matrix as 

Ffs = {Mrs,xMrs,/\-frs,zfrs,xfrs,yfrs,z} {2) 

The force matrix (2) consists of all the fo1·ccs at the ~r, s) end of an arc 
extending for r to {r + 1, s). Mrs,x• for example, is the moment whose 
vector is in the positive x dhection at the noc'.e {r, s). The superscript R 
denotes that the forces are to the right uf th(; node (r, s} as we proceed in 
the positive radial direction. 

The force-displacement relation for an arc extending from (r, s) to 
{r + l, s) may be written in the form: 

{ 

F~s }. {drs } 
= [ Kr s] 

F~ + 1, s dr + 1, s 

(3} 

F~ + 1 , s are the generalized forces at the end (r + 1, s) of the arc, and 

dr + 1, s arc the six displacen1ent components at the same end. The super­
script L denotes that the forces are at the left of the node. 

The stiffness mat.rix [Krs] is a 12 X 12 matrix ancl is given, for 
example, in "Curved Bean1 Stiffness Coefficients" by D. L. Morris, pro­
ceedings of ASCE Structural Division, May 1968. 

F~r a horizonta.l. arc extending from (r, s) to {r, s + 1) wi& stiffnes~ 
matrix [ Krs ], we may similarly ·.vrite 

{ 

-R } { } 

Frs drs 

= (R 1 

F~, s + 1 r s dr, s + 1 

( 4) 

To compute (Krsl from [ Krsl, we have to take into account the 
change in the direction of x, y, and z a::.::es. Initially, we treat a horizontal 
arc as if it wE.re a radial one, and write the [ Krs1 matrix. Then 

where [ T] is the coordinate transformation matrix, [ Kr 5 ] is a 12 X 12 
matrix, and the transformation matrix [ TJ is 
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[Td 0 0 0 

1 
0 [ T l) 0 0 

[ T) = 
0 0 [Til 0 

I 
(6) 

0 0 0 [TJ1j 

where 

0 1 0 

[ T lJ - 0 0 1 (7) 

1 0 0 

and each of the zeros in (6) stand for a 3 X 3 matrix of zeros. 

By suitable superposition of the matrices, we may generate a system 
stiffness matrix equation. The left-hand side of the equation then consists 
only of the external forces applied at the nodes. For this purpose, it is 
useful to partition the stiffness matrices thus: 

[•rs Brs] 
[ Krsl -

Crs Drs 

[Krs] , [:rs ~rs J 
Crs Drs 

If we denote the external forces at each node by the column matrix, 

Prs = { 01 0 0 prs,x prs,y prs, z} ,.... 

(8) 

{ 1 0) 

we specify that no concentrated moments are applied at the nodes, but only 
forces in the x, y, and z directions. 

The final equations may be displayec. in ta":mlar form as shown in 

Table B. I. 
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It should be noted in Table: B.I that Po 1 st::.1:ds for six force components 
at the node r = 0, s = 1, and so on. Thus, the colunu1 matrix on the left has 
seventy-two force c01nponents, six at each of t.l-t.e t;;;elve nodes Ehown in 
Figure D. 8. l. Since the Jdial be~ms are fixed<?.\: the bottom, all the dis­
placement components vanish at t."!c.:::o points. Thus, d31 = d32 = d33= d34 =0. 

The aisplaccment components do 1, doz are shown horizontally at 
the top in Table B. I, instead of vcrticc>.lly to the !'ight. Each symbol d stands 
for Rix displaccn"lent components, the tl-.ree rotations, and the three deflections 
at ~ach node. 

The system stiffness matrix is a 72 X 96 matrix connecting the 
seventy-two force components to the ninety-six displacement cornpo.:.ents of 
which twenty-four are zero. 

In actual p1actice, for calcul2.ting influence lines, all external forces 
with the exception of a chosen one wilJ. be take" as equal to zero so that the 
left-hand Bide will have only one nonzero element. The displacements can 
then be solved for by matrix inversion. 

It is convenient to note that: 

(1) Fo:o: the radial beams, the radius ars is a constant, only the angle 

13rs varies; and 

{2) For t.he circumferential beams, the radius ars varies with r only. 

That is, 
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APPENDIX C 

CONCEPT DESIGN SUMMARY FOR "A" FRAME 
BRIDGE AND DOME BRIDGE 
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APPE~NDIX C 

CONCEPT DESIGN SU}.':MAJJY FOR "~~" FRAME 
BRIDGE A1'-1D DO?, tE: BRIDGE 

Two of the eight bridge concepts e\'aluated. during the research phase 
of the program (summarized in Volume I) a:-e not given preliminary design 
or concept design consideration in the sumnw.ry of re::.ults portion of the 
report (Volume II}. These two bridge c:mce;::>ts, the ''A" Frame Bridge and 
the Dome Bridge , were judged to be infeasibl.:;. as effective methods for 
eliminating masBive suppo:rt structures adjacent to the roadway. Engineer­
ing data and conceptual designs developed for purposes of the bridge concept 
evaluation exercise':' are recorded in this appendix for reference. 

This bridge concept, described in Figu.::-e C. 1, was conceived ;:.s a 
method for permitting removal of the meciian pie:.: while retaining an existing 
floor system. The main structure consists of four inclined members which 
form a pyrarr'tid; the four me'Tibers are pin connected at their a.pex and are 
pin connected to their suppol·ts. Thest! members support three floor beams 
that form the supports for four simple spans. The center floor beam is 
cable supported fro1n the apex while the n·.ro outside floor beams are pin 
connected to the inclined rrternbe:c."c. It is important to note that the roadway 
girders or floor beams clo not provide ter,sion ties between the inclined mem­
bers. 

The analysis of this bridge concept considered the structure as being 
statically determinate. The structure is a spa<:e frame and is axisymr:1etric 
about a vertical axis thr·.)ugh the apex. The analysis methodology employed 
laws of stJ.tics in three dimensio;1s, as sumrnarizcd in Appendix B. 

Influence diagrams for major structural 1nembers and floor system 
memoers are shown in Figure C. 2. A significant observation resulting from 
the analysis of this structure concerns tl-!e bending of the principal structure 
members while a load is on the two sp:J..ns immediately adjacent to the floor 
beam/main member connection point. Calculations of de::dgn values for 
forces, moments, and shears are presented in Table C. I. Note that the 
length of the principal structure main rnembers results in a relatively large 
bending momenc in these corr1ponents. 

Concept desig;1 calculations for the "A" Frame Bridge are included in 
Table C. II. The main frame members are configured as box girders capable 

':'Summarized m Table 1I of Volume I. 
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of carrying tk: bending a.nd <'.xi;;:l forc··.s. cornp'ltcd in Table C. I. The beam­
column action of these men1bers. in C'.>~1junction with a 157-foot length, 
resulted in the d(!sign of c-. rela.i.ively h<<tvy sc(;tion. The ca.blc supports 
attached to the center floor be~'m cont•:ibute ver~· little weigl1t to the principal 
structural system. 

The floor system desi.r,n ia dic:ra~ed by the geometry of the main 
frame; simple spans o:· 34, &5, 85, <EH:i ~4 feet are required. The stringer 
system within the 85-foot sp::.ns consiGts of 50WF130 beams and, thus, con­
tributes significantly to the weight of ti1e bridge. An alternate plate girder 
design or continuous girder design could. sa.ve Lome weight; however, the 
interspan relatiOJl:chip dictated by main frame geometry will not permit a 
high degree of design optimizati:m. 

The total weight of the bridge does not compare favorably with bridge 
concepts responsive to j_dentical load and geometric requirements. The 
design scheme is not particularly e£fici.ent because of the bending present 
in the relatively long frC~.me members. Finally, the scheme is not as 
aestheticall.y pleasing as some other bridge concepts. 

C. 2 Dome Bridee 

The Dome Bridge, described sc!1ematically in Figure C. 3, is a 
unique concept which employs two circdar arches which intersect at right 
angles over the centers of the crossed and crossing roadways. The crossing 
roa.dway is suspended from cables that connect co the arches at .ioints formed 
by stiffeneing rings; these rings intt;rseci: the arcl,es in two horizontal planes. 
The floor systen1 is a stringer and floor-bea.rr~ systen'l spanning four sirnple 
spans. 

The Dome Bridge may be analyzed as two circular arches connected 
by horizontal rings; the complete analysis is included in Appendix B. For 
preli1n:inary analysis purposes, however, the arches were con!?idered 
parabolic, and the hanger loads were considered to enter the arches in the 
plane of the arches at intersecions with rings. Un:i.form dead and live loads 
were considered evenly distributed on the ard1es, although it is reco&nized 
that these loads must enter the arches at discrete points through the hangers, 
The floo::- systen1 in this structure consists of four silnple spans, thus 
simplifying the analysis of the floor ;:;ystem. Influence diagrarns for the 
Dome Bridge are presented in Figure C. 4. Table C. III contains computations 
of design forces, moments, and shears. 

Concept <.lc:sign computations are summarized for the Dome Bridge concept 

ir- Table C. IV. To accomplish the preliminary design of this structure, it 
was necessary to 1nake certain assumptions concerning the manner in which 
the arch is loaded. Uniform dead loads and live loads on the floor system 
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were assmned to load the arch!:S in <t uniforn; manner. As may he noted in 
the conceptu; . .l sketch, the a.rcl-~es are actually luadcd at discrete points 
where the hangers join the arche:;. If these loads were injected at the hanger 
locabons, as would actually be th.:! case, more ::>evel-e mom~nts could be 
realized. To further detract from design effectiveness, the arches c..nd 
rings which comprise the princip?l structural syHtcm jn this concept are 
relatively long in span. Furtr.c:-, the attempt to Leep loads within tl:.e planes 
of the arcnes, insofar as possible. n:sults in two rdatively lr;,..~ floor beams 
which c::mtribute significantly to the weight of the tot..ll .;y:;;tem. 

The above observation:; sus,gest that the advantages of this bridge 
concept are outweighed by the disadvantages. The disadvantages rP.sult in 
a relatively heavy system; furthermore, the effecti vcnes s of the arch 
design is compromised by a discrete point loading sc!leme. 
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TABLE C . L DESIGN VALUES: "A" FRAME BRIDGE 

Conca,.tratoul Load a 

~n for C unc antratad Comtf'o•lrat•d 

~ !. Iva l~n•~ t: Uacl Ltva Loa<t r. lla c t Impar t 

Ll•4 
, ._,at f'orn: F • • O,}SI.,(I) -IZ , 6 K l,l4ll) 

Jwtomal'll: r • 6,ozp(l) ZZO K·ft t , zoiZI 

Shaar t r. o, npfll ll,6 K J,zoiZ I 

Ta ,z M\al f'~ca: ._. • o.~apl 1 1 zo, 9 K 1.1114) 

(a) Prlndpal StNc:Nral Mem"u 

Co.mcantra~· t.:q..a aHol\ fol' 

~.l!iL ~!Jorm Loali r.U.ct 

-14.4 K F • • (H.I'f)..,()) 

Z64 K-1\ F • i(f>.OZ)CI19)w(S) 

U .l K r •! (O.lS)(IIq)wUI 

l4 . 5 K r I± (0, 58H.110)wU) 

UnHo rm Load a 
Ua11d Lo..d Lh•a Lo-.d i...iv; Load Elfact 
!:,~ T o r caf: Ha f l Plua impac t J: U., ct 

-UK -611,4 K -n.1 K 

4)0 K- fl 458 K-h 550 K·ft 

U.O K Z6.7 K lZ,J K 

59.1 K 6S.O K 74,4 K 

Total 
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.us. sK 

U44 K-f't 

71.1 K 

15C, 0 K 
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(TYVIul oliO) Sh•ar: r ••.w''' 10, 4 K J , Jf&) Jl, S K 

St rln11n• (8 ~ ) Mom•nt: F • li.ZSP IS) K·l't J.Z)(6) 188 l( ,ft 

(Typlul ofl•l) She•.r : •• • I, OP 10, 4 K 1.1;)(6) 11. 8 K 
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~~ 
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TABLE C,II, CONCEPT DESIGN. ''A 11 FRAME BRIDGE 

Dee lea 

~~~-

~:_.ln dp:a l St r vc:unJ M.ernbere 

Lp 
A.xa•l Force 
Moment 
Shear 

T1 : 
Axial Force 

-1~8. S K 
IH4 K-ft 

l.Z.~ K 

1'5 8. 0 K 

Floor Syetem Membeu 

F&1' 
Mo ment 
Shf'er 

•·o,, 
M o ment 

Shear 
A.alal Force 

USJ K-rt 
10).11 K 

Z0 /. 6 K - ft 
1H ., K 
76 .1" 

O.ela.n Notee 

M u-rYUtnt Ia cri\lcal parameter ; bo• atrder de elan appropria te . 
S req"d • 61'1 c:.~ ln •• vee bo11 alrdl'r l.leeiJ.ne d fo r bendlna and 
c ompr•••lo n . 

T~n•ile member, u .. cable wl lh al to••ble etreu 80 kai. 
A req"d • 1.98 eq ln., uuo l-5/8-dla rod. 

Shor t deep beam. a pan c .)t) rt; plate ahder deolrn. 
s req'd ~ 848 cu in . • uee •e!ded pl.llte clrder , 49-ln . de ep. 

3ho rt de•p b.•m • • ,~n t )0 fl ; plate a lrde r dflolan wllh ax.lal 
lo a d u p.lbillty , S nq 'd • 1110 cu ln . 

Strlnan• (34): 
Mo ment 
Shear 

For 14-(t etrlnJ.Ifll' eyetem , u .. WF beame . S req'd • 89 . 4, 
lbl . 1 K-tt uu ta wr so. 

S t rlncau (8S): 
Mom~nt 

Sht~•r 

lJ . J K 

691 K-rt 
36.4 K 

For 1!-ft etrlnaer eyatem , uee WF b.ame, S req'd '• lT7. 
UUI }) Wf' I )0 , 

Section 

ftc• ahi!.,. : Z4 X 36 ln . , l•ln . 
O..nJ.e&, 1/Z-ia. wet... 
I • IS. fl74 

1·~/111-tn .:-dl.a rod 

Plate ctrder: 49 X 16 lo , , 
16 X l-In . &ncu. l/8-tr.. 
weh, I • Zl, 667 

Area 

IZ •q ln. 

Z.l 1q ln. 

SO eq ln. 

Pla'to alrd., r 49 )( 16 ln. • .. •q In, 
It X 1·1/l .. ln . nana••• JJI .. Jn . 
Wctb, I • u, 168 

18 WF ~beam 

33 W ~ UO b«am 

Untt 
~ Lenath ...::!.,~ ~!!!I Tot.al 'P.eJ;ht• 

l 19 plr IS7 (I 41,8 K 114)( 

7.lplf ftSrt 0.6 K Z l.UK 
Tol.lll prlnclp.-1 etruc:uu: ~ 
1\ddi.tlonal bracin1 , &pp\l r l t' nar. !:u (ZO!r) l!i. Z K 
Total eetlmac..d weiJ.hl o f prl ncip.ll •tr \.lc ture i"i"":"iK 

170 ~If 30 It S . I K 

U4pU 30 t\ 6. T I< 

so plf )4 1.7 K 10 

llOplf 8~ II.~ 10 
Tot.. I 0oo1' •yetem 
Lateral bradnJ. etU!t:neu, etc. (I~) 
Total eetlmated welaht oC floor tyetem 

Total Jhtda• Welaht 

!0. z Y. 

i• ,'lt':. 

17.0 K 

IU.O K 
~ 

30, 0 It 
i"19.9i( 

m-:lK ==-

LNOT ~ REPRODUCIBLE 
··~ ..... : ............ . 
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TABLE C.lii . DESIGN VALUES: DOME BRIDGE 

(a) t.bln ~ructu.r•l MemNra 

~~t,.d \..o • d ~ 

.t:quAti u n fu r Cu nc •ntr•trd C:onc ,. ;,, rctrd C o n l".,n tr•tcd L lv t t :qu • tlon fo r 

~ Uvt> Lo .ltl E ffr c t Lh• t! l;lo.llftt_:~ lmp• CI L<>ul P ita lmp.t c t Un iCo r~ Load E ff t!c l 

Art h !::!::.!.~: 

C r v wn: F • 4 , '!I~P(I.l) 16-6 K·lt l.t sP> 1?0 K·H F' • • l ~S (ll:O)lw(l, 4) • 21!1-

Sp r in « : F • 4 , S'l P(t , l) 166 K -ft I. IS 190 K- h r • • ·2s ( ZlO) .! .... . 107 ~• 

~ 

C r u,.,u : r . o. "'p( ll I ~ K I. IS lO , 1 K r • icHoJ2/l5 .. cz, ,.) •l4lw 

s ,l rinl( : ,. • 0 . !K) p( l) IO K 1.1 \ ZO. l K .. . k(.! lO )lJH w " l 4lw 

TtHUl UI\ 

M l!'m~tt 

T l ,l. S, ~ M id F'o r • e : r Io. SO P IOK I.JI(S) ~1 . 8 K F • t (0 , '!1-0)\I I O)wHl 

T] , 4 A.xi•l •'o r c " : T • O.~P IOK 1. 21 l l.8 K F u. 7 (0 . SO I(t: O)w( 4 ) 

(I ) i> • · }z;K;~- ~;,.. u )..,,., r n n c e"l rA hd l.lve Lo• li diec h. 
( l l Y r u 1n l br (ly Cr ... ~ •. ''Sh tlt 01lly l ,.d,.to•rrn ln• t.- S llu t hHe • ," T l-u• C u ll f" l[fl l 'ub ll•h l"l C<"O , ( Ch • mpllll &n) , 19 l 6, 
C!l A r r h • P• " • 1.1.0 rt ,. , d h r 1rt1 ,.. •P• fl • llO fl . u •• l.lO h fo t Ull pA r l f• rto r c <•tnpv.IAli o n , 

Uniform L o ada 

Dud Load Live t..o.d 
F t•1'C'f' t: H"e l f'o rce E:He c t 

1l'f K-ll IJS K· fl 

646 K· ft bi'J K·fl 

14S K ISS K 

14SK I SS K 

l l . O I< l8.8 K 

zr.o K .?:8. 8 K 

Live Load l:l!~ ct 

Phu Jmp&e t E ffe c t 

ls-9 K-ft 

?'J l K·ft 

178K 

11ft K 

,.c,l) X 

34 . 8 K 

(4) '"' l.J L • I.!OIJ 1'1( (.-• tl. • n •l •t.L • i: ltO plf .u un lf" '"' h .>• d • . fu r )H .. h mln • t '( ,J., ,. ,,,.. JIU'"pu •c-• on ly, unlfn r m l•n• lo•d• •r• ron•ldc-n•d to btl 111ppllf!d un i fu rmh· t 11 • r • he• . 
( ~I Sl• ' " • 11 0 h lu • t nop• .. t !.1 1" r ' "r npul•t lml . 

(b ) noot" Sy•c.m Member• 

Co n t f' ntu.tt-d Lo•d• 
t.quAi t•Hl f(J t Con r f' rttr a tc-d Conr e ..,t r 4t• d C o ncen trate d Ll vo 

~ _ _ L_I~-''-- L h ,.. L .. ad f:ff,.n ~ ~t••lrnp.c t 

•·nl )r..t .. rn .. nt : r • l .~ p(l) no K·tt l. ll(l.) ) l7 K-fc 

~h .. . , . r . o . '>O~ 'I IlK l. ll (l l l l . l )( 

rn 1• J Mu m• ,t: r • Zl . !tp( 4) tO '}(I K-f1 I.ZI ll40 K-It 

Sh c-•r : F' . o. '>Op(ll IOK l.l l ZLS K 

Sulna•r • Momc-rtt : f' • ll . 75p{'!t) "1<-ft l . za( t..} I Z"I !<-It 

(t yph 4\ •.d .! 0 ) 

ShC'A t : F • I.OO P (") 10 . 4 K l .lltf.>) II . II< 

~p-).--,o ,., (. e n trat~d lo Ad fo r two la nes •ctJna ., c•nter o r n oo r ~ ... m. p. ]f.> K. 

(l) Sp.-" • 110 1t fo r fl uo r bo! em Impact coniJ de,.t ions, 

Equ At ion fo r 
Un Ho r m Lo ad F. H•ct 

T • t (7. !Ml)( II OJ,.(, 

r • ~- co. SO )f ,.,, ... u, 

I 
F' •z( l i , ,)(II O}w 

F • F (0 , !IO~IIO)w(ll 

,. ·i (Jl . 7S){ 55)wfl} 

r • f (1 . OO H , ,_tTl 

:!! ;e,~ ,· b~~O:,.r~'. ;":. ::~!r L~ ~~~,~ ~ ~~'1 ·~: :;: ,~~:0~~';:~ ~~:~ .~;0d ~~ r ~o lan .. ; •ctlnl •t cen1U of floor bum , 

( ~ I P I• t nnntn trat" d luA d a .. la nrd to o., e o f II " • '' ""'a .: r• . P • 1 . l K fo r rno""ent, 10 . 4 K f.o r th • . r . 
(#!j S pAll • ., .. fl lo r lmpu l rumput. tlo ,. . 
(l} UndtHm ~• If , ... :a,.-d two .,._ e4 u,... Ur .... •••· •oL • l UI pll (t~• t i. •LL • l\6 pll. 

Un lf<t rrn Lo• d • 
Dud L..oad Li"¥'!: l..o 111 d Ll"e W ad £ft., r t 

P'o r c o F: Hect To rr,. f: H•cl Plu l" Jmeec· t £ H,. ct 

·~ ~ K - ft "' l Q K - ft 640 K-Ct 

UK l~ . z K 4Z , 6 K 

ISM K - I t lOOO K-h l4ZO K- rt 

UK H.l K U . S K 

qo,, K·CI 97 K· rt IH X- CI 

~.; K 7 . 0 K q ,o K 

Total 
Eff• c t f(\r D• •l&n 

41 8 K·h 

l bl8 K ·lt 

)4l , T K 

H l . 1 K 

SJ . E. K 

1!).6 K 

T ota l 
£ UH t f., r Dulan 

140~ K-rt 

'H . 4 K 

sszo K·n 

97.4 P( 

)41 ,CJ K·h 

28 , 9 t( 



-.J 

"" 

,.. • .,be , 
D• • lc n 
Ya l ~o • - - - -

Ptlncl rwl .S i r uc tur al M• mbf. r e 

~ 

~omt: n h : c;;;;;-
Spr ln a 

T h r u 1h : 
~ 
S print 

T t:n• lo n .,,hrnber • 

T1.z . ~ . &' 

T ) , 4 : 

C o mpnte lo n 

~ 

478 K- It 
16 l 8 J< . f\ 

H J. 7 K 
lH . 7 K 

ll . 6K 

ll . 6 K 

(No l oa d 
<ll..a'J \o 

v ertl , a l 
lo a d 
c ond it ion ) 

Floo r Sy• lem N~mbolr rt 

raz : 
No m en I 
Shea r 

Slr inae1' a : 
Mo ~.- nt 

Shelu 

•~z : 
Mo men t 
Sh t: a r 

l.O~ K ~ II 

97 . 4 K 

l<. !. K ~ ft 

ll . 9 K 

SSl O K- ft 
'7 . 4 K 

TABLE C . IV . CONCEPT DE SIGN , DOME BRIDGE 

______ _::D:!•~• IJn No t on 

O. d an • • t.o p la te J l. r den lnter .. ctJnc }()• f .. d la ti ns 90 • 
a p6r1, •••urn• linea r w~:>l&ht ch .ar·o.~e ( r om c r own to a pr i n& (o r 
w e iaht •• tl rna t • pur po u ·e . C r ,.... n : S r e q ' d a l6l C \1 in . 
)( I . ZS Cal tow (o r c r ow n lhr u • t) • lll c u ln ,, Sprlna : S r • q' d 
• 887 cu ~ n • . )( I, 1 ,. (a llo w fo l' aprina thr \u t) • I OZ: D c u in , 

U • • r od wi th atlo.,., a bl• • t re • • • 80 ka t ; A r~'d • I. OSaq in , 

tJ •• rod w h h a How a ble at re a• • 10 lr.1l ; A req ' d " J . OS eq in . 

T o p dna I• lO.ft d la, e a Umate u l:4 W F l rO 
Lo-wer r lr.a , , 11~-ft dla . utlm•t• .. l4 wr 61 

P late a l rde r du t1r., S req ' cl • l b l c u ln. 

D• • lan •• wt~ bc•rn, S nq 'd w liS c u h 1. 

Ple t• a l rder d••'•"· s r t q ' d • lO l O C\l ln . 

S.c l lo n 

S pr ina : p le te 1 l r der 49 
)( 16 ln., 16 X 1· 1/t ·ln , 
fi~"JI!I I , J/8 ·ln . w• b 

Cro .. n : pt. lA ct r der 10 )( 
10·1 /l: 1ft ,, 10 · 1/l X l /l ~ ln . 

Oanc ... S/ - l6 ~ ln . • •b 

1· 1/t · ln.-dl& rGd. 

t ~ l / 4 · lrvdl.e r od 

u wr 100 
u wr" 

4 1 )( It ln . , 14 X 1· 1/ 4-tn. 
nana• • · ~/16· Ln . web 

zt wr 1 4 

lt X Zt tn ., 14 X 1· 1/Z-in , 
nanaea. "16 · ln . • f'b 

Area 

sa •q l.n , 

lO 1q ln . 

l. ll •q In , 

l.l) •q ln . 

47 . 50 • q i n , 

Uni t 
~ lAnath_ Wetc'' ' Outntt ~ x 

197 . 1 pll 

(I M> . 6pll )46 (t 51 . 9 I( l 
a ve) 

1J6 . pH 

4 .Z pll 40 I t 1.7K • 
4. Z pll ss (t Z.J K l 

100 pll '14 ,, ~ . 4 K I 
U pll ) 40 It Zl . l K 1 

Total m • "" atrarto!,... 
ltra d na . appu rhna.r~ c •• ( 1 ~1e ) 

161 p it JOlt 4.9 K I 

•• p iC SSit 4 . 6 K l~ 

31 l pll IIOit 4Z. O K l 
T o te! floor cy 1t• rn 
AppuY ten.anc .. (I S'-l 

Tott~l B rldJ• 1r.l,ht 

To tal W' e l1h t 

IOT . I K 

6 . 1 K 

4 . 6 K 

9. 4 K 
· ll . l K 
~ 
ll. , , 

~ 

4. 9 K 

, Z.l K 

lt .O K 
Tii":'TK 

" · 6 K 

TI9.'i"'i( 

ltH . l~ 
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/>PPENDI:X J) 

SUPPORTING DATA FOR .DRJ.DGE PI~ELIMINARY DESIGNS 

Preliminary designs for the Leanin;y A1·chcs Bridge, the Bridle 
Bridge, and the Frame Bridge ilrc prcsenteJ in Volume II. Although tabula­
tions of key engineering data are included with the design presen+ations, 
certain of the supporting data were not included so as to not burdt:n the 
design summaries with extensive detail. In this appendix, supporting data 
for each of the three bridge preliminary designs a!"e l·ecorded for the 
engineer or researcher who wishes to pursue the design comp~.;.tations in 
more detail. 

D.l. Leaning Arche_:3 Bridge Suppo_rting Data 

The two configurations of the Leaning Arches Bridge (new bridge and 
mod~fi.ed bridge) were designed using the elastic center method outlined by 
Boq:; and Gennaro*. Figure D. 1 and Table D. I describe the arch geometry 
and tl:e method for finding the clastic center for the arch co:uiguration 
employed in the two prelir.1inary designs. Table D. II carr;.es the analysis 
proct-iure to th•~ point where 'rlH• TlV• and 11M are determined. From these 
constants, the horizontal and vertical reactions and the moments at the 
fixed end of the arch are determined for u..'1it loads according to the ex;>res­
sions given below. 

M 

where 

~6-s e =-­
M I 

*Borg, S. F. and Gennaro, J. J., Ad.,anced Structural Analysis, D. Van 
Nostrand Company, Inc, Princeton, New Jersey, 1959, 368 pp. 

76 

(1) 

(2) 

(3) 



~cp --~-

1

1 J 
0}'-'- (e • 

_L_ --A,------L--___1.. -·j ___ _.___---L.__.L___~l 
--~ 

'" 

FIGURE D. L GEOMETRY OF ARCH 1LLUSTRAT1NG METHOD FOR 
DETI:RMINING ELASTIC CENTER (LEANING ARCHES BR1DC..Ci 

77 



-l 
C.l 

TABLE D. I. DETERMINATION OF ELI\.STIC CENTER FOR ARCH 

z 3 4 5 6 1 8 9 10 

Col x = x' y A< Ao r(~) y•zfAs) x·z(~) A 

Point _J!_t)_ J!!L Q I(ft4 ) _!5os a = I'"' 'L.:.L:.I __ \_!_ __ .. 1__ ...t!.tL 
-89.25 15.0 9. !)• z. 55 l 5. l Zl6. 0 -Z7.1 II, ZOO IZ, 600 0.665 

z -63.75 41.0 33' ;,.55 13. l 540.0 -I. 3 19 5, 6ZO 0.865 

3 -38.25 58.0 56.8' l. 5S II. 3 658.0 15.1 2,790 l, 740 0.865 

4 -12. 75 67.0 79. 3' z. 55 10. z 684.0 24.1 6,230 174 0.865 

5 I Z. 75 67.0 -79. 3' l. 55 10.2 t84.0 24.7 6, Z30 174 0. S6~ 

6 38.ZS ~8.0 -56.8' 2. 55 II. :; 658.0 IS. 7 Z,790 I, 740 0.365 

7 63. 75 41.0 -33' Z.S5 13. I <40.0 -I. 1 19 s. 620 C.B6~ 

8 89.l5 15.0 -9. s· 2.55 1 s. 1 U&.O -27.3 II, 200 12. 600 0.565 

99.4 4TI6.0 40,600 38, 4')0 

- ~~~ 42 3 
y 99.4 • 

TABLE D.IL DETERMINATION OF TJH• 'ly· AND TIM 
(LEANING ARCHES BRIDGE) 

(1) (Z) (3) (4)• (5) (6) (7) (8)• (1~ (lO) {II) 

'..:.ll A.. .::.1 
-y T 4>; ~ 2:(?.) A~l! • ~\~ 'lt: -~4) x- ...,., ~ ~6) ~\ rJv • .:...~ 'lv 0 ',;(8! +-, • :r(IO) 

E..~ I I --- ----- ----
8 411 5, 250 134 7. 7 0 17, 18' 0 15. I 0 

411 5, 240 1347.7 17, 183 IS, I 
7 17.2 II, 100 835. 12 45,000 D. I 

428 16, 300 218l.8 62, 163 28.2 
6 -178 8,620 432. zz 61, zoo I:. 3 

Z50 25,000 2615.0 12:l, 363 39.5 
-252 3, 180 130.05 68,400 10.7. 

0 28,200 27-:~. I 191, 783 o\9.7 

•In·:rc:nent..\1 areas co.lculat("d by tlAp~zoidtl rule. 

II 
As 

_A_ 

44.5 
38.7 

~.5 
). 0 

'"'· 0 3 3. 5 
38.7 
44.5 

7.974 

{I !)• (l) l 

AnM = +J_6x 11M :r ;[.(ll} 
-----

19Z. s 0 
)02.5 

552.0 
744.S 

So4 
16•l8. 5 

ll 35 
l74j.5 



Aft'!r the v::llues fo!" "),. 'ho an-j Ti·; ';;'-'""been clctennined, 
t "" ,·, 

irJ:luencc line values: Cd.n b.:: d,to_.,.,, ~ned ;n t::· __ n,;.ulner illust-rc:ttcu by calcul<1·· 

tions in TCo4blc D. III. 

The Leat ng Arches Erid;;l·, nev· brit';;'· configur::.tion, utilizes Reven 
pairs of c<>.bles t..> support ~:Le :-o;.dway, a:: !;b .. wn in Figure~ D. 2. ln£b.4ez.~e 

diagrarrs were constructed lo <:',~tc: :-:·nir:c the rn:·>.Xiinum design tnom':)nt· -the. 
influence diagra:·ns arc shown in !:': :~ur•~ D. 3. br this cable confi·~~ration. 
By placing or:e lane load pe1· c1rcl2, t],e •·n~..:(.im1;n1 dcsi.c;n moment can be 

calculated; in th~s specific C:J..sc, Lh·~ m::.xirr.un-. rnoment occurs at t'he crown 
of the arch. Du..: t::> t11e inclined cable GC<•Ti"H:t ry, this n1omcnt must be 
multiplied by ;,. factor which tak(;;; into <·~ccut:t the 2.n);;le of inclination of 
the cables. F•)l" the pu:oposcs of achieving the• preliminary design, the 
bridge spans v·ere considered to be simply r.•.lP?Orted in t.hc c::-,lculatl.on of cable 
reactions and, in turn, arch loaris. A sim"l-'tr pl·ocess was crnplofed in 
designing the Leaning Archer; Bric1 ~e, modi.fled bridge configuratio!., which 
employs three pairs of ::;upportinf; cables. 

D.2. Bridle Bridre Sup-oorti~ata 

D. 2. a. Bridl~ Brid~e with H•nr:(od Girder ---- ---~-----

The Bridle Bridge, hinged girder conflguration, structure is &taticall;• 
determinate, and the method of ar.alysis h>r this o.trw:tur:J.l configt•ration is 
presented in p;~ragraph B. 4. vf Appt,ndi~ B. T!-.e basic bad relatior.,;hipn 
are dcterrnined from influe:cc lin~~ ciata developed in the discussion b·.!low: 

(l) Cables 

Conccntr;L 'd Lc.:;r! (Unit L0adJ 

The maxir."lllr"'l cable reactiun due to a concentrated load 
is produced wh<·n the load i ~ «t the hinge point. By takir.g 
mmnent~; about the left abtllment, the tt,nsion in cable Tz 
is detcrminPd 

Th1L. Abut - 100(1) - Tz sin n (75) 

a. 

= 1. 67 

F. om Appcndi.x R. 4. 

TlJ-Lzcosa 

1 + fL 2 cos f3 
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Point 

8 

7 

6 

5 

4 
00 
0 

3 

2 

TABLE D.III. INFLUENCE LINE VALUES FOR REACTIO:!'!S AND MOMENT 
AT FIXED END OF ARCH (LEANING ARCHES BRIDGE) 

a - x H = HB v VB M +" va +Iiy 
-

0 0 0 -1. 00 0 

25.5 -0. 128 -0.044 -0.956 -1.94 -4.49 -5.42 

51.0 -0.399 -0.163 -0.837 -7.45 -16.6 -16.90 

76.5 -0. 611 -0.323 -0. 677 -16.10 -32.9 -25.9 

102.Q -0.690 -0.500 -0.:300 -26.70 +51. 0 -29.2 

127.5 -0.611 -0.323 -0.323 -16. 10 +32.9 -25.9 

153.0 -0.399 -0. 163 -0. 163 -7.45 +16.6 -16.9 

178. 5 -G. 128 -0.044 -0.044 -1. 94 +4.49 -5.42 

204.0 0 0 0 0 

MB 

13.66 

)0.05 

1. 60 

-4.90 

-9. 10 

-7.75 

-2.89 

0 
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FIGURE D. 2. CONFIGURATION OF LEA~ING ARCHES BRIDGE STRUCTURE 
(New Bridge Configuration) 
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Solving fo:; Tz in the preliminary design bridge configura:ion 

Uniform Load 

The cable forces due to a uni.form load in the structure are 
found by comput;.:'1g the area under the ini1uence line. In 
this case, this a.rea is a tri 'Ingle with the height being the 
maxirnum cable force <~nd the base being the span of the 
bridge ( 17 5 feet) 

T 1 = ( l. 6 7) C ~ 5 ) = 14 6w 

!175) T 2 = (2.14) \T = 188w 

where w = uniform load in lb/ft 

(2) Member L 

Concentra~ed Load (Unit Load) 

Axial Load 

F = T 1 sin a + Tz sin p 

F = 0. 399 T 1 + 0. 707 Tz 

F max = 0. 3 9 9 ( 1. 6 7) + 0. 7 0 7 ( 2 14) = 2. 17 5 

Shear 

V = T l cos a. - Tz cos !3 

V = 0.917 T 1 ·· 0.707 Tz 

V = 0 for all locations of unit load 

Unifonn Lo:.1.d 

(
175\ 

Axial Force F = 2. 175 T} = 190w 
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(3) Girder G1, 3 

Concentr2.tcd L'Jc:·.d 

Axial Force 

This force is proc.ic;ced by horizo::tal component of T 
1 

F=T 1 cosa==l.SP 

Moment 

The maximum positive moment occurs at~- when the tmit 
loadisati. 2 

The maximum negative rnoment: occurs at x = d when the 
unit load is at the hinge. 

M_ = - 12. 5P 

Shear 

V = 0. 5P 

Uniform Load 

Fnrces, moments, and shc3.r efftcts are determined by 
calculating areas under the appropriate influence lines. 

(4) Girder Grid 

This is a simple span beam. 

(5) F:oor Beams and Stringers 

These members are designed in a conventionc.J manner as 
shown in Table V of Volurne II. The floor beam was designed 
by assuming the conce:-Jtrate·1 load acting at the centerline of the 
roadway. 

D. 2, b. Bridle F ~idge with Continuous Girder 

A con1puter solution was utilized to detern1ine forces in this indetern1-
il1ate structure. The cmnputer program and data printouts are included in 
Appendix E. The following discu.ssion is concerned with the use of this 
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computer output in deten:i_ini.r~~: forces, nwmcnts, and shears for prelini­
nary design purposes. T!;c; :;•w:netr}' of t'l~S brid;;e ccn\ig,Hation i:; 

id.entical to the Bridle Hrid;:r: 'Nith hinge, with the hinge removt:d from the 
structure. Forces in the cables (T 1 z} and the vertical members (L 1 z) are 
calculated in Table D. IY; design vdues for the main gird::rs (G 1 ·\ floor , -
beams, .ar.d strir<gers :.tre \lit;nlesec in the follr.J'·Ning: 

Tz 

TABL=:: D.IV. DESIGN \'/,LUES FOR BRIDLE. 

Tvpe of Load 

Axial Fo-ce 

Axial Force 

BHIDGE CO~·:PO?..;ENTS 

Con::e.•1trated Lc,~,d 
Effects 

2. 5P 
F=-- = 1.25P 

z;~ 

Uniform Load 
Effects 

t(2. 5w) 
F=(2/3) - 2* {l.75}=146.0w 

F :: 2 I 3 t ( 3 ·_ 0 8 
w ) ( 1 7 5 ) = l 8 0 . 0 w 

l'~ 

Axial Force F = T 1 sin a+ T~ sin 13, F = 184. 8w 

F = 1. S9P 

G 1 2 ,Floorbeams 
anc1 Stringers {See Discussion) 

'~Two cahles. 
tParabolic area assumed. 

(1) Girder G1 

D.1L =- T 1 sin a. (100) + x- 175 (P.R) 

Rj{ = 0.00572 x- 0.226 T1 {l) 

RL :: 0. 1 - 0. 396 T1 - RH (by summation of vertical forces) (2) 

Equations ( l) a:1d (2) were plotted and are illustrated in Figures D. 4 
and D. 5. These plots were used u, detern1ine the ma.Xin1um rnoments 
for the girder for both concentrated and uniform loadings. 
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Conccntrz,ter1. Loa.d ,, 

:tvlaxin1um po~:i~l·:t: ;nor:wnt c.::··:-'Jr~ at x = 40 ft when the load 
is at x "" 40 ft: 

+ Mmax = 0. ··H?.3/2:: (40) -· 9. 3S·P 

Uniform Loa·~ 

+ M = RL (40) - :;,~ ( 
4~ t= ·100w 

(x = 40) 

- :M = RL (100} 
(x= 100) 

~:;, ( 1 ~O) 
2 

= - 500w 

(2) Floor Beams and Strin~s 

These members arc designed as si!"!'lple span beams using con­
ventional analysis techniques. The concentrated load is 
assumed to act at rflid··spar. of the floor beams. 

Computer output pre:sented in Ap;Jcnrlix E lists forces and reactions in 
the cables and frame (due to ·unit loads). Internal forces in the frame and 
Goor bea1ns arc calculated in accordance with t!·.e analysis outlined in the 
following dii;cussion: 

(l) CaCles 

Concentrated Load Effects 

Select maximum ordinate from influence line dc..ta: 

I -T 2 , Tz = 0. 40~P 

Uniform Load Effects 

Areas tmrl..;,r influence lines required: 

'~Two cables. 
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Total Total 
/~,rca, A Area, A 

Quanti~!: _J~:_!:.-lr~L 0'<-l<;.ntity (ft_~ - .. --.. .. --
Tl' T3 79.2 Vp V- 118.6 

"' 
' Tz, T-(.. 70.4 Hl• Hz 34.4 

Tl, T3: 

F 
A 79.2 

39. 6w z~~ .. JJ =-- .. z 

T2' 
I 

Tz: 
----

A 70.4 
35. 2w F = 2'~ =-z- w = 

(2) Leg~ 

>!<Two cables. 

Conc~ntrat:od Load Effec:ts 

Select ordinates for ma:dmum effect 

Axial Force 

F = V 1 sin a + H 1 cos a 

F = 0z.~:? (0.811) = 0.313P 

M = V 1 cos ad 

where d = 80.41 ft 

M = O. 77 (0. 583) (SO. 41) = 18P 
z,~ 

Uniform Load Effects 

Axial Force 

F = V 1 sin a + H 1 co s o. 

118.6 34.4 
F -~ (0. 811) + Z* (0. 584) = 58. 2w 
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Moment 

M = (Vl cos 11-Hz sin a) ct 

Shear 

V = V 1 cos o. - H 1 sin o. 

118.6 34.4 
v = 2>:< (0. 5tl4j - z,:,- (0. 811) ::: 20. 7w 

(3) Member F 

Concen.trated Ln~d Effects 

MC'.nent 

M = V l (47) sin 4> - H 1 (47) 

M=32.7Vl-47Hl 

Maximum moment occurs when load is at x = 110ft 

v 1 = o.nP 

M = 32.7 (0. 77)P = 25. 2P 

Axial Force 

F = H 1 + Tz sin 1./J (solve for loatl <•t x ::110ft) 

Tz = o. 798 

F = Tz sin 1./J = 0. 798P{O. 32) = O. 255P 

Uniform Load 

M01nent 

M = v 1 (47) cos <l>- H 1 (47) 

M = 118 · 6 (47) (0. 695)-
34

• i {47) = 2250w 
2* 2* 

*Two cables. 
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Axial Force 

F = 34.4 + 70. ·} ((1, 79'1} . 90. 6·,.., 

(4) Exte ri.or Floor i.l("d.l1i 

To dctern1ine the de;:i;~n lo<"d;.; for L.c transverse !kor bcarns, 
the concent.ratt~d !cJacl ,,nd the L.>:c 1 .:,ad arc equally divided 
among the four strinL(·r~. I:1 c.•dc~· to sin-1plify the analysi:.;, 
rigid supports (at t 1:':.: iL!Or •:.c;.,n.~) arc as:.un1ed for ti1e :>trin!;crs 
and standard infl•Je:lCt' line: v<dlit.::o. ior a fo•1r-cqual span S.!"•lC • 

ture are en1pi.oy.::d. 

Concentrated Lu:.ul Eff,:cts 

Ivl.orncnt 

Rl Rl 
M =: -r -T ( 1. 5 S) 

where 

R = maximum stringer re;,ct.ion = 1. 004P 

1 =length of floc. bc;.;.n, betv:(:l~n cable ~;up;wrts (:.7ft) 

S = E<trinr.;cr spc:cir.g (7 ft 4 i11.) 

M= 10.6P 

Shear 

V - ~ = 0. 50lP 

Axial Forc1: 

F = V tan¢ 

F -c (0. S02)P (0. ')G3) " 0. 4':i·1P 
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Uniform Loc::l Effec1·s 

The load in1pos~d by each sL·inger acting on the transverE"e 
floor be<~m is computed uo;ing standard influence line 
coefficients for continuous four-span structures on rigid 
supports: 

kwL 
Rs = 4""""' 

where 

Rs = max reaction of i:-ldi"l:idual stringer at transverse floor 
beam 

k = influence line reaction coefficient 

w = uniform load {lb/ ft) 

L = stringer span betv.·een cable supports (55 ft) 

(
1'15' + Rs = 1. 2232 (w) ~) = 16. Sw 

- R 8 = (- 0.0804}(w)(~5 ) = 1. lw {for determining D. L. 
tion) 

Moment (at 'i of floor b~am) 

M = Rs (2. 5) ~ -· Rs(l. 5S) 

where 

I. = length of floor beam between stringers (57. 0 ft) 

S = stringer spacing (7 ft 4 in.) 

+ M = 712.0w 

M = - 47. Ow {fur determinir:g D. L. mornents) 

(5) Floor Beam, Interior 

reac-

Desirrn votlues for the interior floor beams are the same as for 
the two exterior floor beams, Ylith the addition of shear and 
moment due to the unbalanc~ in forces in cab:es T 2 and T~. 
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Unbalanced l7e>lce 

I 
F = (Tz - T;,} L 1;in lj1 

F = 0. 7?6 (T2. ·· Tz) 

This force p<cdnces a sccC!1da.ry bending mo:nent: 

( 
£ \ 

Myy ::: F -:;) 
\ , .. i 

1 ::: length of floor beam bet\veen catles (57 ft) 

I 57 1 

Myy = o. 796 (Tz.- Tz.) T = 22. 7(Tz - Tz) 
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APPENDIX E 

CO.MPUTER PROCEDURES FOR STRUCTC"~AL ANALYSES 
OF BRIDGE STRUCTURES 
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AFPENDL': E 

CGM.PUTER PHCr:EDl:::::~;=:; FOF: S':'l<uCTURAL ANALYSES 
OF LRiDCE STRlJC.:TURES 

The three bridge conc0pts :::elected L:l· cletailed applications considera­
tion (Leaning Arches Brid:">,C:, Brielle Bricge, ;:c:,d Fre:.me Bridl::.e) were sub­
jected to analysisidesign it'-'rations which resulted in the preliminary design 
presentations contained in Vult.:me II. 'The anaiysis procedure ior these 
three brid·5es consisted of refinil1g appropri~ne systems of equations for the 
three concepts as presented in Appendix B anci, sc;.bsequently, G.eveloping 
computer solutions for the systen1s of equations representing the indeternli­
nate structures. Con>puter prograrns are described and prese::ned in the 
paragraphs which follow for th2 bridge collc·.:-pts requiring thi" t;·pe of 
solution method. 

Described in this appendix are the computer programs used to obtain 
the influence lines for three cable-supported bridge concepts. 1 ne programs 
are written in FORTRAN for the CDC-6600 computer and use the me<;hods of 
analysis presented in Appendix B. The bridge concepts preser.ted are as 

follows: 

Bridge Concept 

Leaning Arches Bridge 
Brielle Bridge without hinge':' 
Frame Bridge without hinge 

Coznputer 
Program Name 

LAB 
BRIDL l 

RIGID l 

Analysis ~viethod 
Reference 

Appencix B. 7 
Appeo;.s:x B. 4 
Appendix B. 6 

*The Dricile Bridge with hinge is a stat.cally determinate configuration 
which does not require a compute:c-oriem;ed solution. 

E. l Lea~ing A:·ches Bridge 

The system of equations which characterizes behavior o£ the Leaning 
Arches Bridge was developed for nonvertical cable configt~ratior:.s as 
described in Paragraph B. 7. A computer !='rograrn for solving these equa­
tions was developed to assist in the analysis of specific Leaning Arches 
Bridge configur<..tions. During the ensuing design/ analysis iterations employ­
ing the computer prograzn, it became apparc11t that the !Ttost ef:ective 
structural configuration en1ploys parallel cables in the plane o£ :he arch. 
Thus, the specific cable configuration r 2lectcd for the prelirr:inary design 
presentation represents a special case of the general analysis c.nd general 
com~Juter program. Figure E. l illustrates the notations used; Table E. l 
relates notations en1ployed in the text v:ith computer symbology. The 
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TABLE E. I. NOTATION RELA.TIO)l"SHL'='S BETWEEN TEXT AND 
COMPUTER PROG.I~.AM, LLAl··;ING A:\CHES BRIDGE 

Progra.rn ''LAB" 

AL(I<) 
BE(K) 
CA(KK) 
CL 
CMl 
Cl\-12 
CMC 
CM:O 
C:!v10DL 
CTH(K) 
D(EK) 
Dl, D2, D3 
GO(K}, ••• , G5(K) 
GA(K) 
H 
HO 
PHI 
PSI(K) 
Q{J, K) 
R{J) 
REAR 
SA 
SAO 
SBO 
SFO(K), ..• , SF4(K) 
SGO{k), ••• , SG5(K) 

SGO{K), ••• , SG5(K) 
SHl(K), .•• , SH3(K) 
SL{K) 
Tl, T2, T3 
TC 
TS 
vo 
XI{KK) 
XIB 
XII 
X!'v1U{J) 
XNU(K) 
XP(I) 
Z(.J, K) 
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OK 
13K 
AJ 
L 

Text (Par B. 7) 

M 1 (Bridge Girder) 
Hz (Bridge Girder) 
Moment at Crown 
Mo, '~-.foment at Spring 
Mc/L 
eK 
dK 
dl, d2, d3 

gO, K'. ''' g5, K 
1'K 
h 

Ho 
<? 
~K 
qJ, K 
R-
RJ 
a 

ao 
bo 
£0 , ••• , f.;_(Constar:t I) 
go(_;;), ••• , !•<;(~1 ) (Crmstant I) 

go{Sl •.•. , g5(0 (Varying I) 

hl,K•···•h3,K 
1. 

j}l' Tz, T3 
Thrust at Crown 
Thrust at Spring 

vo 
~K 
In 
I 

11-j 

l1K 
x'. 

l 

zJ,K 



computer prograrn 1s :;:·esentc·d in '1 able E. II; subroutines written to support 
the main program are con\oin<2d in Table E. III. Input data descriptions re 
contained in Tabk E. II. Ou\.put data are in the fe>rm of cable forces, a.rch 
shears and rnomen:s, ;ind girder sh,;~c:s .'lr.d moments. 

E.2. Bridle Bri~ 

Two configurations CJf the Bridle briJge were considtred in the 
developr11er.t of preliminary d.Lsignt:: Bridl;:: Bridge with hinge and Bridle 
Bridge w·ith continuous [;inler. ThP- forrnc r configuration is sta.ti.call:~· 
deterrninate, therefore, tbc a:1al)•sis rolution cices not :·equire a computer~ 
oriented solution (E:<'!e Pnragraph 13. 4. a. i:1 Appendix B). The Bridle Bridge 
with continuous girder is an indeterrr.inatc structural configuration which 
requi~·es a compt!ter-orient:d solution. A sketch which .iefines the Bridle 
Bridge notation is included as Figure E. 2. Table E. IV relates text rwtations 
with computer syrnbology. A computer program to sohe the system of 
equations presented in Farc:graph B. 4. b. of Appendix B was developed and 
is presented in Table E. V. Input data are described and defined in this table. 
Ontput data are presented in Table E. VI for l.\VO vertical column conditions. 
In the first condition, the column is considered pinned at both ends, thus 
making tl:e horizontal components of the c<tble forces eq"-lal. L'1 the second 
condition, the colurrm is considered fixed at its !ower end, thus causing 
bending of the column and uncqucil cal:-le forces. These printouts ·were 
employed to develop the influence dia~rarn'.; ?resented in Vo>Hne II ior the 
Bridle Bridge, continuous girder cr:miigur2.cion. 

E. 3. Frame Bridge 

Although two configurations of the Fran1e Bridge were considered in 
developing analytical expressions in Paragraph B. 6, only the continuous 
girder :.:onfi.guration was detennined to be feasible. A notation definition 
sketch is presented as Figure E. 3. Table E. VII rel;:..tes ~ext notations '-.vith 
computer syn1bology. Solution of the stati:::ally inde·.er:-ninate systern of 
equations is represent!'d by the computer program listing in TaLle E. VIII. 
Subroutines to the program are contained in Table E.IX. Input data descrip­
tions are contained in Table E. VIII. Output data are presented in Table E. X. 
These output data were cn1ployed to develop the influence diagrams presented 

in Volume II for the Frame Bridge. 
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TABLE E. III. COMPUTER PROGRAM SUBROUTINES: 
LEANING ARCHES BRIDGE 

H,,,:..tl n ~o ~· ( ,,.& r• ,$t. ) 
ltt~•kl"l 1d • ~ 
•"L•a 
li l.. I C .1 

' u~v•1 .. 
"'" f t. 3 
Cl • f~ • •PJ / t ) "-"S •I r.- •• ,~. 
t.: Ja&l>'/~& 

l4a& ,. U/Sl 
~· t:Cl•t2. • < 1, .,. C2l •11 • ·~J h!1,;2•C.JJ ••ll .. •h( I..&'•..:J J ••2 
W~h~"'filt 
<•C 

J&,~ I.: Tt O~ A"- ti L.tl 'i ,lo ~! ) 

' • y ,. 
1rnu.c.J 

1 u u1•,s,o 
J lr(A,)4,7o6 

2 AhGLt a Q,O 
Ji;~l~o~Wh. 

• AfiltGL.t- a PI • "'''HC) 
kt:1 vw ~ 

I§ .t.hGL. ~ • 1,5 • PI 
WtH1iolt.. 

6 A~GLt • ~. • F ! • A1•~tC) 
;.:t tv~J.. 

7 AhGLf a u, ; • P! 
._k-TUt<h 

8 a~ G Lt a ATA~ICI 

At: TUM"" 
e•o 

S~~~bUTJ ~ t ~CLYft,,L~,~~ 
nJ JCkh$1 0"' c c tO, 20 J . c .. ( ~~ J ,su2u 1, CL:c t 20,, Clllc ~o ,, .u 20,20 J, c t 1,,1,,, 

11" 0•U61,lCUt.C1 )1 
a.•~) 

liU 1 "''1•"" 
ov 1 ~·1·111 

ot~,•J•C'"·" • 
co•11•uE 
CALL "ATih~(~,IOoiQ.,,It.QL, -c,.l~tltOt"· O ~I 

L•Q Z "·•1 'h 
DO l ••1, "-
"t "•" J • IJ C "•" J 
c'' 1l•ue 
DO J .,, t • t. 
f.:tl(t~J•CI(t• l 

Cl<-' t• YE 
t..ALL. ,. . f .. P't(A, CC", C"'"") 
CIJ 4 "•1•,. 
lor{loqal~f .. J 

• fOhllll.uE 
kt. f\,· lot ,. 

Hu 

S'-t- .. ui, TI't "" ' "• ·qA ,b. l: ,11) 
L'lf't~~IU • .. ACJO,J0).tff2U),Cti01 
LL l J •l, "• 1 
rt J 1 • o ow 
l.l.i 1 JS t ',. •1 
t.:tl» • CfJJ • ,qf,..l) • t~C.1l 
((.:'I J "'UE 

~~.. t- .. r a.. Tf '\~ )t , ,c, c ~. , ~t ' J 

JJ. &Sl-H ·d•li• R~""o.-c T••c CAHI.C tff~J, 
n l !'! t 1f ~ l•l• c"" l.t "'t"'J IS 1~ IHt: )'fSlt" 
l!"'!:"~ I O'• C: tc. u , i'.J I .I..•, .t :J, J~'.!I fl5o) 
t. C : • •:., t·. 
.:. :.. l fro.¥ ;. ' :., 
Jt( J~ t'f(.) ,r.IJ, 1J '-' LI ~'.J 1 
1.1 ,., "1-.0 o 0 
(. ('' .. J. 0. u 

1 t l.\ ll/'.UE 
'·"' t ,. t:l, l'l 
If IIStTt'ld ,t O. liU'-' TU c 
l" ( ._ ~ 8 U t 0 

(. ,~. •. , c 1' u 
L(., \ I I P.. U ~ 

" ' 

I 04 

>· IJ W l t.i 
>• OOtU 
:i• \IW.lU 
>• U04U 

~· ""',u 
~· :o~~o~ 
;. ~0 /:J 
S• UO-tu 
S• CIU•tJ ,. ~I 00 ,. Clll \1 

OliO 
cn.J" 

··~ OUI U .., DOlO .... 00 j,) 

""' OC • D ., .. OD>U 
••G cg~ o 

···I.J 0~ IU 

··~ OOthl 
H G oovo ... , 0100 
.. .. l.t 011U 
.. ,\oi 

01 ~-
1'- ¥ 0 I JO ... e!41~ 
..... ti ana 
o~.r.v 0160 
Ufti 01/U 

••• DUD 

, .. OQJij 

S~L 0020 
St.iL DOlO 
SDL 00 4 0 
Sl:'- ou,o 
SDL oo•o 
>UL Ou IO 
SOL 00~0 
St;L IIU YO 
SUL 010U 
SliL 0110 
so. 0120 
SD• 0 IJD 
su. 0 14 0 
SU L 01)0 
SOL 01·~ 
>U:O 01 :o 
$GL 0100 
S&;L D 1•0 
SOL C20D 
~ u . OliO 
~~~L ono 

••1 DOlO .. , o o2u ... OJJiJ 
••1 o•4~ 
-:a 1 I.J(I ,~ 

••1 'l\i tll .. ' JO 10 .. , 01n1tJ .. , c Ll,ltJ 

S< 1 DO l o 
Sd 0020 
Stl ODJU 
~ t T OD4U 
~<I DO>U 
Stl DD6U 

~·' OulrJ 
>H 0000 
><1 0 UYO 
S< 1 \11t1U 
>t1 OliO 
" i:T 0120 
St:-1 C!lO 
StT 0 140 
>•' U l., U 
Sd Ol&D 
s~t 017. 

H 
0 z 
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TABLE E. Ill . C01v1PU TER PROGRAM SUBROUTINES: 
LE A. 'ING ARCHES BRIDG E (Cont ' d) 

$ 1,11-t'U ~ I ;, " ll&thf I I , u., . , Il l.' !,. , 11 o t..UI• o $or"~ol1 I 
~i:tkllltlC ., A 1 . 1 I, UU II I 1 t • !Ct'\ 1 l J 
nt•1 v, .s 
H• • t..llit,. lwiii;:; TI!c.t lllll fllt!' • fii J.I Ii U . ... ill!;• I OIITI •i 

I • &iiiU IU, Ool f 1.'1 • &f111 
I AOw • Q:jo<. lro51 QIIl 0 .If ••1 (I ~ Q•£ .t.H it 
ICO" • Dl "fl'tiOitUI at 1t ~t 31iUhlt 

1tr. • t..;.c HHl c,r i: IIU A I I O" S 
11;0 1• • oAUI . Or I I" IJ I" io.I Hh• llf ,,. l, I ' "' ~ .J •u t;l!rtoO 

$ 1>1.. , • l •H ll,f~T L\' C i .. \0 htiiU, I IL O. Grfll lllt' t llf ( l . t.. l lo ~ T­
ll)!a '! SIII \.\ LAI(, ;,. Lt<l lt..V • 1 ,1 l• t 4 .._. J , , t•U 

11;'1 • " • 1 
tC ~ U I o. 1, It 
ICOI. I I J t I 

Ut HIO"' I I I • I 
bO J.t1 IT t tt • 1• 1o1 
~u-c • Pt tt 
• .u·t: • 1 
1 ~1'11<1 • ' Ut I I I IUklt l I 

'-'" " ' c M' l • JT ~a 
DO U~ I • lrU , Iii 

CI 'J Hr J • l o 1.1oc11t 
: J • I .J • ~ J • '10 1"' .. I 
ar I ,.,., • C "'" I .t. I l.r I I I I Ula lito Ul 

Ut "il• • f 
•ur • J 
fl:t~• • •ttr I t. ( I J I I 

:.It C.O"llll \l l 
:r I lE"- ' • lto.t.. lf I lJi o lHo Ul 

Ut IIOw I llt ~ t I • P 'f.ll' 
,. .. l ilT It J TtM 0 hoLlo l 
&!. fil ii" 

Ut Io(l Ul J flo II 

,ott lltJ • 1 J • 1 I • "'!.ll " • •••t 
11 J • r ., ~ 1 1 • ., ~,~ , ... u•• 
fll"" • & I lll.loi. IJ ,I I 
a I "UIJ I e f I lfol I 

ltt & I ll.1 J • 1["" 
JTIH e ltOlll I 111UI I 
1•0 • I ..... _,. I • 1.11 0 • I il il I 
110• I 1111 I • lf f iiiP 

111 If C r:uc • 1 I 1tt . lllo 111 

Ut DO tt l I • lo' 
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TABLE E. IV. r·!OTAT)_ClN ~.<YL!;,_TIONSHIPS BSTViEEN TEXT AND 
COlvi:FU'I'ER :tJ.I:tr..:<:i:;.1AM, BRIDU~ BRIDGE 

'0 u-,~ur· 1'' ~1?!.~·.:.:·-~:.::_:_ Text (Par. B.4.b) 

AI AI 
AZ Az 
AL a 
BE 13 
CI I 
C!l Il 
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SA a 
SB b 
SLI 11 
SL2 lz 
Tl Tl 
T2 Tz 
XI s 
XLA X. 

XLAl A.l 
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XMU2 l-1z 
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OU TPUT: BRIDLE BRIDGE WITH 

CONTINUOUS GIRDER 
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TABLE E. VII. NOT.'\TlON RELATIO~<SHL'PS BET\VEE.-·>J TEXT AND 
COMPUI'ER PROGRA?·.1, l:.;·RAM8 BRIDGE 

Pr_£gram "RIGID 1" 
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TABLE E . IX. COMP:JIER PROGRAM SUBROUriNES : FRAM E 
BRI DGE {REF . TABL E E . VIII ) 

ft.~Cll ON S~t~ 1 .'"! 1 SA) 
IHX .t. :·. XJ l uO TO l 
xr-.uuxJ 
GO 10 ? 

1 X"' UIH 
GO TO 2 

2 Cls ( X*X l)/(~ A• S A ) 
C£sX /SA 
CJ •X I/ SA 
C<411X IIIU/SA 
Sfc(Cl•(2,e(1,•C2>•tl,·C3 ) + ( C~· ~J) eP ~)·C4•lC2 • CJ>••2l/6, 
Rt:TUHII. 
1:1'< [) 

rUNCll 0~ DET<All,A12,A1J,421~A22,A23,431,43~,A3J) 

81 1 • All • A22 * A33 ~ A12 * A~J • ~31 • AlJ e A21 • AJ2 
H2 1 a A13 • A22 * AJl • 412 * All • AJJ • All * A23 * A3 2 
Dt:T • 8 11 • ti21 
RI:TVk~ 

END 

S U ~HOUTI ~ l: SCLVECT1 , 12,TJ,TlP ) 
COMMO ~ /A/A11tA12, A 1 3 ,421 , 4 2lJA2 J, A 31,4J2,A3J , C1 , C2 , CJ, B t3 

811 •411 
lil2•Al2 
813Ul3 
l:l21BA21 
82211A 22 
823U23 
BJ1•A 31 
832114 32 
BJJotAJJ 

5 v ~L•u c T( A 11,bl2, H 1J,I:l21 , B 22.B2 3 ,8Jl , ~32,1:lJ3l 
TlaU~T C Cl,U~ ~ . I:lll,C2 , ~22,1:l2J 1 CJ, B J 2 ,~3J)/0~L 
I ~ IT1 .~T. O,O l GO 10 l 
T2•U~TIB1l,C1 , B1J, H ~1,C2,B2J , d31,C3,~3J ) / U ~L 
1FC T2 . ~T, O,Ol ~0 TO £ 
TJ~DET1811 . ~1~.cl,H21,~22,C~,~31,~32 , C3)/UEL 
IHTJ ,I,.T, Q,O l GO TO J 
GO T..; 4 

1 811•1 , 0 
B12•~1J•B21•~31•Cl•O,O 
GO T 0 5 

2 822 •1,0 
812 •B21•B2 3•BJ2aC2•0 . 0 
GO l 0 5 

3 833•1,0 
B1J•B23•831•~32aCJ:Q,O 
GO TO 5 

4 T2P • T2 ~ ~~J • (Tl • TJ ) 
l1ErU~Ii 

END 

114 

s~ 0(110 
~~ 0020 
~~ OO:SU 
St 0040 
s~ 0050 
s' 0061) 
St 00/\J 
s' OU!! O 
Sf 0 0 <,10 
Sf OlOll 
s• 0110 
Sf 0120 

~' OlJU 

Ut:T OOl.IJ 
iJt:T OC2U 
UI:T OO.SO 
UI::T 0040 
ut:T 0050 
Dt:T 0060 

SOL. 0010 
SOL. 0020 
SOl. OOJO 
SOl. 0040 
SOL. 00~0 

SOL. 0 060 
SOL. 00/ U 
SOL 00~0 

SOl. 00~0 

SOl. 0100 
so· 0110 
su ~ 0120 
SOL 0130 
SOl. 0140 
SOl. 0150 
SOL. 0160 
SO L. 0170 
SOL. o:.so 
SOL. 019 0 
SOL. (1200 
SOl. 021C 
SO l. 0220 
SOL. 02.30 
SO l. 0240 
SOL. 0250 
SOL. 0260 
SOl. 0270 
SOl. 021!0 
SOl. 0290 
SOL. 030 0 
SOL. OhO 



•• . 
~8 . 
Ct.;:.• 

TA::-".LE E . X. COMPUTER PRO(:RA, " O'C' T PUT: FRAME BRIDGE 
WTI'H CONTINUOUS GHlDER 

,, ... . r l'l-..Hl f'l l\ S.&l• 1\'l n . O \i o\O r~ "' ~ l ?.i: , .le o. t•t r.. ;, ~ •. ~ .. ,. \Y K . u oecn~t-: 

~~'. OJO v ~D~ CL . ~e.•. O ·'l tJ ~ O Otl r til: ' .ll rt :; CJ ? OD 5L1 • 4 99, 60000~· 

~ ''· 9 '· ( ' •\• 1'1 •l . .... , t n ~(ln ,., •2 . 2 .7 ~ (,( 0 1. 0 Cl1•l ••o oc . nor-ooou 
r J2•37J ,• o . n•o oono c: . •7 oo.oo•~" '' ~ AL . . 9 •6 ~ ~ ~ 3 ' S tc: ,92 h i 1< 
PM I• ,, ., e, . QI'I • 

AE 1• . oH•• o6 "E 2• • 05 .. 7!l 2~ 1>- ~ J a • J ! 116• 2 Ilk .. • Ot.i6~d~ 
HI 1• • Oll ll'"IP. Sf ll• • 01" tl 2 '.t 5S.t . t . C09 l~• o 

5r2 l . . ot • Jno ~r 22• , Ol C6J)j S< ~ • .t t .(J2 ? 9 
sr,• .• • C'19lth• Sf J I• ~ 1·1 .~ J?' ~ (t sr J-' • . r 11 t ~ 0 8 

ALII • . 0' HJ-. 'L1 1 ~ . t 1 ~9 ?.17 '" l ~I.S . C'JC ~12 ,, ,,. • rtrt& ~O~ ' ' I.. 22 • . n o : 9-t 7 ~tt .1.t] .h . CO f'I V&lV 
, , 31. & .0~ 6•361 LL. 3?• . e· a J~:Y73' Al. l l c ,r. C' .t4! CI~ 

., • ~.o o oo coo ~I o. o o • ooo ~ QC . O. OI O&OCO • T1• o. ooooo co MT2• >1.&000 000 
Tt o , nH~ooa •• . o . oo oooo o 12'• o.oooc c oo 13 • O ,O GOOOO~ 
rt . o.o o•oooe f;; . o.o ~o t o • o <J . O . OCO H OJ f4 . o . oouo uo o 
•I • c .~ u o oooc ~· 

. O. OO O:l C!'l- 6 •t • o.o oo oooo "l • o.ooooo o; 
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APPENDIX F 

SUPPORTH\G DATA FOR PRELn!Ir-~ARY SIGN AND LIGHTING 
SYSTEM SUPPORTI:r:.;G STRUCTtnU:: DESIC..l'-:S 
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F. I. 

SUPPO:{T:;·~c_; D.\T .. i'();> ~ r \ .. l\li> .-\.!C/ S!G:'\ A:'..:D LIGlffl~;G 
SYST f:\1 S Ul' PC.~-~-.·: G .c;T R U ::::·:r u;u: DESIG:--:s 

The a.nalys,•s of the cab>~ supporttd sign and l•nr.inaire supp0;;ts 
can be treated. in ba3ically the ,;;.,.~r·e r:·,::.nner. There <lr~ several lo.~di!1g 
conditions tc i;e considere-d in ti1e cicsi~.n of thes.; stru-;tures and, ~ur 

simplicity, these lu2.ding cor:diti'Jl•c ·. i.ll (H.: tre<ttcd separately. 1 he loads 
are divided :nto three categoL·i...:s: ( l) luads dtk to :he "dead weight'' elf the 
str•lCturc, (2) loads dtH.: to w·ind lc.;~c.is ::..cting huri<.ont:t!ly in any din ction, 
and (3) loacs c!ue to the ''prelu?.dil:~;' of the cable supj)orts. The .1.n•1lysis 
is bast:d on the fcllcndr:g assump:iuns: 

( J) The cornprcssion memi)e~· is ir.st; ... lled without cable support, 
i.e., it SU?ports its own weight in the initial cond~tion. 

(2.) The amount uf prclo~td <-;:.-pli<,d to the c<cblt:s is ascertz.tincd by 

dett: rminir.g t:.c Lrcc :e;1:i:·ed to restore the '...!pper end of the 
cotnpr•'ssiun rner;ltH~r to its •)rigi:l~d, l:ndeflected position, 

or dctcrrnini:1g t:-.e •.:J:-ce required to <.cssclrf' th<<t neither cable 

becomes ::lack (zero i•)rcc) for all conditions of loading. 

{3) By applying a p::-(· o<\d th,:.t assur<~s hoth cables uf remaining !n 
tensic'n, the cal:lcs can :.;e ,-<s3,tn1ed to carry con1pressiun forces 
wLich, in effect, <•re a reduo::ti:.Jn in the arnount of tt~nsioa ~n the 
cable. 

The srJ.bilit~r or.· the cornpr..:ssio:1 rncm~cr durir:.g the pretcnsioning 
of the cables ,\nd during :,ystc:11 responses to severe wind loadings is 
trcated in a r;tability anaJ;rsis discus,;ion, Par? graph F. Z.. 

Figure F. 1 is a dcscript:rn~ of the geornetry and sign convPntion used 
in the analysis. Figure F. 2 d<·3cribes t:"le "-?plied lo'ids ,;nd defines the 
reactions in tltis structural ,;~,rstern. E:c;t;il~LriUJn cqu:,tions written for these 
applier! loads a.rc :summarizc:ci i:1 Table F. I, <>.lung with basic deflection 
cotnpatibility equations for the cables and ccn>pression nH!nbers. 

F.Z. 

F. z. a. Cable Prctcnsio:i and Dc:1.d Lo2.d 

F""or purposes o{ a t.;taL;:iity ... :.~:l~i'.ysi·"J, tf1e contp .. :essiun i-:1cL.bcr­

cable ~ystem is idealiz~'d as s::uw;; in Figure F. 3. T 11e stability ·)f thr· 
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FJGURE F. 1 SJC...~~ 1\:'\D L,GHT.NG SYSTE!vl 
SUPPORT SfHL'CfUI<..E GEOMETRY 

Wl~r? 
LOAD 

t-...JOTE: 
L-.EF"T 1-4AN0 R.ULE 

APr.:::' LIE.'£:.. /" 
P, 

F.i:CURE F, 2. SlGN AND L;GHT.i\:G Sl'STEM SUPPORT STRUCTUR.S 
LOADS AI\D H.EAC r;O~\S 
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N 
0 

TABLE F.I. LOAD ANALYSIS OF COMPR.ESSION :tvU::MDER n-.;- SIGN 
AND LIGHTING SYSTE~v1 SUPPORT STilTJCT Uf!.ES 

I Cnmprr•sion M.t"rnbf!r 

_:: . ..t:£.!_i.!!L.!--~__.!2.:Clrctio~t;"'ti_£~ 

F,. I 6 1 , P 1 L~/JEPIP 

Cal>h ElongatiQn 
F.']u3tion 

61 .c Txz'cxt./A~F.c sin 9 

F:qu,"' ti ·?-~..!....!!L~~~~!J.l~.!.~:..::;. 

(t) ~.(I .. ~) - ZT x.-.t. a in 6 - M 1 ::e 0. (Z, ~ ZT xz •in a. ~ p 1 coe p t Pz: un f.\ :(I 

--~---h~_:.~~~~-- _- 0 3" T~y1 c,r!_AcEc_•ln-;j~:: ;~~~~:~~-:~~·.;;;~~;~y~~p~~~~~;.~~~j:l(~tj:~\l_;;_,~ 
-F, I 6t=PtL 3/3F.y.!p bt=Tx'J.ICxr.'AcEc•in9 (1) ·Fr.L~ ... ZTxzL•in9+t-.i3:::0,(Z) ·ZTxz=-~_,Q..._P!c{lii~-+Pzun~ 

-+--------_:D::_•::_fl:..:..:_;f'ction Equ.a.tion (J) lT • cot !I+ Pt •Ln ~ .. P.z:_ cot~-= O. (4) • P1L + M J.:_"__;o ____ _ 

I M)( C'(•" 0 t,l ZT xy•in + L3 
I b~-=------- --- (1) M coef'-lTxy!.dn,.·MJ~o 

i l · l F.plp lV~p -+---:---------------
M ~~-~ _ Z1,..~~L 3 ., TxziCxz I 

y -l--~~~~'1 ----::~~·-~---~~~::~~= ~~-- ------- -- r 
Mz 63 := -.!.!::~:_~_.t_::..._- ~---- I (1) Mz co• ~ .. lTxyL 1L~ + · M ~~" 0 

l Fplp 3f:plp 

Mx 

..... % c 0 

------t~---- w~,~~l~~•m 9L~--;~~-=------~---------------- ··------------- --·---- -----·--

wwx ~~ : -z~;z;- --~~!-;--:: AcEc •ln () ______ , ______ --··-------~----~ -----------+----- ---------------------

w....,y 

w L1 
6)-:- ~-~.!'in ¢L) TC'I:y'c 

BF.r1? Ji-;;r;;-- • AJ~c oi:r q 

------------·-- ---------

wD.L. 
6r , wD.L. coo pt.4 

fSy;-
I 

PRELOAD l ~J- £<F~DAT~ o·n Q co• jl.J 

--------- -------- ----~-~rf ______ _ 
(l) 2.Tx-r.L ein 8 • M 1 :t 0, (Z) M 3 ;;: PtL ... 2.TxaL eln 6, p) ~Z.Jxz elna • PzSJlr:.~- 1'1 cos~ 

?l'mt><~l~- Sre Flguri"S F. J a.nd F.l for othf.'T ~vrnb.>1 c~finition•. 

~, 
p ., 

r:c 
'''wx 

wwy 

wt".L. 
PRELOAD 

-;- M<'"fl'}f"~t o·f ln-l"'rlill of c•.l1"r1;">r~·HJ ,.Jn rn-.-rn't.'f'!'" ~+.-,. 4~ 

r-..·!ndulull o( ELu.t~' i!~· •J( C~'rnpr~of\ir."' memb.tr (lb.ti.n.l) 

'II: Arr:a ,...f ·~bl" (in.Z) 's . . Q x 6 
( ,.1 . , b' 1 ) for I/Z-1n. ·dla cabl• · !. Ac • l. 5. 10 lb 

~-1·~cL .. lu<~~ n "&l!t~ll.:lty l'· c.t !e ,pai C 

Un1brm lo ... a.d d""' t~ w1r-d 3c:-tmt: \i, y dnecthn on comprr1111•ion mf:mbrr {Ab/!t) 

Un:f•ltrrl load due to wir.d actH'S ~n x dircctton on cn•::;:::-etuion mt-m~r (lb/ft) 

": ea.d Load" of <:orn;t%'1'"!'!16i0:1 mt.•mber (l~'h) 

Load aprli~·":! to rach C"~b!e. 



COMr~~£!.'3'510!'-,, ..._ .. H"'::..~"'iBC~ i~r-?01-lE.~T!e::.~: A p, E.p,:C.p, L 
C.e...t;.~!....,r;,. PF2.0PC::.r<!T!E.e.3 : Ae, E..c, .Jle. 

F1GURE F. 3. 1DEAL1ZA TlON OF CO.MPRE~;s,o:--; MEMBER· CABLE SYSTE!VJ 

v v 

-tt~~ =! p p 
X 

.M .1-4 
I CDJ ® l. 

FIGURE F, 4, FREE- B0:9Y DlAGRAM OF C0~1PRESS10N MEMBER 
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sv:~tern vi:.ll l.Je <:•.nv.lyzed L? cor:sldcrinr; :)~lly the c.:tble fo::-ccs. The dfcct 
of tLe con1prc,ssion Inc-rnbcT's dead \vcigU \vill be corE.idered later. Tr,e 
differential esu; ... tic,n govc:!T:i:1£; tiC l::f'hz,.vior of the Cvttlpr ession nH:r,1ber, 
as shown in Fig~re i'. ·1, • ,f. 

1;...) •• 

EI y11" T Py II = 0 ( lj 

where the prirne refers to derivatives \Vith -espect to x. A solution to 
Equation ( l) is 

y = A sin kx + B cos kx -t Cx + D 

where 

and A. B. C, and Dare arbitraqr constants. By suhsH!uti·::m of ~he 
boundary conditio::s, as shown in Figure F. 4, 

y = y' = 0 X: 0 

M = 0 Q=V at x=L 

expressions are obtained for A, B, C, <>.nd D. Equation (2) can then be 
rewritten as 

y =:!__[::..in kx- kx- tan kL (cos kx- l)] 
Pk 

(2) 

( 3} 

( 4) 

A buckled configuration for the compression m~rnber- c~ble system 
is shown in Figure F. 5. The qua~>.ity o is the buckled d::flcction at the top of 
the pole. By resolving the cable force, one obtains (neglec~ing second order 
terms). 

. }-:l = T cos e 

V = T (sine+ lSc cos2e) 

( 5) 

where T is the cable tensio;", Noting that 

y = ;. 0 at x=L 

and substituting Equation (5) into (4), the following expression is obtair.ed 
for (,: 

':'S. Tiraoshenko and J. Gere, Theory of ElasticStability, McGr?.w-Eill, 1961. 
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FIGURE F. 5. BUCKLED CONFIGUR.t\TION OF COlv1PRESSION 
MEMBER-CABLE SYSTEM (Pretension Case} 

FIGURB F. 6. BUCKLSD CONFIGURATION OF CO:V1PRESSIO!': 
MEMBEH.-CABLE 3YSTEM (Live-Load C<:.se) 
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I.e tan 0 (t<lrl kL - ·::-L} 
--- -----W·-·-
klc + coe. 0 (t;cn kL- kL} 

The 'buckling load is defined as the luad at which the deilectior.a are unbounded, 
i.e. • 5 goes to iufinit)'• Therefore, the c:ritical hqd is reached when 

kl c + cos G (tan ;,L - kL) = 0 

or 

tar. u = u (1 -__ i_s__) 
L cos 0 

(7) 

where u = kL. The values of u for whic:1 this eqLlation is satisfied are given 
in the iollowing tabular forrn by Tirnoah.:nko':': 

TABLE F. II. SOLUTIONS TO EQUATION (7) 

lc/L cos {) I (u)cr I 
l 

·1 
1T 

1.2 2. 65,1-
1.5 2. 289 
2 2.029 
3 l. 837 
4 l. 758 
5 l. 716 
8 l. 657 

10 l. 638 
20 l. 602 
00 rr/2 

The:: critical value o( Pis found as 

E I 
per= ( u ) 2 .:::::.fC.l2 cr 2 L 

( 8) 

where (u)cr is tabulated in Table F.~ for particular values of I.e/ L cos e. 
(Note: Per= T cr cos e.) 

~'Ibid. pg 122, 
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An appr::;xin:1~1t:c~ (conscr·ativ~} expression for the critical load which 
includes the effect of the distributed (ien.d lo~d is giver. by Timoshe:1ko':' 

p cr = p cr - ·9·Z-:: 
'· 

where Per i<> the corrected critical bucl<lir,g joad, Per is obtained frcm 
Eqaation (3}, and q is the axial comp.Jnent of the distributed dead Jr.a-.:, 

F. 2. b. Live Load Effects 

(9} 

In this section, the stability of the total system subject to ext~rnal 
loads ""ill be considered. Equations ( 1 ), (2), (3), a11d (4) also arp:y in this 
case, The additional applieC. live loads a.re shown in Figure F. 6. Resolution 
of the live load and cable forcEs yields (to the first order) 

where 

P = T cos 6 + Hh cos [3 + Hv sin ~ 

V = (T + ~T)(sin (l + Tcos2 e) + Hh sin i3- Hv cos~ 
c 

6 AcEc 
= -------

sin 8 l c 

( 1 0) 

(In this case, the effect of the char.ge in cable tension 6T must be inclu.led. 
Here the cable is actively resisting the applied loads, whereas, in the pre­
tension case, the cable is acting mf:::rely as a means vf applying t;H" load to 
the co1npression nurnber and the elongation of the cable is im1nate1 .. al.) 
Proceeding in a rnan.1er similar to that used in the precee.::ling s!'ction, one 
obtains the followi:Jg expression to be solved for the critical Jua.:.i: ;negle::-ting 
S(;cond order effects}: 

tanu=- u(l ·- ·:u2) ( 1 1) 

where 

u = kL 

c = 

':'Ibid. pg. 1 a. 
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with a given value u! t:, the va:n~ d u for which E4uation ( t 1) it> s<~tisfied 
can be c•btaincd hy trial and ;>:-:-e>::. Let 'his va! 1e of u be llcr• ~}H,n 

(ll} 

This value of Pc.:- ci1n be ((•JJ~sen·•·tiv(·ly) corrc::cted f.:-or the effect5 of the 
distributed lo:oc! as "'·a:; du:.c in lid? p.:-( vious sectic;n: 

oL 
-~ 

2 

where Per is the corrl'·~ted critical Luckling load, Per is obtainl'd frorn 
Equation (12), and q is the ax~l ,:omponent oi !.he distributed dead ;-,lu:; 
live load. 

(13) 

If the cable is quite stiff relative to t~e compressicm member, c is 
small and rn'l.y be neglected in Equation (11). ThL;:.>, or.e has 

tan u = u { 14) 

w·hich is identical to the cxprct>sion obtained for a pinned-fi>:ed cokn1n. The 
corresponding critical load is 

n s) 

F. 3. Comments on the D~mic An~lysis of Sit:.:Y_J?.!:.!P:Jort St:-uct ur-es 

F. 3. a. Introduction 

Dynamit: analy·sis of a structural system of any complexity- 1s usu.:;.lly 
long and tedious. For preliminary des:gn purposes it is desir.'tblP, if rossilllt"·, 
to reduce the system to one having a single degree of freedom, i.e,, to a 
single mz.ss and a "sprinr,''. If this can be done, it i~; next necess1.ry co 
assun1e the type of dynamic disturbance, which mar be one o;; sevl'ral of an 
infinii.e nun1ber of forn1s. Having decided •.;pon a particul.tr form, on<• can 
then deterr.1ine t:-,e ''dynarnic )<Jad fact<•r," either an.liyt1 :0111:1 or fr·on1 prt·­
pared cu::-ve£ in the published literature. A gc:.>d rdt>rencc is "Effects <•~ 

In1pact on s:rnpl·~ Elastic: Structures," by J. !,~. Frank\<1ml in tl:e Pro<"•·t•dir~y...::_ 

of the Society f:.l r- ~~:'S£!.:. r- i r:n en t_:~~.£_<:._:2_~ An;ll v s i_::1 V t•l. (,, pp. 7-2 7 {l 'J.l i·). 
This will he referred to hereafter .;s "Fran.ldJnd". The value c;f t:ll' dyrn:'"nic 
load factor dc•pcnds on two Farar:1etcrs: ~<.i·, the duration of ~he pulse, and 
(b) the natu- ~ period of vibration of the st 7"actural syst<:-m. 
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For pu.t·poaes of thi~ die ,:u.;;sion, the dynz.;.m.ic dif.turb<>.nce will bt:: 
asswned to he a rectangula< lY:L,~ of duration t1 (Figure F. 7). The dynamic 
load factor i:: given in Fig·n·e F. 8. The period T of the structure depends 
on the "sprin.~. const:-~.nt," whid~ rnay be obtained fer various types of load 
on the guyed c.:1nlilever. Th::-t:e types of load<> hzwe been considered: (a) load 
<.i.Cting vertically in the plan.; of the sign panel, (b) load acting normal to the 
plane of the sign pz•ncl and {c} to:·sional momenl acting on tl.e structure in 
a. horizontal pb.ne. Each of thesP. lCJading conditioa'i is discu~;sed in the 
paragraph!? which follow. 

_L0::d Actir:.t:: in Plane of Si<:n Po:1.nel (Figure F. 9) 

If there is no pretenE.ion in the cables, the tension T 0 in the 
cables is effective only when the end of the cantP.ever is rnoving dO\vnw<..rds. 
When the cantilever is moving up, the cables are ineffective. This ma1zes 
the analysis romewhat cornplicated. A sin-1plified approach is to omit the 
effect of the tension. Another would be to take the average value of the 
periods with and without tension. In this case, the period T may be given 
by 

Static deflection of sign per unit load 

where 

and: 

E 

w 

g 

c 

f3cii +fJ.L-. Ab3 

Il 
--sin 

Iz 
(a -

- ;rodulus of elasticity (lb-in. -2) 

l/2 

= sin (a. - }3) (3a/2b +cos a)/ { sin2. (a. - [3) + 3Izc/Ab3} 

= weight of sign (lb) 

= acceleration due to gravity (in. sec-2) 

= d sir: <? cosec ~. (in.) 
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FIGURE F. 7. RECTANGULAh. 
LOAD PULSE ON SIGN PANEL 

0 ·ICCD O.~ 

FIGURE F. 8. DYNAMIC LOAD 
FACTOR (From Frankland) 
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LOAP 

SIG~ .. l 

a-,r., 
~-,----· 

I. 1-llo • ,-, L""' ,.- ~ 
t....~> "-"" 1 t-V h.!~ 

LOAf? 

CK- (? 
CA~L.E.. 

c: 
LE!'-.JGTI-1 OF 
CABL~:: d 

FIGURE F. 9. DEFII\'.TION SKETCH 
FOR SlGN SUPPORT STRUCTURE: 

IN-PLANE LOADS 

FIGURE F. 10. DEFINITION SKETCH FOR SIGN 
SUPPOI\.7 .STRUCTURE: LOADS NORMAL 

TO PLANE OF S~GN PANEL 
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It -::: nwmc~t of inerti~' of cantilever {in, 4) 

Iz = mor:oent of inerti2. of leg (in. 4) 

sin 13 = uin ;f/ s1.n. e 

A = cress sectional area oi cable (in. 2) 

d - length of cables (in.} 

a. ::: angle of inclination of leg (Fig. F. 9) 

lj> = angle of inclination of cables to horizontal plane 

8 ·- angle of inclination of cables as seen in plan (Fig. F. 9} 

a = length of cantilever {in.), L length o:': leg (in.) 

Equation (2) is valid only when the cable tension is effective. When cable 
tension is ineffective, set fJ. = 0, 

_!-,oad Act.~r:.r~ Normal tc Plane of Si<:_n. Panel (Fip:ure F. 1 0) 

We have assum.ed in this analysis that only one of the two c3.bles 
is effective in resisting motion due to load applied normal to plane of sign 
panel. The period T is given by 

T = Zrrfv {4) 

Static deflection of sign per unit l?ad is 

where: 

2 12 ? 
X. = cos 8 + - sin~e 

Iz 
. ? s1n .... 

3diz 
(a.- 13) +-­

Ab3 

(5) 

!1 = momer ... t of inertia of cantilever about axis in plane of frame 
(in·. 4) 

Iz -· moment of inertia of leg a bout axis in plane of frame (in. 4) 

Other symbols are the same as in the previous paragraph. 
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Period T ::: 2r;fo 

Angle of twi!:> t of 'r;d of cant.i1 <'- ve 1 D'2: unit rnon1ent is 

b Jl \l 
+----cos u) 'j 

a J;~, 

l/2 

(6) 

(7) 

Im = mass moment of inertia of sign about axis in plane of fr-ame 
(lb in. s ec2) 

G = shear modulus (lb-ir,. -2) 

J1 = torsion ccnstant for cantilever (in. 4) 

Iz = torsion constant for leg (in. 4) 

In this tnctic,n, there will be both a torsional motion of the frame and 
an out of plane m.otion of the end of the cantilever. 
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