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Preface 

This is R supplement to Research Report 123-6, which was the sixth 

report issued under Research Study 1-8-69-123, A Systems Analysis of 

Pavement Design and Research Implementation. The studv is being con-

ducted jointly by principal investigators and their staffs in three 

agencies -- The Texas Highway Department, The Center for Highway Research, 

and the Texas Transportation Institute -- as a part of the cooperative 

research program with the Department of Transportation, Federal Highway 

Administration. 

Previous reports emanating from Study 123 are the following: 

Rep0!"t No. 123-1, "A terns Approach Applied to Pavement Design 
and Research," by \..J. Ronald Hudson, B. Frank McCullough, Frank H. 
Scrivner, and James L. Brown, describes a long-range comprehensive 
research program to develop a pavement systems analysis and presents 
a working systems model for the design of flexible pavements. 

Report No. 123-2, "A Recommended Texas Highway Department Pave­
ment Design System Users Manual," by James L. Brown, Larry J. Buttler, 
and Hugo E. Orellana, is a manual of instructions to Texas Highway 
Department personnel for obtaining and processing data for flexible 
pavement design system. 

Report No. 123-3, "Characterization of the Swelling Clay Parameter 
Used in the Pavement Design System," by Arthur W. \'-'itt, III, and B. 
Frank McCullough, describes the results of a study of the swelling clay 
parameter used in pavement design system. 

Report No. 123-4, "flevelopin,g a Pavement Feedback Data System," 
by R. C. G. Haas. describes the initial planning and development of a 
pavement feedback data system. 

Report No. 123-5, "A tems Analysis of Rigid Pavement Design," 
by Ramesh K. Kher, W. R. Hudson, and R. F. McCullough, describes the 
development of a working systems model for the design of rigid pnvements. 

Report No. 123-6, "Ca1culA.tion of the Elastic Hoduli of a Two Layer 
Pavement System from Measured Surface Deflections," by Frank H. Scrivner, 
Chester H. Michalak and William H. Moore, describes a method for con­
verting Dynaf1ect deflections to the Youn~'s mOGu1i of a simple pavement­
sub grade (two-layer elastic) system. 
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Report No. 123-7, "Annual Report on Important 1970-71 Research 
Needs," uy H. Frank HcCullough, James L. Drown, W. Ronald Hudson 
and F. H. Scrivner, was produced mainly for the information of the 
Research Area III Advisory Committee of the Texas Highway Department. 

Report No. 123-8, "A Sen,;itivity Analysis of Flexible Pavement 
System FPS2," uy Ramesh K. Kher, B. Frank McCullough and W. Ronald 
Hudson, presents a sensitivity analysis performed to establish the 
plausibility of solutions and relative importance of some of the 
variables in FPS2. 

The opinions, findings and conclusions expressed in this publi-

cation are those of the authors and not necessarily those of the 

Department of Transportation, Federal Highway Administration. 
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Abstract 

Tbis report is a sequel to a previous one that gave the details of 

a computer program capable of calculating in situ values of the Young's 

moduli of a pavement-subgrade (two-layer elastic) system from surface 

deflections measured at two points located at specified distances from 

the load wbeels of a Dynaflect. The present report describes the effect 

of a change in the specified location of one of the deflected points on 

(a) the calculated moduli, (b) the shape of the deflection basin calcu­

lated from these moduli and (c) certain wheel load stresses calculated 

from the moduli at the pavement-subgrade interface. Dynaflect data 

from flexible highway pavements and rigid airport pavement are used in 

the calculations. 

Key Words: PAVEMENT, DESIGN, MODULUS, DEFLECTION. 
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Summary 

Une of the tasks undertaken in Study 123 is to investigate the fea­

sibility of the use of linear elasticity theory in a subsystem of the 

flL'xible pavement design system now on trial in the Texas Highway 

Department (2). Such a subsystem would provide estimates of stresses, 

strains and displacements at critical points Hi thin the pavement struc­

true and subgrade, resulting from passing wheel loads. 

Dut to calculate stresses, strains and displacements, the designer 

must l1ave at hand estimates of -- among other things -- the in situ 

value of the elastic modulus of each material to be used in the pavement. 

A previous report (1) describes how such moduli may be estimated, by 

the computer program ELASTIC NODULUS, from surface deflections measured 

on a simple (two-layer, or pavement-subgrade) type of flexible pavements 

at two points located at distances of zero and one foot from the centroid 

of the loaded areas provided by a Dynaflect. In the present report, 

analyses are presented of the differences in computed moduli encountered 

when the distance of one of the deflection points is increased from its 

ori6inal value of one foot to t\-.'o feet. Also presented are the moduli 

resulting from the use of the Dynaflect on certain rigid pavements. On 

these the increase in spread between deflection points is found to be 

necessdry to acbieve sufficient contrast in the data. 

Included ,,,,ith ttle report is a listing of the computer program, 

ELASTIC MODULUS II, used to estimate the moduli of pavement aud subgrade 

from the deflections measured at zero and t,,,,o feet from the centroid of 

the Dynaflect loaded area. Also included is a listing of the program, 

POINT LOAD, ,,,,hich accepts as inputs the moduli of a two-layer pavement 

system, and the thickness of the upper layer, and computes deflections 

at points at any desired distances from the centroid of a Dynaflect load. 
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ft was possible to compute from ELASTIC MODULUS II (or from ElASTIC 

,'1(JUULUS) the moduli of pavement and subgrade, using Dynaflect deflections 

'Jbs(, rved at only two points, and then, by using these moduli, to predict 

(by use of POI~T LOAD) the entire five-point Dynaflect basin. The pre­

dicted basin could then be plotted and compared with the plotted basin 

actually observed. From plots of this type, a subjective judgement 

could be made of the validity of elasticity theory when applied to simple, 

two-layer pavement structures. 

Besides comparing directly the moduli computed from deflections mea­

sured at different pairs of points, and the resulting predicted Dynaflect 

deflection basins, it was also possible, by use of the computer program 

BISTRO (supplied by Koniklijke/Shell-Laboratorium, Amsterdam) to compute 

certain stresses at the pavement-subgrade interface resulting from use 

of the two sets of moduli. It is these stresses that are of interest in 

design. 

Sources of flexible pavement deflection data were seven SOO-foot 

sections near College Station, Texas. Rigid pavement data were obtained 

at the Houston Intercontinental Airport by courtesy of airport officials 

and their consultants. 

The report contains many detailed conclusions, which may be summed 

up as follows. 

The Dynaflect in its present form, combined with the computer 

programs ELASTIC MODULUS II and POINT LOAD, has the potential of becoming 

a useful method for material characterization in a pavement design system 

using linear elastic theory as a subsystem, provided that proper heed 

is paid to instrument error, the inevitable variability of highway 

materials in place, and the many other uncertainties that enter into a 

complete pav.:'l11cnt design system. ELASTIC NUDULUS II, rnther than 
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ELASTIC MODULUS, is recommended in order to achieve compatibility between 

moduli found for rigid pavements and those determined for flexible 

p;lvements. 

vi 



Implementation Statement 

The programs ELASTIC MODULUS II and POINT LOAD were written in the 

expectation that eventually the Texas Highway Department's Flexible 

Pavement Design System will, in the prediction of pavement life, use the 

stresses, strains and displacements computed at critical points within 

the structure from the theory of linear elastic layered systems, instead 

of solely the surface deflections calculated by the present empirical 

equation. When such a change occurs in the design system, in situ values 

of elastic moduli will be needed. This need probably can be met, at 

least to some degree, by the computer programs described herein. 
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FOREWARD 

The primary objective of this research project is to develop 

techniques for the optimal operation of a linked system of multi­

purpose reservoirs. Linkage of the system may be through normal 

river reaches, canals, or through pumping in pipelines. In this 

report a model is developed which utilizes stochastic inflows with 

the total system subject to certain constraints. This model will 

be utilized later in an operational study of an existing system. 
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1. Introduction 

Research Report 123-6, "Calculation of the Elastic Moduli of a Two 

Layer l',wement System from Measured Surface Deflections" (1), describes 

~1 computer program, ELASTIC MODULUS, that accep ts as inputs the deflections 

W
l 

and w
2

' indicated by Geophones 1 and 2, respectively. of a Dynaflect 

(see Fi~ure 1) acting on the surface of an idealized, linear elastic, 

two layer pavement system such as that illustrated in Figure 2. An 

additional input is the thickness, h, of the top layer. ~rom the three 

inputs -- w
l 

(mils), w
2 

(mils) and h (inches) -- and the constant distances 

r
l 

(inches) and r
2 

(inches) from Geophone 1 and Geophone 2 to either load 

wheel, ELASTIC MODCLUS calculates the moduli El and E2 (both in pounds 

per square inch) of the two lavers. 

Because the geometry of a real pavement departs from that assumed 

in the theorv at a lateral distance of only a few feet from the location 

of the Dynaflect load wheels, it was felt that the two geophones nearest 

the load would be likely to yield data more consistent with theory than 

more distant geophones -- hence, the selection of Geophones 1 and 2 in 

Research Report 123-6 for use in estimating the moduli. However, in the 

case of portland cement concrete pavements experience has shown that in 

many cases the deflection basin created by the Dynaflect is so flat that 

wl and w
2 

frequently differ by an amount only 1 to 3 times the 0.00001 

inch sensitivitv of the instrument. For this reason, it was decided to 

investigate the use of Geophones 1 and 3 in ELASTIC MODULUS, since the 

values of wI and w
J 

had been found to be significantlv Ji fferont, even 

for ri,cid airport p,lvements 3S thick as 14 inches. 

This report. a supplement to Research Report 123-6, describes the 

investigation and lists the computer program ELASTIC MODULUS II, which 



Figure 1: 

TOP LAYER 
(BASE AND 

SURFACING ) 

BOTTOM 
00 LAYER 

(SUBGRADE) 

Relative position of Dynaflect loads and sensors. 
The sensors are usually placed in the outer wheel 
path, on a line paralleling the center line of the 
highway. 



closel~7 resembles the program described in Research Report 123-6 (see 

Appendix Ai. It also lists the computer program POINT LOAD (see Appendjx 

B) ~oJhich accepts as inputs the moduli El and E2 of a t\oJO layer system, 

the thickness h of the top layer, and the distance r to a point on the 

surface. From these inputs POINT LOAD computes the surface deflection, 

w, at the distance r from the load, using the same basic equations and 

numerical integration methods as those employed in ELASTIC MODULUS. 

The program POINT LOAD was found useful in determining the degree 

of agreement between 

(1) ELASTIC MODULUS II and the older and more comprehensive 

program BISTRO, and between 

(2) a Dynaflect deflection basin computed from deflections observed 

at only two points on the pavement, and the entire (five 

point) basin actually observed. 
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2. A('cur;]('v Check 

As indicated above, the equations and computational procedures used 

in ELASTIC MODULUS II are the same as those described in Research Report 

123-6, and therefore will not be discussed in this report. However, 

btC'GlUse there h'ere some numerical changes, it ,,':1S considered prudent to 

make an accuracy check of ELASTIC MODULUS II against the computer program 

BISTRO, similar to the check described in Reference (1) for ELASTIC 

MODULUS. The results are given in Table 1. As \.;ras expected from previous 

experience with ELASTIC MODULUS, the agreement between ELASTIC MODULUS II 

and BISTRO was excellent except in the improbable case where the modulus 

of the pavement layer was assumed to be only one-tenth of the subgrade 

modulus. 

The changes made in ELASTIC MODULUS to produce ELASTIC MODULUS II 

are summarized below. 

MAIN PROGRAH: The restraints listed in Table 2 (next chapter) are 

used instead of those listed in Table 3 of Reference 1. 

SUBROUTINE EMOD: r 2 (value = 15.62 inches) was changed to r3 (value 

= 26 inches); also wI and w3 are used in the com-

putations instead of wI and w2 . 

(The numbers listed in Table 1 in the column headed "ELASTIC MODULUS 

II" were actually computed from the program, POINT LOAD. However, since 

both programs use the same equations and methods for computing surface 

deflections, the deflections printed out bv POINT LOAD are precisely the 

same as those computed internallv, but not printed out, bv ELAST1C 

j'o!ODUL liS [I.) 
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Table 1 : Comparison of ELASTIC ~'()DULUS [ I 'v i th BISTRO 

Computed Deflections (mils) 

WI \".7 'J 
J 

ELASTIC ELASTIC 
E} (psi) E2 (psi) £}/E2 h (in. ) MODULUS II IHSTRO MODVLUS II BISTRO 
----

10,000,000 10,000 1,000 5 0.99 0.99 0.81 0.81 
10 0.52 0.52 0.48 0.48 
20 0.26 0.26 0.26 0.26 
40 0.13 0.13 0.13 0.13 

1,000,000 10,000 100 5 1.86 1.85 1.09 1.09 
10 1.07 1.07 0.84 0.84 
20 0.57 0.57 0.51 0.51 
40 0.30 0.30 0.28 0.28 

100,000 10,000 10 5 2.65 2.65 0.98 0.98 
10 1.94 1.93 1.06 1.06 
20 1.20 1.20 0.86 0.86 
40 0.74 0.74 0.56 0.56 

10,000 10,000 1 5 2.39 2.39 0.92 0.92 
10 2.39 2.39 0.92 0.92 
20 2.39 2.39 0.92 0.92 
40 2.39 2.39 0.92 0.92 

1,000 10,000 0.1 5 -0.01 -0.04 0.80 0.80 
10 -0.15 -0.06 0.35 0.35 
20 7.45 7.52 0.42 0.42 
40 14.90 14.90 1.60 1.60 

Note: ELASTIC MODULUS II: Point load of 1000 1bs. 
BISTRO: Circular loaded area with radius of 1.41 in., pressure of 160 psi, load of 1000 1bs. 
Both programs: Vertical deflection computed at the points r = 10", Z = 0 and r :. 26", Z = O. 



3. Non-Unique Solutions 

As in the case of ELASTIC MODULUS, thE posibility exists that 

non-unique solutions will sometimes arise from the Dynaflect data 

processed through ELASTIC MODu1~US II, and occasionally no solution 

at all will be possible. These possibilities were investigated by 

(a) preparing the graph shown in Figure 3 (comparable to Figure 3 

of Reference (1)) and -- based on conclusions drawn from the graph 

(b) arriving at the constraints shown in Table 2 (comparable to Table 

3 of Reference (1» to be included in ELASTIC MODULUS II. The logic 

followed in choosing these restraints from a study of Figure 3 is 

the same as previously described in Reference (1), and need not be 

repeated here. The coordinates of the points used in plotting the 

curves in Figure 3 were computed by the program POINT LOAD. 
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Figure 3: Contours of pavement thickness, h, 
plotted as a function of the ratios 
El/E2 and wlrl/w3r3' 
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Table 2: Sllmmary of Informrltion from Fi/!ure 3 Used 
in th~ Control of the Program, E1,ASTIC MODULUS II 

Measured Input Data 

',] 1 r 1 / w ~ r), Thickness, h (in.) 

Grea ter than 1 ~reater than 11.2 

Greater than 1 Less than 11.2 

Less than 1 Greater than 11.2 

Less than 1 Less than 11.2 

Unique 
Solution 

Yes 

No 

Yes 

No 

Layer Having 
The Creater ~odulus 

May be either 

Pavement 

May be either, but 
the more probable of 
two possible solu­
tions is selected 

Program Printout 

Subf~ade and pavement moduli 

"NO UNIQUE SOLUTION"* 

Sub grade and pavement moduli 

Sub~rade and pavement moduli 
for solution having El/E2 > 1 

* hThen the experimental data WI rdw3r3 exceeds unity, and h is less than 11.2", some cases can arise for 
which no solution at all is possible. 



4. Examples of Solutions Provided £l ELASTIC MODULUS II 
for Flexible Pavements 

In May, 1968, Dynaflect deflections were measured at ten points in 

the outer wheel path on each of several 500-ft. sections of highways in 

the vicinity of College Station, Texas. Originally this was done for 

the purpose of obtaining the "stiffness coefficient" used to characterize 

materials in the systems approach to the design of flexible pavements 

now on trial in the Texas Highway Department (2, 3, 4). Later the 1968 

data from Geophones 1 and I were processed through ELASTIC MODULUS and 

the resulting moduli were given in Reference (1). Finally, in Tables 

3 and 4 of this report, average moduli for each test section resulting 

from the use of Geophone 1 and 1 data in ELASTIC MODULUS II are given, 

together with a verbal description of the materials involved. The 

computer printouts -- one for each test section.-- are reproduced 

in Tables Sa through 5g. 

The moduli computed by ELASTIC MODULUS II, and presented in Tables 

3 and 4, will be discussed in the next two chapters, with the main em-

phasis being placed on comparisons of those moduli with corresponding 

values previously computed by ELASTIC MODULUS and reported previously 

in Reference 1. 
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Table 3: Average Pavement Modulus, EI, for Each of Seven 500-ft. Flexible Pavement Sections 
of Highways near College Station Texas, using wI and w3 Data 

(Deflection measurements made May 21, 1968) 

Pavement 
Thickness, h Pavement Modulus, EI 

Pavement Materials and Thicknesses Average Average Coefficient 
Test Value Standard No.* Value Standard of Variation 

Section Surfacing Base (In.) Deviation Solutions (PSI) Deviation (percent) 

15 1.2" Asph. Cone. 14.0" Cement stabilized limestone 15.2 1.2 10 314,100 75,200 24 

4 0.5" Seal Coat 7.5" Asphalt stabilized gravel 8.0 0.4 4 110,500 90,400 82 

16 1.0" Asph. Cone. 6.5" Asph. emulsion stab. gravel 7.5 0.4 10 109,300 19,700 18 

17 0.5" Seal Coat 7.8" Iron ore gravel 8.3 0.7 10 81,900 47,700 58 

5 0.5" Seal Coat 11.5" Lime stabilized sandstone 12.0 2.8 10 23,800 15,400 64 

3 0.5" Seal Coat 12.0" Red sandy gravel 12.5 1.0 10 23,700 11,600 49 

12 3.7" Asph. Cone. 16.2" Sandstone 19.9 0.5 10 14,900 3,300 22 

* Measurements were made at 10 locations in each section. Less than 10 solutions occur in cases where wlrl/w3r3 > 1 and 
h < 11.2", as indicated in Table 2. 



..... 
N 

Table 4: Average Sub grade Modulus, E2, for Each of Seven 500-ft. Flexible Pavement Sections 
of Highways near College Station, Texas, using wI and w3 Data 

(Deflection measurements made May 21, 1968) 

Sub grade Modulus, E2 

Sub grade Material Average Coefficient 
Test Thickness No.* Value Standard of Variation 

Section Investigated Description Formation Solutions (PSI) Deviation (percent) 

15 32" Red sandy clay, some gravel Stone City 10 19,120 793 4 

3 23" Sand over clay Spiller Sandstone 10 18,980 1297 6 
Member of Cook 

Mountain Formation 

5 24" Tan sandy clay Caddell 10 14,840 1597 11 

12 22" Black stiff clay Lagarto 10 14,010 978 7 

4 25" Grey sandy clay Spiller Sandstone 4 11,800 1268 11 
Nember of Cook 

Mountain Formation 

17 21" Grey sandy clay Spiller Sandstone 10 11,400 1201 11 
Member of Cook 

Mountain Formation 

16 18" Brown clay Alluvium deposit 10 11,110 528 5 
of Brazos River 

* Measurements were made at 10 locations in each section. Less than 10 solutions occur in cases where wIrl!w3r3 > 1 
and h < 11.2", as indicated. in. Table 2. 
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lJf'FLECTI T'l AT :: r- 'l r>t ! ( ) '\' f 2 
1)[ Fu:e T l}\j ~T t;l UPrlC]', E 3 
')c FLEe T I J.\ AT d._' :PHll"d= 4 
i)[ FLEe T TIJ''l AT ';1-' ,JPH'J~! E 5 
SU~FM-:F C I J l<. V " T d (' I- f r...Jf; E x ( d "': 1 ~jU S \';2 ) 

tLASTIC "11!f)tJLUS .IF T; 1 r: SI)R(;RIIOr=: rr{U~' ',; 1 '" i\ 0 ;,3 
f'-1.'\S T [C .-1J :llJLJ S :If T;~ !C PAVlMr-iH F'f) C"'~ hI Ai'J !,I 1.' .~ 

Table Sa: Computer print-out for Section 3. 
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T~YfS HIGHWAY D~P~~T~[~T 

',lSTRICT 17 - urSIG"! S[CTIl.F~ 

UYNULf-CT DUtFCTllJNS Aim CMClIL\Hu t,l.-\STlC r.,(1I)UL1 

CC)(\'T. 

?8Z4 

Stl\l C',JAT 

SEC T. 
2 

T!'1S PPG(;l<t,,~ :,lAS RUN - t17/l,)/71 

L'JST. 
1 7 

JCrl 

1 

cnUN TV 
i1RAlCJS 

HIGH',JAY 
FM 2776 

ut, T E 
5-21- 1,8 

LlYNAFUCT 
1 

P~V. THICK.; 9.00 INCHFS 

0.50 ASPHM T ST:U .• GHAVFL 7.'>0 

~~~Y SANJY CLAY SUPG 0.0 

ST A T IO;'J W2 \~ '> SCI ** [S ** ** [P ** REMARKS 

1 - A 1.6">0 1.2'10 (1. ~.170 0.660 0.500 0.450 12400. 188'100. 
1 - F\ 1. '>60 1.110 fl.R1C1 0.610 0.490 0.450 13300. 188'>00. 
2 - A 2.310 1.470 0.910 0.710 0.530 o. R40 10700. 36900. 
2 - [3 2.110 1. ~ 10 0.900 0.670 0.510 0.900 10BOO. ?7()OO. 
.3 - A ? • It 30 1 • 5,) 0 0,930 O.h70 0.490 0.930 ~ 1l J Ui~ [i.)'.JL SOLUTION 
3 - [3 1.490 1. 530 0.°30 0.670 0.')00 0.960 Wl LH, I LJUf ~IJLIJT I Cf4 
4 - A 2.490 1.470 (l.gOO O.h40 0.480 1.02D NCI UNI QIJf- SULUTIUN 
4 - R 2. It 3 0 1.410 0.840 O.u10 0.470 1.020 rw UN I 'J'J I: SClLUTICJN 
5 - !\ 2.340 1 • ~4 (\ u.i':70 O. I,,, 0 0.450 O.QOO I\iO UN I 1)1) F 51] UlT J ON 

'5 - H 7. ' ... , n 1.470 f1.93P ().f..,)() 0.470 0.96r) ~:) l H~ J :)t J r: SCllUT I ();\j 

A V F RAG [<; 2. 244 1.~ 'Jl (). H 9 1 (). 'J') 1 IJ. 489 ll. 84 3 I1t100. ll()475. 
STANDAf.',i) DE:-VJATIrl.i 0.n4 126R. ()U4 06. 
NUMBER l;F POINTS 1"4 AVI'Pi:.r,f-= 10 4 4 

W 1 !i E F l f- C T I I] ~j AT G E UP H C "J r 1 
W? DEFlEC1IJN AT Gr~p~n~E 2 
"H rjFFlfCTliJij AT (~f:-I;f'f'rJJ'J 3 
W 4 [1 F' F Lf- C T I J' I A T G f l ) PH 0 "J f' 4 
W'i nEFLlCT1u'J f,T ,;t:flDf-JVJf 'i 
SCI SIIRFflC[ curVATI.IPl INPf:X ( 1..J1 V.INUS \--,'2) 
FS FL4STIC-lll'iUlUS I'F THE S'Jf.\GRAOE F~(l'" ~·'l A'Jil In 
EP HflSTIC i..,UDUUIS 11F T'-1L p,\VEMun F",ll',,\ ',:1 1\~,1)";3 

Table 5b: Computer print-out for Section 4. 
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TlXAS HIGHWAY UEPARTME~T 

llQP,ICT 17 - D[S[r.~i SECTIJN 

iJY~JAFLlCT JE.FLECTIO"JS ,\ND CIILClILtHfJ ELASTIC \1(jnULI 

ClHH. 
139'1 

S[AL ClJl\T 

SEC I. 
1 

THIS PRf'GRAM W1lS ,(UN - 07/1')l7l 

OIC,T. 
17 

JDR 
1 

CflUt\lTY 
BUDL E S(J~< 

HIGHWAY 
F 1'-1 136i 

DATE 
5-21-68 

DYNAFLEcr 
1 

PAVe THICK. = 12.00 INCHES 

0.50 LI~F STAR. SANDSTONE 11~50 

TAN 5ANny CLAY SUBGR 0.0 

STATION 1'1 1 \0015 SCI ** ES ** ** f:P ** REMARKS 

1 - A 1.500 1.11 0 O.71f) n.470 0.330 0.390 14400. 43700. , 
1 - I~ 1.560 1. 230 O.7HO 0.480 0.330 0.330 i BOO. 52QOO. 
2 - A 1 • () ')0 i.200 0.670 0.400 0.243 0.450 14200. 19400. 
~ - n 1.440 1.050 o. b'.() 0.3(\(1 0.246 iJ.390 15600. 34700. 
-~ - A 1.500 1.0') 0 o.{.oo o. -no 0.267 0.450 15ROO. 19700. 
3 - n 1.440 0.910 O.~':F) (1. '310 0.261 0.450 16400. 21400. 
4 - A 1 • '>00 1.050 ;).'Jt,O 0.340 0.2l6 0.4')0 16000. 13400. 
4 - ~ 1 .~ t1 n o. yg 0 0.'>40 0.33() 0.213 0.390 17700. 19000. 
5 - A I .920 1. Lt. 0 0.6'50 0.400 0.280 0.660 12300. 51300. 

'5 - f) I.ROO 1.140 0.630 0.(+21) 0.310 0.660 ULOO. 76()O. 

AVf:RAGES 1.569 1.1')7 O.63A n.39A 0.270 0.'+62 14~40. 23760. 
STANf)A~D UE'VIAT IUN 0.ll2 l597. 1')352. 
NlIMBEP. (;f PllINTS IN AVr~AGE = 10 10 10 

I'l !)rFL[CTLJ:~ AT G[(WHONF 1 
Wi:' ilFrLCCTlfH AT GrUPH!F~E 2 
Vi 3 L) c F L E C T I LJ f'.) AT G U; f> Ii U f\! F 3 
W 4 I) F F L [C T I '1 ~\ A T G f COl Hl N [ 4 
Vi5 Df:FLECf[,]", AT GfUf)HO~JE 5 
SCI SURFACE CURVflTurF INi)l-X ( ''Ill MINUS ,,;2) 
rS [LAST'C"~JOLJL'I5 ilF IfH- SIJf1GRM)E FKl1M Wl fI.~JD :,n 
EP I::LASTIC T);)ULlIS 1)1= THl PAVEMENT FfUJM \d fiND ',:C\ 

Table 5c: Computer print-out for Section 5. 
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STAT It)'''I 

1 - fI 
1 - ~ 

2 - A 
2 - H 
j - A 
.3 - q 

4 - A 
4 - 9 
') - A 

,5 J 

AVERAGES 
S T AN[)t~;{D 
NUr-W EP OF 

WI 
W2 
W3 
W4 
1,.,'5 
SCI 
tS 
EP 

')l')nnCT 17 - DESlr;'J SECTlli\J 

[JY:~i\rlECTH'f-'lFCTlr,',s Ai'W CAlClllflHI) f:Li\')T{C MODULI 

THIS PQ.()GRAM w~s L<UN -')7/15171 

C:JNT. 
186 

SEC T • 
5 

DI ST. 
1 7 

JOf.l 
1 

cnl1NTY 
WAS H I Nr; T ') t\i 

HIGHWAY 
SH 36 

!)t,TF 

<:'-21-03 
DYNAFLEC T 

1 

PAVe THICK. : 19.90 INCHFS 

H'H "1IX AsrH. CfJ"lC. 3.75 SANDSTO"JE 16.15 

blACK CLAY SlF\Gr~r\!l[ 0.0 

",11 SCT ** ES ** ** EP ** REMARKS 

1.680 1 • 02 (l 0.610 f). Ida 0.300 0.660 14800. 13100. 
1.~30 1.0~O O.bl0 0.420 0.310 0.750 14300. 10800. 
1. 740 1. :);10 0.670 O./t 70 0.360 0.660 13700. 11700. 
1.950 1.170 0.690 O.4C)0 0.370 0.780 DOO!). 10<)00. 
} .680 1 .. JBO (l.6HO O.SOO 0.380 0 .. 600 13700. 154!)0. 
1.710 1. Od 0 0.67£) O.4R() 0.310 O. HO 13'100. 14300. 
1.680 1. 110 0.7<:'0 0.570 0.460 0.570 12700. 19300. 
1.560 1.0"10 0.730 0.55') 0.440 0.4liO liZOO. 21600. 
1.500 0.<160 0.'190 I). 4/~J O. )30 0.540 1'>7t;'J. 16500. 
1.5QO O.'NC O.6~n 0.4"'1') Cl. -no 0.600 1520l). 141'00. 

1.6Q2 1 .00 ') f).660 0.477 0.365 0.027 14010. 14'110. 
DEVIIHIQ"J 1).09 1 q 7H. ~2 Ii 6. 

POINTS H AVERlv;r '" 10 if) 10 

IJfFlECTI;J·~ AT GFOPH\I\Jf= 
Ll E F lEe T I Lli'l AT GE-IIPHllNf 2 . 
DE F L EC 1 I lH AT Gi;JPH[)I~E 3 
or: FLEe T I tiN AT l~ f. n PfllY·J [ 4 
I) [ fL E C T I \ 1'>J AT Gf'l,PH'lI>.JiC '5 
SU'·'fACE C'.J R V f:.. T lIC' F l!~') f. X ( Al MI ,~lIS ~? ) 
E LAS TY C '4!)C;Ul us 'Jr- Til r SUI~GRI\[)E FR [1'''' ~ 1 M,l' voJ,\ 

ELASTIC 11 )[)Ul us I1f THf Pt\Vft~fNT F>{ (;M '-:1 A'~ I) 
. , 

'.i. ,. 

Table Sd: Computer print-out for Section 12. 
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STATION 

1 - A 
1 - B 
2 - A 
2 - tj 

3 - A 
3 - B 
4 - A 
4 - 8 

,5 - A 
5 - B 

AVERAGES 

T~XAS HIGHWAY UEPAMTMENT 

DISTRICT 11 - DESIGN SECTION 

DYNA~LECT DEFLECTIUNS AND CALCULATED ELASTIC MODULI 

THIS PRuGRAM WAS RUN - 0111bl11 

CONT. 
49 

SE CT. 
8 

DIST. 
11 

JUi:I 
1 

COUNTY 
ROIjERTSON 

HIGHi04AY 
US 190 

DATE 
5-21-b8 

DYNAFLECT 
1 

PAVe THICK. = 15.20 INCHES 

HOT MIX ASPH. CONC. 1.25 CEM. STAB. LIMESTONE 13.95 

R~D SANDY CLAY SUBGR 0.0 

I'll W2 W3 W4 WI) SC I ** ES ** ** EP ** 
0.680 0.590 0.490 0.390 0.310 0.090 18600. 312100. 
0.680 0.600 0.490 0.390 0 •. 310 0.080 18bOO. 312100. 
0.120 0.630 0.510 0.390 0.310 0.090 18200. 211900. 
0.100 0.620 0.490 0.390 0.310 0.080 19100. 264500. 
0.150 0.050 0.520 0.390 0.300 0.100 18200. 235500. 
0.160 0.650 0.510 0.390 0.300 0.11 0 18900. 201100. 
0.600 0.540 0.450 0.350 0.280 O.ObO 19500. 433000. 
0.580 0.520 0.430 O.BO 0.880 O.ObO 20bOO. 422300. 
0.620 0.550 0.450 0.350 0.910 0.010 20100. 355600. 
0.650 0.510 0.410 0.360 0.280 0.080 19400. .331100. 

0.614 0.592 0.481 0.313 0.419 0.082 19120. 314~00. 
STANDARD DEVIATIUN 0.016 193. 75.213. 
NUMBER OF POINTS IN AVERAGE = 10 10 10 

WI DE FLEC T ION AT GEOPHONE 1 
1-12 DEFLECTION AT GEOPHONE 2 
Pl3 DEfL~C T ION AT GEOPHONE 3 
1-14 DE: FLECTION AT GEOPHONE: 4 
1015 DEFL E:C T ION AT GEOPHONE 5 
SCI SURFACE CURVATURE INDEX I wI MINUS 1012) 
ES ELASTIC MODULUS Or THE SUBGRADE FRUM WI AND 1013 
EP E:LASTIC MOLJlJLUS OF THE: PAVEMENT I-KUM wI AND W3 

Table 5e: Computer print-out for Section 15. 
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') TAT IO'~ 

1 - A 
1 - 8 

? - l\. 
2 - H 
3 - A 
'3 - 1'\ 

4 - A 
4 - '1 
') - A 
5 - ~ 

AVtRAi;f:S 
S T AN!)i\'{;J 
NUMH E~ UF 

1,.;1 
112 
~d 

W4 

1'5 
Sr:I 
f-S 
EP 

T F X tl S H I G Ii \oj A Y D t P 1\ IJ, T :"i E "H 

LJ Y N 1\ F U, C r I) U: U ell U\j c:; J\ '\j I) C t\ Lei J L ATe [) r L t\ S T( C '} II 01.1 LI 

fill ') PK[Ji~f.(AM WAC, ,Jllt~ - IJ7 /1')/71 

(CJ:\JT. 
1':l6J 

SEC T • 
1 

fliST. 
1 1 

CLlU,\jfY 
f3,.J\l(J') 

JAT!.: HIGHWt\Y 
FM 16H1 S-Zl-6K 

f)yr\lAFl FC T 

1 

PAVe THIC< • 7 • :, (l p~ C H r S 

,\<;PHAL T S'IRFACIW; 1 • (1) • \SI)H l"1lJL Sf;\1i GRIIVL 6.50 

SCI ** FS ** ** bP ** RrMA~KS 

? 1bC 1.l);)~.J O.YbO o. (:0 6i) Ci.S20 ('1.1060 1iJ900. H6100. 
2. 13l) t. ') FJ o • Y rq) n.6S0 ').510 0.000 10'iOn. '13 () 0 l) • 

1.'120 1.410 0.<)30 i). 640 O.'+qO 0.510 11')00. 1'+OSOO. 
l.flt,O 1 • 3S 0 o. 'ill 0 0.630 0.500 0.510 11tWO. 14'+3'10. 
c..040 1.470 O.CJY) O. (~:-i0 0.490 0.510 11300. 102300. 
?010 1 • so (I !).9GG C.ASO 0.500 0.570 llnoo. 109?OO. 
,I. no 1. 6l 0 l.u/C 0.610 0.490 O. ( 1)1) 103UO. 'HOOO. 
2.22'1 1. ':l90 l.O?() 0.650 8.490 0.6.30 1J31J(). 97')00. 
1.9QO 1. 180 O.qoo '1.610 O./~70 0.600 11100. 103R()(). 
1. qBO I .440 O. y '3,) O. (, 1 0 0.460 U. ')4 () 11'+( 1). lZ rl10i). 

?!)')A 1.47<'1 i). '10; 1 n •. '"-4 n a.492 O.57g 1111t). 1()9110. 
Il [V IH I U\J O.O't') ')? :1. 1'J12J. 

PU!t\JTS 1 'J AV:=:"I\CC = 10 1 i) 10 

Dc f-Li'-C T [,J'J ,\ T (~~ !'PY,J'J[ 1 
:JEFLf-[T[d'J I\T ',F C1 r>HCJ~J [ 2 
IJE:FLFCTlin liT GL:rJf'H(j'!f 3 
f1L FLI'e T I J:~ AT I,f: ,)PHI)'~ [ 4 
IH- FL fcC T IT\j I'll (;Fi 1 PH:lf\; r- ':l 
S!ji{(-AC[ CUR V A LJr;' [- f'me x ( wI M I 'JUS wn 
t: L 1\ S TIC >rJDUL '.JS l:f- THI-' SUR(~KAflt: F!.(m' ',-i 1 ,6. ~ U ,~ " 
FLl,C,TIC "IJ fll! Ll J S (][ T ri r P/\V[I.,ENT f-RtW ;"1 !dW .-11 

Table 5f: Computer print-out for Section 16. 
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HX!\S HIGH",J\Y IlfPA;IT"lEfn 

i)ISTRI(T 17 - ')fSIG'1 SE'(TIOi\j 

:lYf';IIFLrCT fllFLECTIO~IS AM) C"LCI!LAHG ['-ASTIC MOI)'JU 

C I,~f\! T • 
':)40 

5lAL COAT 

SbC T • 
3 

PIIS rl<OGRA~ WAS 41)fi - 07/15/71 

r IS T • 
1 7 

J1 Ll 
1 

COlJ~JTY 

RRAlOS 

HIGHWAY 
Fto1 974 

D!\TF 
5-21-68 

Dy~gFLfCT 

1 

PAVe THIC'<. ~.30 INCHES 

0.50 IRON ORE G~'AVEL 7.30 

~~EY SA~[)Y CLAY S~JHG 0.0 

S T 1\ T I nr~ " l ~12 SCI ** fS ** ** [P ** REMAkK~ 

1 - ,~ 2. ItO 0 1.':>10 o • 9t.f) O.hRO 0.500 0.870 
1 - .3 2.250 1 • 4'+ 0 O.qOO (). 6'W 0.4RO 0.810 
., 
"- - A 1.770 1.170 0.8?O O.f>OO 0.480 O. 60 C) 

2 - f3 1.1-300 1.200 f).fl20 (l.620 0.490 0.61)0 
l - A 1 • f) ') 0 1 • 170 O.~40 O. fAO 0.510 O.4BO 
3 - Q 1. ')90 1.170 0.1'140 o. cd 0 0.510 0.420 
4 - ,~ 2.;150 1. 470 i'J.9S10 0.750 0.600 0.780 
4 - t3 /..340 1.5') 0 1.050 0.790 0.630 0.750 
5 - II 2.220 1.470 (;.g90 0.710 0.550 0.7':)0 
') - I) 2.100 1.410 O.Cl60 f).bRn 0.530 0.690 

AVEPA:;I:'S 2.:137 1.3h2 0.917 rJ.b71 O.52R D.b7S 
S rAN Ll A Q. [) f) [ v I A T I U'~ O. 1 4 6 
NUMBER flF POINTS FJ i\VFPi\r;r = 10 

wI 
',0;2 
W3 
IH 
~! 5 

[) E F LF C T I lJ>~ 
ilFFU'CTIur~ 

Dr:: FUr: T lOf~ 
UE:FLfCTIi)i'-1 
JEFI r:CTIJ\I 

AT 
AT 
AT 
AT 
AT 

C;rljPH,l"l[ 1 
r;rflPHONf- 2 
GUJPHI)\JE 3 
G[ rlDHll~J F 4 

(; r ( ) D H fl f'. [ 5 
SCI SUI~FAr.[ C!JPVAfl'~[ INI)EX ( WI MItllJS ~a) 

10300. 
11000. 
128()0. 
12700. 
12700. 
12Ron. 
10400. 
9900. 

10500. 
10l}OO. 

11400.' 
POI. 

10 

ES f:1. flSTrC '1fHllIL~JS (:~ TH[ SIJnGRAIJE: f-Q.U~1 \,'1 A',,!) 'n 
FP fLASTIC ·h)DULUS llF THL PflVEM[Nf F,{!]M viI flf'W '·13 

Table 5g: Computer print-out for Section 17. 
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29800. 
31POO. 
9?91)0. 
84600. 

14Ql00. 
177900. 

57600. 
6060('\. 
62000. 
7380(). 

Hl9I0. 
47676. 

10 



S. Comparison of_ Noduli Estimated from Geophone 1 ,md I Dal;l 

with Those Estimated from Geophone 1 and 1 J);lta 

test section, and the within-section standard deviation, as computed 

previously by ELASTIC MODULUS using wI and w
2 

data (1), are compared 

with similar quantities computed by ELASTIC MODULUS II using wI and w
J 

data. Of course, if all assumptions used in the theory were completely 

valid, and if the instrument error were zero, the average moduli El (wI' 

in Table 6 would be practically identical, and the corresponding within-

section standard deviations would be negligible. That such ideal results 

were not obtained will be revealed at once by a glance at Table 6. 

The results actuallv obtained will probably surprise no one with 

previous experience in researching the deflection behavior of real 

pavements. However, granting that the in situ properties of real base 

and subgrade materials inevitably change in relatively short distances 

along and across a highway, one may legitimately ask the question: for 

a given test section, should El (WI' w2 ) be considered really different 

from El (wI' w
3

) (or should E2 (wI' w
2

) be considered really different 

from E2 (wI' w
3
)), when compared to the variations of these moduli 

encountered along the SOO-foot test section? 

In an effort to answer these questions subjectively, the data in 

Table 6 were plotted in Figures 4a and 4b to display graphically the 

difference bet\veen the tHO average values of El (Figur<> 4;1) <lnd the two 

values of E2 (Figure 4b) obtained for each test section. The number 

adjacent to each point identifies the test section. The rectangle 

surrounding each point is an indication of the scatter of the data 

20 



Table 6: Comparison of Moduli Computed from wI and w2 
with Those Computed from wI and w3 

E] (psi) 

Average Value Standard Deviation Pavement Thickness {In.) 

Section (wI' w2) (wI' w3) (wI' w2) (wI' w3) (wI' w2) (WI' W3) (WI' W2) (WI' W3) h Standard Deviation 

3 24,700 23,700 6,000 11,700 19,000 19,000 1,600 1,300 12.5 1.0 

4 78,900 110,500 8,200 90,400 14,900 11,800 850 1,300 8.0 0.4 

5 32,300 23,800 15,100 15,400 14,500 14,800 1,400 1,600 12.0 2.8 

12 13,900 14,900 2,700 3,300 14,400 14,000 900 1,000 19.9 0.5 

IV 15 283,200 314,100 76,000 75,200 20,000 19,100 900 800 15.2 1.2 ..... 
16 73,900 109,300 13 ,800 20,000 11,700 11,100 680 500 7.5 0.4 

17 36,600 81,900 25,000 47,700 12,700 11,400 1,700 1,200 8.3 0.7 

Overall 
Average 77,600 96,900 21,000 37,700 15,300 14,500 1,100 1,100 
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250 
In 

"Q 
c 
0 
In 
:::J 
0 

.J:. - 200 
c 

In 
Q. -.m 

150 • .--
LLI 

LINE OF EQUALITY 

100 

17,6. 

50 

100 150 200 250 

Figure 4a: Comparison of EI computed from wI and W2, with El computed 
from wI and w3' The rectangles represent within-section 
standard deviations of EI. with the mean value plotted at 
the center. Points shown as triangles indicate that the 
two moduli are significantly different according to a 
statistical test. 
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20 

1St;. 

CIt 
"0 
c: 
0 
CIt 18 :::J 
0 
&. -c: 

." 
a. 16 -IW) 

~ 
LINE OF EQUALITY 

.. 
!l -N 14 
W 

Figure 4b: Comparison of E2 computed from wI and w2, with E2 computed 
from wI and w3' The rectangles represent within-section 
standard deviations of E2, with the mean value plotted at 
the center. Points shown as triangles indicate that the 
two moduli are significantly different according to a 
statistical test. 
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(lbtained along the test section: each dimension of a rectangle is 

equivalent to two standard deviations of the data used to obtain the 

nverage value of the corresponding coordinate of the point shown at the 

center of the box. 

For any test section where none -- or only a small proportion --

of a rectangle overlaps the line of equality drawn on Figures 4a and 4b, 

it is reasonable to assume that the difference between a modulus computed 

from wI' w
2 

data, and one computed from wI' w3 data is significantly 

greater than can be accounted for by random variations in the materials 

(see, for example, the rectangles for Sections 16 and 17 in Figure 4a, 

and those for Sections 4, 15, 16 and 17 in Figure 4b, the central points 

of which have been plotted as triangles to indicate a significant diffe-

rence between E (WI' w2) and E (WI' w3)' 

To confirm subjective conclusions drawn from Figures 4a and 4b, analyses 

of variance were performed. The results are given in Table 7, where El (WI' w2) 

is compared with El (WI' w
3
), and in Table 8, where E2 (WI' w2 ) is compared 

with E~ (WI' w
3
). In these comparisons, significance was judged a~ a con­

fidence level of 90%. It is of interest to note from the last columns of 

these tables that, on the average, El (WI' w
3

) exceeded El (WI' w2 ) in the 

two cases that were significant in Table 7, while the order was reversed --

E2 (WI' w
2

) exceeded E2 (WI' w
3

) -- in the four cases that were significant 

in Table 8. 

Another point to be noted from Table 8 is th;lt ;11 thou):':h the two 

methods for computing E'l gave statistic;1l1y differ(:'nt H'su1 ts in four 

sections out of seven. the differences ;1S judged from a PLlcti('<ll or 

engineering point of view appear small at least to these writers. 

On the other hand, the difference between the two average values of El 
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Table 7: Results of of variance to determine whether the difference between the avera~e values 
of EI (WI' EI (wI, w3) for a test section are significantly different when 

compared to within-section variation. 

Number Average Value Are the 
Test of Modulus (psi) DF DF Moduli Coeff. Significantly 

Stations Computed for for Required Significantly Standard of Lar!,er 
Section Used EI (wI' w2) E] (101] , w3) F Ratio Numerator Denominator F Ratio** Different? Dev. (psi) Var. (%) Modulus 

------

3 10 24,720 23,660 0.07 1 18 3.01 No 9,239 38 Neither 

4 2, 4* 78,900 110,475 0.02 1 4 4.54 No 78,402 78 Neither 

5 10 32,340 23,760 1.59 1 18 3.01 No 15,230 54 Neither 

12 10 13,900 14,920 0.58 1 18 3.01 No 2,990 21 Neither 

IV 15 10 283,180 314,100 0.83 1 18 3.01 No 75,664 25 Neither 
V> 

16 10 73,910 109,330 21.61 1 18 3.01 Yes 17,038 19 E] (WI, w3) 

17 8, 10* 36,600 81,910 5.91 1 16 3.05 Yes 39,306 64 E] (w] , w3) 

* First of the two numbers is associated with first modulus, E] (1011.1012)' while the second number applies to the second modulus. EI (1011,1013)' 

** For 10% level of significance (90% confidence level). 



Table 8: Results of analyses of variance to determine whether the difference between the average values 
of E2 (wI, w2) and E2 (wI, W3) for a test section are significantly different when 

compared to within-section variation. 

Number Average Value Are the 
Test of Modulus (psi) DF DF Moduli Coeff. Significantly 

Stations Computed for for Required Significan tly Standard of Larger 
Section Used E2 (wI, w2) E2 (wI, w3) F Ratio Numberator Denominator F Ratio** Different? Dev. (psi) Var. (%) Modulus 

3 10 18,970 18,980 0.00 1 18 3.01 No 1,429 8 Neither 

4 2, 4* 14,900 11,800 9.25 1 4 4.54 Yes 1,177 9 E2 (wI, w2) 

5 10 14,480 14,840 0.28 1 18 3.01 No 1,508 10 Neither 

12 10 14,420 14,010 0.99 1 18 3.01 No 922 6 Neither 
N 
a- 15 10 19,990 19,120 5.10 1 18 3.01 Yes 862 4 E2 (wI, w2) 

16 10 11,740 11,110 5.37 1 18 3,01 Yes 608 5 E2 (wI, W2) 

17 8, 10* 12,700 11,400 3,59 1 16 3.05 Yes 1,446 12 E2 (wI' w2) 

* First of the two numbers is associated with first modulus, E2 (wI, w2). 

** For 10% level of significance (90% confidence level). 



found for a test section was generally larger (see Table 7), but within­

section variations were also larger, as can be seen by comparing the 

coefficients of variation given in Table 7 with those shown in Table 8. 

ilased on the data presented in Figures 4a and 4b, and in Tables 6, 

7 and 8, it is concluded that for the seven flexible pavements studied 

herein and consisting essentially of two layers (granular base -- some 

stabilized -- and subgrade), 

(1) tbe elastic modulus of the base of a short, apparently uniform 

test section, as estimated from Dynaflect data (either Geopbones 

1 and 2 or Geophones 1 and 3) was much more variable than the 

subgrade modulus, probably because of the assumption that the 

sub grade \.Jas homogeneous to an infinite depth; 

(2) in several cases (2 out of 7 in the case of the base, 4 out of 

7 in tbe case of the subgrade) the average section modulus es­

timated from Geophones 1 and 2 differed significantly, according 

to statistical tests, from the modulus estimated from Geophones 

1 and 3; but 

(3) the differences mentiLmed in conclusion (2) were not very 

significant in most cases when considered from a practical or 

engineering point of view. 
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6. Computeq. Versus Observed Dynaflect 
Deflection Basins for Flexible Pavements 

Another method of studying the engineering significance of variations 

in moduli estimated from Dynaflect data, as well as providing a means 

for helping the reader to judge the degree of validity of linear elasticity 

as applied to the flexible pavements discussed herein, is to use the 

estimated moduli El and E2 to compute a Dvnaflect "de-flection bClsin" that 

can be compared directlv \vi th the real basin observed. At the risk of 

some repetition the method is described below in step-by-step fashion 

for clarity. 

(1) ELASTIC MODULUS was used to compute El and E2 from Geophone 

1 and 2 data at each of the ten test stations (subject to the 

constraints shown in Table 3 of Refere~ce (1» in each SOO-ft. 

section. From these results section averages, designated El 

(w
l

' w
2

) and E2 (w
l

' w
2
), were calculated. These values 

appear in Tables 7 and 8, respectively. 

(2) In a similar manner (but subject to the restraints shown in 

Table 2 of this report), the section averages El (w l ' w
3

) and 

E2 (w
l

' w
3

) were computed using ELASTIC MODULUS II. These 

values also appear in Tables 7 and 8, respectively. 

(3) El (w l ' w
2

) and E2 (w
l

' w
2

) were used in POINT LOAD to calculate 

the deflections w
l

' w
2

' w
3

' w4 and Ws for each section at the 

geophone positions 1, 2, 3, 4 and 5, respectively shown in 

Figure 1. The results are plotted in Figures Sa through Sg 

as curves labeled "computed from \v
l 

and w
2
". In drawing each 

curve, or basin. the portion to the left of the- vertical axis 

\v<ls ommitted. since it was assumt'd th;lt the onlTllitted portion 
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Figure 5a: Computed and average observed Dynaflect deflection basins, 
Section 3. El (WI. w2) ., El (wI. w3) and E2 (wl' w2) ::: 
E2 (WI. w3) by statistical test. 
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Figure 5b: Computed and average observed Dynaflect deflection basins, 
Section 4. EI (wI' w2) '" EI (WI> w3) but E2 (WI, w2) > 
E2 (WI' w3) by statistical test. 
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E2 (WI' w3) by statistical test. 
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Figure 5d: Computed and average observed Dynaf1ect deflection basins, 
Section 12. El (WI. W2) '" EI (WI, w3) and (WI, W2) ::: 
E2 (WI. w3) by statistical test, 
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Figure 5e: Computed and average observed Dynaflect deflection basins, 
Section 17. El (wI' W2) ~ El (WI, w3) but E2 (wI' w2) > 
E2 (wI' w3) by statistical test. 
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Figure Sf: Computed and average observed Dynaf1ect deflection basins, 
Section 16. EI (wI. W2) < EI (WI. w3) but E2 (wI. W2) > 
E2 (WI' W3) by statistical test. 
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Figure 5g: Computed and average observed Dynaf1ect deflection basins, 
Section 17. EI (WI, W2) < EI (WI, w3) but E2 (WI. W2) > 
E2 (WI' w3) by statistical test. 
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would be a mirror image of the portion shown in the figure. 

Thus, in theory, the tangent of the curve where it crosses 

the vertical axis should be horizontal, as indicated in the 

figures. 

(4) El (wI' w
3

) and E2 (wI' w
3

) were then used in POINT LOAD to 

calculate the five deflections at the five geophone positions. 

These results were also plotted in Figures Sa through Sg as 

curves labeled "computed from wI and w
3
". 

(S) Finally the average values of wI' w
2

' w
3

' w
4 

and Ws actually 

observed at the test stations where solutions for the moduli 

had been obtained, were plotted on Figures Sa through Sg as 

curves labeled "Obs.". In the case of Section 4 (Figure Sb) 

only two solutions were found using Geophone 1 and 2 data, 

while four solutions were obtained using Geophone 1 and 3 

data: thus for comparing observed with computed data in 

Figure Sb, it was necessary to plot two "observed" curves, 

one being the average of two stations (for comparison with 

the curve computed from C:eophone 1 and 2 data) and the other 

being the average of four stations (for comparison with the 

curve computed from Ceophone 1 and 3 dat<l). In each of the 

other figures it was necessary to plot only one "observed" 

curve. 

The distance scale on each of the above mentioned figures has its 

origin at the position of Geophone 1 between the Dynaflect load wheels, 

and extends along the line of geophones -- that is, longitudinally 

along the outer vheel pAth of the highway. In the caption of each 

figure the 512n. " bet,\'een t\W svmbols means that. according to 
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an analysis of variance (see Table 7 or 8), the moduli represented by 

the symbols are statistically the same (though actually somewhat 

different) while the symbols> and < mean "significantly greater than" 

and "significantly less than", respectively, as determined from an 

analysis of variance. 

Examination of Figures Sa through Sg shows that, with the exception 

of Sections ~ and II (Figures Sb and Sg), 

(1) the deflection basins predicted by use of Geophone 1 and 2 

data are nearly the same as those predicted by Geophone 1 

and 3 data, 

(2) the predicted basins lie reasonably close to the observed 

curves, and 

(3) notwithstanding pavement edge effects and other differences between 

the assumptions underlying the theory and actual site conditions, 

linear elasticity may be sufficiently accurate for use as a 

subsystem in a pavement design system, especially if one con­

siders the many other uncertainties that inevitably enter into 

such a system. 
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7. Comparison of Certain Stresses Computed from,Geophone ! and 2 Data 
with Those Computed from Geophone land 1 Data 

Given El , E2 , and h for a linear elastic two-layer system, it is 

possible, from the computer program BISTRO mentioned earlier, to estimate 

-- for any point in the structure -- the state of stress resulting from 

the combined effect of two or more circular loaded areas on the surface 

of the pavement. This capability of the program was used to make a 

limited comparison of stresses within the structure caused by the simu-

lated dual wheel load, totalling 9000 lbs., illustrated in Figure 6. 

Each circular area is acted on by a constant pressure. 

As indicated in the figure, BISTRO requires that a set of rectangular 

coordinates, x and y, be used to identify the position of the center of 

each load on the plane surface, z = O. In addition the radius of each 

loaded area must be supplied, as well as the coordinates x, y, z of each 

point within the structure where stresses, strains and displacements 

are to be computed. 

For making a limited comparison of the stress resulting from the 

use of Geophone 1 and 2 data with that found from Geophones land 3, 

neighboring points were selected in Layer 1 and Layer 2, located at 

the base-subbase interface directly beneath the center of one of the 

loaded areas. Thus, the coordinates used for both points were the same: 

X : 0, y = 0, z = h. (Obviously, use of the coordinates x = 12, y = 0, 

z = h, would have given the same results). 

For the point located in the base material, the major principal 

stress (the algebraically greatest stress) was chosen for investigation 

because of the tendency of this stress to be a tension in any case 

where E
l

/E
2 

> 1, believed to be the usual case in two-layer pavement 
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Figure 6: Plan view of simulated dual wheel tire-pavement contact areas, 
with parameters used in BISTRO for computing principal stresses 
at the base-subbase interface. 
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structures. For the neighboring point in the subgrade, however, the 

minor principal stress was chosen, as the state of stress there, for 

the usual case, is compressive. and the stress having the greatest 

absolute value there is the minor principal stress. The results of the 

computations, which are based on the average moduli and thickness for 

each test section given in Table 6, are shown in Table 9, and are also 

plotted in Figures 7, 8 and 9. The identification number of the test 

section represented by each point in these figures is shown adjacent 

to the point. 

Figure 7 was included here because of the strong influence of the 

ratio, El/E2' on the distribution of stress in a two-layer system. There 

is a striking similarity between Figure 7 and Figure 4a which demonstrates 

that lack of agreement between the two sets of ratios, El/E2, in Figure 

7 results almost entirely from lack of agreement between the base moduli 

El (wI' w2 ) and El (wI' w3) apparent in Figure 4a. 

The point symbols used in Figures 7, 8 and 9 reflect the results of 

the analyses of variance given in Tables 7 and 8. As might be expected, 

it is apparent from Figure 7 that the greatest lack of agreement between 

the two sets of modular ratios occurred in the four test sections (Sections 

4, 15, 16 and 17) where a statistically significant difference was found 

between one or both of the two moduli computed from Geophone 1 ~nd 2 data, 

<1nd those computed From Geophone 1 and 3 datil. The obviolls trend was 

for the Geophone 1 and 3 data to result in higher estimates of the 

ratio El/E2 in the case of these four sections. It also should be 

pointed out that these four sections had the highest values of E1 

(WI' w
3
), ranging from 81,900 psi to 314,100 psi, while the remaining 

values varied from 14,900 to 23,800, as may be verified by reference to 

Table 3. 
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Test 
Section 

4 

5 

12 

IS 

16 

17 

Table 9: Comparison of Certain Stresses at the Rase-Subbase Interface 
Computed from ~eophone 1 and 2 Data, 

with Those Computed from ~eophones 1 and 3. 

Base Material 

Red sandy ;.;ravel 

Asphalt stabilized gravel 

Lime stabilized sandstone 

Sandstone 

Cement stabilized limestone 

Asph. emulsion stab. gravel 

Iron ore 2ravel 

Base 
Thick. 
(In. ) 

12.0 

7.5 

ll.5 

16.2 

14.0 

6.5 

7.8 

Modulus Ratio 
E1/E 2 

Computed From 

1.30 1.25 

5.30 9.36 

2.23 1.60 

0.96 1.06 

14.17 16.43 

6.30 9.84 

2.88 7.19 

Major P al 
Stress (psi)"" 

In Base 
~1aterial , 

Computed From 
-- ~------

3.3 2.7 

47.4 66.9 

12.4 6.7 

-3.4 0.4 

32.6 34.4 

57.5 74.3 

26.6 55.2 

* Tensile stresses are positive, compressive stresses negative. 

Minor Principal 
Stress (psi)"" 
In Sub grade 
Material, 

Computed From 

-14.3 -14.4 

-15.6 -12.1 

-12.6 -14.2 

-8.0 -7.8 

-3.6 -3.4 

-15.8 -13.0 

-18.9 -13.0 
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Ih~ effect of the choice of geophone data on the computed major 

" " 1 Lr~ss ~ l"n the L<~s'e m,~terial at the base-subgrade interface rrlnClpa s Cc _ , ('I, I)"." 

is illustrated in Figure 8. Here only three of the four test sections 

mentioned in the preceding paragraph show an apparently significant lack 

of agreement Sections 4, 16 and 17. The same three sections also 

exhibit lack of agreement in Figure 9, where the minor principal stress, 

'III, computed from Geophone 1 and :2 data, is compared with that computed 

from Geophones Land 3. 

In summary, it is concluded from the information presented in this 

chapter that the use of Geophone 1 and 3 data in lieu of Geophones 1 and 

2, resulted, in most cases, in 

(1) a greater ratio, E
l

/E
2

, which, in turn, led to 

(2) a greater tensile stress in the base material at the base-subbase 

interface, and 

(3) a somewhat smaller compressive stress in the subgrade material 

at the base-subbase interface. 

(4) However, in the writers' opinion, the differences in stresses 

mentioned above were not especially significant when viewed 

from the vantage point of design and materials enginers familiar 

with the frequently observed large differences in the measured 

strength of apparently similar laboratory specimens of base 

and subbase materials. 
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_~:~i!~ Uescription: Through the courtesy of airport officials and 

thL,jr consultants, a Texas Transportation institute team measured 

Dynaflect deflections on concrete pavements at the Houston International 

Airport on June 22, 1971. 

The airport is situated on the Pleistocene Montgomery formation. 

The subgrade soils are described as silty sand. sandy silt, clayey s;md. 

clayey silt and expansive silty clay. 

Test Details and Results: Dynaflect tests were made at eleven 

locations, or "test points", on the airport pavements. At each location 

the load was applied at the center of a 2S x 2S-foot concrete slab. 

Test points were selected on one runway, three taxi-ways and one apron. 

Sla'b thicknesses, subs tructures, Geophone land 3 data, and the moduli 

computed by ELASTIC MODULUS II at each test point are given in Table 10. 

The average values of El and E
2

, their standard deviations from their 

averages, and their coefficients of variation. are given at the bottom 

of the table. 

It can be seen from Table 10 that -- as was previously pointed out 

in the case of flexible pavements the computed values of El were 

somewhat more variable than those of E
2

. 

A careful examination of the data given in the columns headed 

"E
l
", and "E

2
" in Table 10 will show the extreme sensitivity of the 

calculated moduli to small changes in either of the measured deflections, 

Wj and w
3

. For example, if Test Points 34 and 49 are compared, it will 

be seen that an increase of 0.01 mil -- or 1/100,000 in. -- in w] (with 

h ~lllJ IV
J 

held constant) resulted in a decrease in the computed v;llne or 
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Table 10: Data from Houston Intercontinental Airport 

(Taken June 22, 1971) 

Figure 
Deflections (mils) Computed Moduli (psi) Showing 

Test General Deflection 
Point Lodation Substructure h (in.) wl w3 El Ez Basin 

6 Runway 14-32 6 in. sand-shell subbase 12.0 0.40 0.37 7,494,800 13,000 lOa 

10 Runway 14-32 on soil excavated to 12.0 0.50 0.44 3,066,500 14,300 lOb approximately 4 ft. and 
13 Runway 14-32 re-compacted. 12.0 0.52 0.47 4,137,400 11,700 10c 

25 Taxiway A 6 in. sand-shell subbase 12.0 0.40 0.36 5,085,500 15,600 lOd 

28 Taxiway A on soil excavated to 12.0 0.43 0.39 5,154,900 14,000 10e approximately 4 ft. and 
-'" 32 Taxiway A re-compacted . 12.0 0.41 0.36 3,674,300 17,600 10f ..... 

34 Taxiway A 12.0 0.40 0.37 7,494,800 13,000 109 

49 Taxiway B 6 in. sand-shell subbase 12.0 0.41 0.37 5,099,500 15,100 10h 
on soil excavated to 
approximately 4 ft. and 
re-compacted 

56 Taxiway K 9 in. soil-cement subbase 14.0 0.33 0.31 7,831,000 13,600 10i 

63 Taxiway K on soil excavated to 12.0 0.39 0.35 4,952,600 16,400 10j approximately 4 ft. and 
re-compacted 

69 North Apron 12 in. soil-cement subbase 12.0 0.24 0.22 10,975,400 23,000 10k 
on soil excavated to 
approximately 6 ft. and 
re-compacted ---

Average 5,906,000 15,200 

Standard Deviation 2,311,000 3,100 

Coefficient of Variation (%) 39 20 



E from approximately 7,500,000 psi to about 5,100,000 psi, accompanied 
] 

by Qn increase in E from 13,000 psi to 15,100 psi. And by comparing 
') 

:2St Points 25 and 34, it appears that an increase of 0.01 mils in w3 (with 

h and wI held constant) caused an increase in El from approximately 5,100,000 

psi to approximately 7,500,000 psi, with a corresponding decrease in E2 

from 15,600 psi to 13,000 psi. Now 0.01 mil is generally considered by 

Dynaflect users to be the limit of instrument and operator error under 

ideal conditions: we must conclude, therefore, that the values of 

moduli -- particularly the value of El -- found under routine conditions 

by the method described in this report must be regarded as rather crude 

estimates in individual tests, and that instrument error should be included 

as a component of the total variability involved in a pavement design 

system using the Dynaflect to characterize the materials in terms of 

elastic constants. 

method similar to that described in Chapter 6 for computing WI' w2 ' w
3

' 

w
4 

and Ws from given values of E
1

, E2 and h, was employed for comparing 

computed deflection basins with those measured on the concrete pavements at the 

Houston Intercontinental Airport. The results are shown in Figures lOa 

through 10k. Since Geophone 1 and 3 data were used in determining the 

values of El .:md E') employed in computing the theoretil'al (dashed) 

curve in each figure, this curve p':lsses through the c i rl' led poi nts 

representing the output of those geophones, i.e., the points plotted ilt 

zero and two feet on the distance scale. Thus, in any of these figures, 

the departure of the dashed line from the remaining three circled points 

is a partial measure of the difference between the assumptions made in 

the theory and the actual conditions at the test site, including 

instrument error. 
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Figure 10c: Observed deflection basin (solid line through circled points) 
compared with theoretical basin (dashed line) computed from 
EI (wI, w3) and E2 (wI' w3) at Test Point 13. Moduli are 
given in Table 10. 
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Figure 10d: Observed deflection basin (solid line through circled points) 
compared with theoretical basin (dashed line) computed from 
El (wl' w3) and Ez (Wl. w3) at Test Point 25. Moduli are 
given in Table 10. 
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Figure lOe: Observed deflection basin (solid line through circled points) 
compared with theoretical basin (dashed line) computed from 
El (wi. w3) and E2 (wI. w3) at Test Point 28. Moduli are 
given in Table 10. 
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given in Table 10. 
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given in Table 10. 
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El (wl' w3) and E2 (Wl' w3) at Test Point 49. 
given in Table 10. 
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given in Table 10. 
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Figure 10j: Observed deflection basin (solid line through circled points) 
compared with theoretical basin (dashed line) computed from 
EI (WI, w3) and E2 (WI' w3) at Test Point 63. Moduli are 
given in Table 10. 
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Figure 10k: Observed deflection basin (solid line through circled points) 
compared with theoretical basin (dashed line) computed from 
EI (wI. w3) and E2 (wI. w3) at Test Point 69. Moduli are 
given in Table 10. 
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After examining Figures lOa through 10k, the writers assigned a 

subjective rating -- "good" or "bad" -- to the degree of agreement 

between each theoretical curve and the corresponding measured basin. 

The results are given in Table 11. As shown at the bottom of the 

table, 8 of the 11 theoretical curves were rated "good". The greatest 

disagreement between theoretical and observed basins was found in 

Figure 10c and 10h while near perfect agreement appeared in Figures 

10d, 10f and 10j. 
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Table 11: Subjective Rat of "(;oodness of Fit" 
of Theoretical Deflection Basins to 

Experimental Data, Figures lOA through 10K 

Figure 
Number 

lOA 

lOB 

lOC 

10D 

10E 

101" 

lOG 

10H 

lOr 

10J 

10K 

Rating 

Good 

Bad 

Total 

Test 
Point 

Number 

6 

10 

13 

25 

28 

32 

34 

49 

56 

63 

69 

Summary 

Number 

8 

3 

11 

61 

Subjective 

73 

27 

100 

Rating 

Good 

Bad 

Bad 

Good 

Good 

Good 

Good 

Bad 

Good 

Good 

Good 



9. Conclusions 

Wi tllr:l:gard ~ certain tedmical ~jspl:cls ~ ~l!~ computer program 

ELASTIC MODULUS ll, the following conclusions were drawn. 

1. As judged by its agreement with the older and more comprehensive 

computer program BISTRO, the program ELASTIC MODULUS II is as 

accurate as required for the job it was designed to perform. 

2. Occasionally the possibility of a non-unique solution -- or no 

solution at all -- will arise from Dynaflect data processed 

through ELASTIC HODULUS II; however, restraints built into the 

program inform the user of such cases by printing out appropriate 

messages. 

From Dynaflect data taken on flexible pavement sections, the following 

conclusions were drawn. 

3. The elastic modulus of the base of a SOO-ft., apparently uniform 

test section, as estimated from Dynaflect data, was much more 

variable than the subgrade modulus, probably because of the assump-

tion that the subgrade was homogeneous to an infinite depth. 

4. In several test sections (2 out of 7 in the case of the base, 4 

out of 7 in the case of the sub grade) the average section modulus 

estimated from Geophone 1 and 2 data differed significantly, by 

statistical tests, from the modulus estimated from Geophone 1 and 

3 data. 

5. The differences mentioned in Conclusion 4, above, were not, in 

the opinion of the writers, very significant when considered from 

a practical or engineering point of view. 
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6. In five out of the seven sections tested, indications were that 

a. Dynaflect deflection basins predicted by use of Geophone I and 

2 data were nearly the sa;~e as those predicted by use of 

Geophone I and 3 data, 

D. the predicted basins lie reasonably close to the observed basins, 

and 

c. linear elasticity may be sufficiently accurate for use as a sub­

system in a flexible pavement design system. 

7. Tile use of a Geophone I and 3 data, in lieu of CeopllOnes I and 2, 

for computing base and subgrade moduli resulted, in most cases, in 

a. a greater ratio, EI /E 2 , ,"hich, in turn led to 

b. a greater computed tensile stress in the base material at the 

base-subbase interface resulting from the application of a 

9000-lb. dual wheel load to the pavement surface, and 

c. a somewhat smaller compressive stress in the subgrade material 

at the base-subbase interface. 

8. The differences in stress mentioned in Conclusion 7 did not appear 

to be especially significant when viewed from tile vantage point of 

design and materials engineers familiar \·iith tile in'quL'lltly observed 

large differences in tile measured stren..s_Sl~ of apparL'utly ~oilllilar 

laboratory specimens of base and SubbaSl? materials. 
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From Dynaflec t data taken on concrete pavements at the Houston 

Intercontinental Airport, the following conclusions ~ drawn. 

~. After noting the dramatic effect of very small changes in the 

output of either Geophone 1 or Geophone 3 on the computed 

modulus of a concrete slab, it was concluded that the values 

of moduli -- particularly the value of El -- found by the 

method described in this report must be regarded as rather 

c~ude estimates in individual tests, and that instrument error 

should be included as a component of the total variability 

involved in a pavement design system using the D)~aflect to 

characterize the materials in terms of their elastic constants. 

10. DyPaflect deflection basins computed from Geophone 1 and 3 data 

at 11 test points agreed with the observed data nearly perfectly 

in three cases, very well in six cases, and rather poorly in two 

cases. 

From all the data studied the following conclusion was drawn. 

11. The D~aflect in its present form, co@bined with the computer 

programs ELASTIC MODULUS II and POINT LOAD, has the potential 

of becoming a useful method for material characterization in a 

pavement design sys tern using linear elas tic theory as a sub­

system, provided that proper heed is paid to instrument error, 

the inevi table variability of highway materials in place, and 

the many other wlcertainties that enter into a complete pavement 

design system. ELASTIC NODULliS II, rather than ELASTIC MODULUS, 

is recommended in order to achieve compatibili ty between l1loduli 

found for rigid pavements and those determined for flexible 

pavements. 
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5 H F!l ~ '1 A T ( I (' X , 'r 1\ 4 , 2 X , ' P A V. T H T ( K • 

INlTIALILF I\,LL SUMS /: CI:U'lTE:PS 

N=O 
N 1 = 0 
NU = 0 
!HII= fl. 
AI-I2=(1. 
AW 3=C. 
hW'~=O. 

AW5= O. 

A-6 
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0087 
008n 
(J089 
0090 
0091 
009? 

00')3 

0094 

009'i 

009h 
0097 
0098 
0099 

0100 

0101 
0102 
0103 
0104 

0105 
OIOt, 

0107 
0108 
0109 
OliO 

0111 

r 

r 
c 

ASCI:O. 
AflS2=(). 
AAP2=O. 
SRI= O. 
SP 2= O. 
SR 3= O. 

GO TrJ 10 
REAi) f.. PK H;T PH-UP-MAT I ON ON DAT 1\ Ci-IP.D "2 

12 R E AO I 5,3 I (I. A I ( I I , I = 1 ,5) , T I ,( LA 2 I [) ,I = I ,51 , T 2, 
* ILA3(1),!=L,51, T3 

3 FUR~ATI 'iA4,F4.2,5A4,F4.2,'iA4,F4.2) 
P R I 'J T 59, (L fI 1 ( I I , I = 1,5 I , T 1, ( L A2 ( I ) , I = 1,5 I, T 2, 

C * (LA3(1),!:1,5), T'3 
C 59 FUR~AT( 1X,5A4,IX,F5.2,2X,~A4,IX,F5.2,2X,5A4,IX,F5.2) 

C 

C 
C 
r. 

PRI~T 59,(LAIII) ,T=I,51,TI,ILA2111 ,I=1,5),T2 
P R PH 5'.}, ( LA 3 I I I, I = I , 5), T3 

59 F [) Ri'1 AT ( ifo)(, 5 A 4, 1 X, F 5. 2, 5 X, 5 A 4, I X, F ') • 2/1 
GU Ti) 10 

READ f.. PRI~T INFORMATION ON DATA CARD 3, IF PRESENT 

13 R E AU I 5, J I I L fI 4 I I I , I = I , 5 I , T 4 , I L A5 I I ) , I = 1 , 5) , T 5 , 
* IL.\61I1rI=1,51, T6 

C PRlrH 59'{LA4(llrI=l,51,T4,ILA'i1l1,I=1,5J,T5, 
C * ILAbll)'[=l,'iI, T6 
C 

c 
C 
r. 

c 

c 
c 
c 

PRI,'lT 5'),ILfl4(11,1=1,51,T4,ILA5II),I=I,.,),T5 
PRI'H 59, ( LA~t II, 1=1,51, T6 
GO TO 10 

06 Nil = NG+l 

PRINT ~FGAf!VE SCI ~ESSAGE 

PRI~T 82,STAII) ,Wltll ,W21IJ,IREMIJI,J=I,41 
82 FUR'~ATI IX,A7,3X,F". 3,2X,F5.3,2X, 'NEGATIVE' SCT OTf1f-R " 

* 'CALClJLATIU'JS OMITTED', 4X, 4A4) 

N1='JI+I 
TFI N1 .t T. 30 I GO TO 88 
GO TO 114 

64 1'<0 = NO + I 

PRI~T FRRO~ ~ESSAGE 

PRINT ~q,SUdI),(R.E"'IJ),J=I,4) 

A-7 
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1)112 

I) 1 13 
0114 
011') 

i) 116 
I) 11 7 
0118 
Oll<.J 

0120 

0121 
0122 
oln 

0124 
012'> 

0126 
0127 
0128 
0129 
0130 
0131 
C) 132 
0133 
0134 

0135 
r)136 

c 

r 
r 

,. 
~ 

c 

r ,. 
r 
( 

c 
c 
C 

C 
C 
( 

C 

[ 

'1l rO,~~,\T( lX,~7dX,IIli\TA f:1-!~lJl{ ,~S'>IJ"1[lj A lFR() VALlIE' RE', 
* 'iI,) I=rR -II fiil r~2', '>X, 444 ) 

~d=Nl+l 

I r ( ~l 1 • LT. .~ I)) GOT n 11 K 

GO TO '14 

hO ('Ji.T INUF 
~! N + 
NO NLJ + 
P R I "J T P 5 , S T A ( I ), w 1 ( [ ), ,'12 ( [ ), W 3 ( [ I, '" 4 ( I ) , 

,J5([), SCI(J) 
'1,) FOQ'1ATlIX, fl7, 3X, 5IF5.3,2X I, 1"5.1, 2X, 

fl5 F I J f{"1 A T ( 7 X, A 7, 1 X, 6 F 6. 3 , 2 X , 
','Jr, lli,101JE SllLtJTION' ) 

~Jl :~ 1 + I 
IF! ~H .LT. 30) GO Til FIR 

GO TO '14 

I'LL CMWS PLAll Ffll-! AN ANALYSIS, CALCUlATl AVERA(~E 

DEFLfCTlfi',lS, flVFPi\(;E SCI, AVf:p:lr;F PAVE~HH MUDULUS, 
Af'tO AV[Rt,G[ SI,mGRAIJE' MLlDIJLUS 

fl[' PN='~ 

Nl 

N 1 1ST H F', II i" t', I" R (1 F TEST POI II T S T H ,\T II A iJ 
VALIU SfllliTIDNS 

IF ( Nl • L E • 
A", I V = A,~I/P~, 

fI'fo2V= A",2IPN 
A W 1 'I = A\.'1/P'< 
Ai.4V= 1\10:4/[1·\ 
A.,. 5 V = A .. 'J I P'i 
A SC [V=,', SC II P', 
AAS2 V=AAS?/', I 
AA D 2V=AflP2/"J I 

l) I 'a 

[ CIHCULAH V,\f'IfI,r-,CE Dr 5(1, SlHlGPAOE: ,'Vui!'JLUS f. PflVl-
C ~t~r ~GiJULUS 

Of] 62 l=l,r'J 
I f- ( .~ 1 ( I ) • I k' • I) • r: R • 'Ii 2 ( I ) • E '.J. 0) eli T '-J Ii 2 

A-a 
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0137 
013>! 
013'1 
0140 
0141 

0142 

0143 

0144 
0145 

0146 

0147 
0148 

014'1 

0150 

0151 
0152 
0153 

0154 

0155 

0156 

[ 

[ 

C 

... 
~ 

C 

r 

62 

65 

SR1= SP1+( (~SC[V- 5CI(11 1**21 
IF( AS2(I1 .(1). 0.01 GO FI '>2 
SR?= S~'2+((I\AS?V-AS2(I1)**21 

SR3= SR~+( (AAP?V- ,~P~( 111**21 
COI'HINUE 

PQI'H AVFP<\0FS 

PRI~T 65,A~IV,AW2V,AW3V,AW4V,A~5V,ASCIV,AAS2V,AAr2V 

FO~''''ATlIlX,'AVFRAGf:S', 6(2X, 1-5.3 I, 2Fl1.0 1 

6 5 F () R '~ AT (I 7 X, 'A V F R :'1 C, E S " & ( F & • 'q, 2 F- 1 0 • I) 

C CALCULATF STMJ~ARD DEVIATION (IF S(I, S\JRG"(AUf 
( MlI0UlUS, ANI) PAVI-'MEi'H MlllHJLLJS 
C 
C 
C SKIP THE CALCULATION IF ONLY eNF OSSERVATI0N 
C 

C 

C 

C 

IF( PN .EQ. 1 I GO TO 90 
Sf.l SI)RT(SRlf(PN-1I1 

IF( Nl .LE. 1 I GO TO 90 

SEZ 
SH 

SI);H(SR2f(Nl-l1 I 
SWKT (SR3f( Ni-ll I 

C PRI'H STANIJll.PD DEVIATIONS 
( 

P R I:~ T 7 1 , S E 1 , SF 2 , S E 3 
C 71 FOR'AAT[ lX,'STANIlARll DEVIATION' ,27X,F~.3, 2Fl1.0 
C 

71 FOQMAT( 7X,'STANDARD DEVIATIUN', 20X,F6.3,2Fl0.0J 
C 

90 CONTINUE 
IF-( "l .E(l. 1 J NI 
PPIH '19,N, N 1, Nl 

C 99 FUR"'AT( lX,''JUMRER iJI- POINTS I'IJ AV ER AG~ 
C lu X, 21 10, r 1 1 J 
C 

qq FOR'1AT( 7X,'N\J'ARER OF POINTS 1''1 AVEDAr,F ' , 
114, 19, 110 1 

C 
PRI'lJT q 1 

C <)1 F·URr.,ATl I, ')X, '1;11 DEFLECT IllN AT G[OPHLlNE 1 ' J 
C 

<)[ FllR'4AT(/l'lX,'WI UFFlFCTII)~1 AT GIJl PH'l~, f I' J 
C 

A-9 

15/3' 



FnRTRAN IV r L[VFL 1~ '1/\ I ~J DATE 

0157 

0158 

016(J 

01bl 

0162 

0163 

0165 

()J. b 6 

0167 

01&8 

0169 

:: 
C 

:: 

( 

r: 

C 

C 
r 

r 

C 
r 

C 

r 

c 

C 

c 

PFI"H 92 
'12 rnQ,HT( r,x, 'y' 1 ') E F L E C T ION AT r; E- !J PHD N E- 2' I 

q2 FUWHT( 10X,'10/2 JEFU:C T lOll fiT GE(1PHiJNf 1'1 

PI=: pn '13 
91 H1R'·\AT( 5)( , '111 Uf-FLECTIUN AT GEOPHUNE 3') 

91 FC',{~1AT( 10X,'Yi1 JlFLECTIll'~ AT [,EUPH,)r.J[ 3' I 

PRPH q,. 
'.l4 F (1R'1 fI T ( ':>X,' W4 UEFLECTION AT GE-OPHONE 4'1 

qt .. F(1R'1/\T ( lOX, ' .. :4 ;JEHFCTICN AT GEUPHLlNE 4' I 

PRIIH ')5 
9S FGR"lAT ( ~;)( , ' \0' 5 DEFLECTION AT GE'(1PrlJNE 5'1 

')5 FURI~AT( lOX,'",,, nEFLECTIUN AT GEUPHl1NE 5' I 

PK IN T 96 
96 FOR'IflT ( 5X, ' SC I SURFAC E CLlPV-\ TURf I ,"JDE'X 

= , US li21' I 
9f, F 0 R'1 A T I 10X,'SCl SURFACE CU,(VflT'JP~ INDD yi 1 MIN', 

* , US 1-12 I' I 

PR.INT 97 
q7 f-ntU1AT ( 5X,' [5 

= ''1 I'll MJr) 32' 
fLAST IC M(1UULlJS UF TH[ SUllGRAD[ FKO', 

I 

97 FOR'~J\T( 10X,'FS ELflST I C MOlJllllJS DF THE' SIIE\GR ADE FRrl' , 
* '''l,d ArJD vr;' I 

PRINT q>\ 
C 93 F- (J R '1 II T ( 5 X, ' f P F LAS TIC MOl) U l U S OF THE P II V f ~lF N T FROM', 
r =' ~1 fiND Wl' I 
C 

0170 'lg FORMAT( lO;(,'F:P CLASTIC MODULUS (Jr TIH' PJ\VF,"FNT f;{O', 

0171 

0172 
0173 

c 

r 

* ''1 WI M!1l Wi' I 

GLI TO 10 

1000 ClJr-HINUC: 
FNU 

A-IO 
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F[)RTRAN IV (; Ll'VFL H ~~A IN I)A T E- 711 <)6 

c 
c 
c 
c 
C 

0001 
C 
r 

OOOZ 
0003 

,.. 
" 0004 

0005 
C 
C 
C 

0006 
C 
C 
C 

0007 
OOO~ 

0009 
0010 
0011 
001Z 

C 
C 
C 
C 

00 1 ~ 
0014 
0015 
0016 

C 
C 

01)17 
C 
C 
C 

0018 

C 
0019 

r 
C 
r 

S'Jf3~fllJT I N~ EMfJrJ 

SUflR(lUTINE EMUrJ 1 WI, 1013, H, El, [7 ) 

IMPLICIT REAL * 8 1 A-H, O-Z ) 
DIMENSIO"l RHI ZI, FF( 2), Y140001, DEUHIZ), 

OELM2(2), IJELX1IZ), OELX?lZ), N(4) 

DATA P I 1000.000 I , EP I .001001 
DATA XNO I Al.0DO I, XKl I 0.0100 I, XK7 I 0.1000 I 

P, XNO, XK1, XK2, Rl & R2 CAN RE CHANGED IF DESIRED 

INTFGfR PLUS 

INITIALIZE SWITCHES & SAVE 

R 1 10.01)0 
R3 i)SQRT! 676.000 ) 

M I i~lJS 1 
PLUS 0 
I SW 0 
SAVF 0.000 

CALCIJLATE PIli, RATIO, & ACC 1 I'lCC IS THE CONVERGENCE 
CRITI:-RION ) 

R 1 I H 
R::I I H 

RH 11 ) 
RH IZ I 
RATIO 
ACC 

! wl * Rl ) I 1 w3 * R3 ) 
U< * RATIO 

DO 2 KL 1, 2 

CALCULATE ANn TEST DELHl 

OEL~lIKL) = 1 L.ODO I RHIKl)) * 1 3.00J I 
* ! XNO - 1.000 ) ) 

IF! XKl .LE. DEL~l!KL) OELM11i<.L) 

CALCULATE nt::LXl 

A-ll 
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FllR TRM, 

0020 

ilO 21 

01122 

oon 

0024 
0025 

0026 
0027 

OO?S 

0029 
0030 

0031 
0032 

0033 

U034 

01)31) 

IV (, 1 f-VEL 1 .) I)" T E 

" v 

( 

C 

C 

r. 
C 
C 

c 
c 
C 

C 

C 

C 
C 

rJELXl(KLl Ilf:LMIIKL) * ~HIKL) 

C"LCIJLATt' .~'~r:J TES! OEL.'-12 

OEL~2IKL) = ( 1.nno 1 RHIKL) J * I l,O~O I 
* I XN(1 l,ODO)) 

IF( XK? ,It, Df:L".ZIKLl XK2 

CALCULATE ()[lX2 

f)[LX21t<l) DELM?(KLl -* RHIK,l) 
CALCUl ATE 1\J(l. or INTERVALS FllP SIMPStJ~l' S RULE t'OR 

tACH INTrr;R.ATIO~j. Nl f. N2 ...,UST BE: 001) INTEGERS. 

NIKL) = ( 3,nnn * f'H(Kl) ) I fJfLXIIKl) + 1.0DO 
IF( (N(KL) I 2 ) *' 2 .FO. ~Ht<Ll I 

f\jIKLl t,;(KLJ + 1 

N(t<.L+l) = , 7.0110 * RIJ(KL) J 1 ['HX2IKLl + 1.000 
IFI (N(KL+ll 12 I * 2 .I:Q. NIKL+l) J 
N(KL+l) NIKL+l1 + 1 

2 CllNTINI)[ 

C GET INITIAL VALUE OF E2/Fl ANn DELTA 
c 

c 
r 

DE: LT A 
r. 2E 1 

(J.SOO 
C.'JOlOO 

C START ITFR!lTION LllUP FOR EACH t'Z/Fl VALUE USED 
( 

4 C()·~T HlUF 
XN (1 ,11l0 F2El I (l.noo + E:ZCl 

c 
C Till: FUI\jCTllj'IS rr(lI AND FF(Z) (SI::E E(~N, ':>, ARE 
r: CALCULAHu I~j THE FOLllJ>-IING DC LOOP. 
C 

1)(, 2 CJ K K. 2 
c 
C CALC')LAH ilRUINATE:S FUf! SIMPSON'S RIJLt: FOf( FIRST 
C !NTFG~ATICN 

il.l N(KKI 
c 

XMl 

A-12 
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0036 
0037 
003'1 
0039 
0040 
0041 

0042 

0043 
0044 
0045 
0046 
0047 
004A 
0049 

0050 
0051 

0052 

0053 
0054 

0055 

0056 

Xl f).ODO 
fJJ ?tl JJ 

Y I JJ J ( V I 
XMl X~I + 

X I xl + 
ClJNTI"lUF 

c 

1, N 1 
XN, XMI I 

DELMI I KK I 
fJELXlIKK) 

1.001) ) * flESJOI Xl ) 

C CALCUL.'lTE (lRUINATES FOP, SP1PSON'S RULE FOR SECOND 
C INTEGRATION 
r; 

C 

27 
c 

N2 NIKK + 1 I 

XM2 X"'l 
X2 XI 
DO 27 KL 

YINI + KLI 
XM2 = XM2 + 
X2 V + 
CONTINUE 

1, N2 
VI XN. XM2 

DELM2IKK) 
DELX2IKK) 

LOD!) I * BESJOI X2 I 

C SUM ORDINATES TO CALCULATE APEA UNDER THE CURVE QF FIRST 
C INTEGRATIUN 
C 

c 

PARTI 
P!\RT 3 

0.(01) 
0.000 

C N4 IS NO. OF INTERIOR ORDINATES OF fIRST INTEGRATION 
r: 

W, = Nl - 3 
c 
C SU'-1 INTERIUf{ IJRDINATES 
C 

Oll ? 6 t L = 2 • N 4. 2 
26 PARTI PARTI + I 2.000 * YILLI + YILL+l) I 

C 
C SUM END QPUINATES 
C 

PART2 YII) + 4.000 * YPH-IJ + YINll 
r 
C CALCULATF APEA OF fIRST INTEGRATION. 
c 

C 
r. 
c 
C 
C 

AREAl = 112.000 * OELXIIKKI) I 3.(00) * 
PARTl + I DELXIIKi() I 1.0n/)) * PART2 

SU'1 ORDINr.TES TO CALCIJL ATE AREA UNOF:R THE CURVE OF 
SECONU INTEGRATION 

A-13 
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0057 

0059 
0060 

006\ 

0062 

(J06,3 
0064 

0065 
0061> 
0067 

0068 
0069 
0070 
0071 

r: 

c 
r 
C 
c 
C 

r: 
C 
r 
'-
r 

r 

r: 

C 

TIl[ It\5T rq,r)"' .. /\TE ilF HIE' FIRST l\ITfRVAL ~)F INTEGRAT­
[(V'i 15 ALSf) Tllf- FIRST [)Rl)lr~AH flF TH~ SECflNO PJTFI{VAL 

N5 IS TlIF P'J51Ttrm I'll THE Y VFCTOR OF THE FIRST 
INTERIOR (W;)I"JATE 'lF THIc 5E'CONIl l~nEGRI\TIClI~ INTERVAL 

N(, IS THF- PrJS I T ION I N THE Y V~r. TJR D f- TIfE LAST 
, N If- P I [) ~ G R 1)[ "A T F (1 F THE 5 E' C C N DIN n G P .1\ Tim, I ~\ T f: IW (, L 

~~ = N2 - 1 + Nl 

SU~ INTfkI8~ O~OINATES 

I)rj 2 ') L M = N 5 N6 • 2 
Z~ PAKT3 P~~T3 + l.ODO * Y(LMI + YILM+11 I 

C SU~ fNO URUINATES 
r 

PAfH4 Y ( N 1 + 11 + 4. on a * Y ( N 1 + N 2 - 11 + Y ( 'J 1 + N 2 I 
C 
C 
C 

r 
c 
c 

C 

CALCULATE AREA OF SECUND INTEGPATIO~. 

ARt'A? = ((?Ol)" * OELK21KKII I 3.'JDDI * 
PART3 + I DELXZ(KKI f 3.0DOI * PART4 

CALCULA TE THE f-lH,C Tl UN. 

FF(KKI AREAl + AR[A2 + 1.11l0 
2° CDiHINUf-

C CALCULI\TE f-\fF] AND CHECK FOK CllNVEh1.GlNCt 
r 

rtH F r ( 1 1 I Ff-I21 
E' RRf] R f iF3 RATln 
IF(flAKSI ER~CR • LT. ACC Glj TO 31 

C 
C SCT ISW AND 5AVE nN FIRST T I '~ t THf1IJlJl,H I TE" A TT (H, 
C 

H( I sv: • j,J E • a co Tll I:> 
IS .. 
SAVE f,n'IJR 
If-( [iJKf~" .LT. 0.000 GU PI f, 

c 
C SIGN Dr F\f<5T I'Rl'fJR 15 '+' 
C 

A-14 
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0072 PLU<; 
0073 1'1 I 'iI) S n 
0074 f> cu:n I ~IU [= 

C nST f I J r~ CO I r;\r ',IF ~,!~[JR 

(" 

0075 IF ( ~ fH'liP, I V"), 31 , 32 
C 
C S IGI~ UF r R;': 111< IS I + I 
r: 

on 76 32 PLUS 
0077 IF ( MWLJ'i • 'J F • 0 I GO l(J !to 

C 
C f: k RiJ I' I C, P(ISITIVf, IJfCRFASE U[I FOR ":r x T TRIAL 
r. 

0078 E2U f-2H DELTA 
0079 JF( FLU • 1_ [ • 0.000 ) E2Fl O. ('DOlOO 
OORO GO Tll l, 

C 
r 
( EfH('lR liAS ;'Jf:GAT I VE, NUW PLJSITIVh CHANC;f- DELTA 
r 

0081 40 f)ELTA 0.')00 * DELH 
OOil2 IF ( SAVE • LT. 0.000 ) GO TO 42 

( 

( SF T SAVE '" [KRfJR, f)ECREASE t:ZEI F'Jk NbXl TR I Al 
C 

0083 41 SAVt ~? K (lP 

0084 f:2El 1'2[1 - DEL TA 
0085 IF ( c2El .LE • 0.000 ) E 2E 1 O. O()i)\ DO 
008(, C, IJ Tl1 t, 

e 
C ERR,JH IS INC!)ElISJNG IN PLlSITIVE 11iRECTlUN, DEeR EASE 
c EZt1 FuR NFXT Tf.( I Al 
C 

0087 42 IF (UJ\fJ.5 ( S':' 'IF ) .GT. E Rfl OR ) G(J Te 41 
00813 [2FL F Z[ 1 - DELTA 
0089 IF( f 2 E:l • LI • o.ono ) F 2E:l O. OOCl 100. 
0090 GO TO f. 

C 
C S I G'l OF E P f:"P IS ,- , 
r. 

0091 'If) M I NU S 
0092 If( PLUS • \r • () ) GO TO 45 

C 
C ERI~JK I S ~i r r;I\ T 1 V E , (i\lCREASE EHI FOf.( "-n'xr TK 1 A L 
C 

0093 tZE 1 [?f 1 + UFLTA 
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OO<J /• HI F 2E 1 • I; T • 1.0lJO , GO Tn '.4 
(lOqr, GO T(1 '. r: 

C 
0096 1.4 CI.lNTINUE 

r 
C 
G CHECK F ,'IH A 1)IV~qGf-~H CONDITION FilR THr: SITUATION 
C WHE'~ PUIO IS LESS THAN 1.0 A~D H IS L ES S THAN Ll .2 IN. 
r 
c 

(Hl~7 IF ( H • r; f- • 11. ;10(1 I Gn Tn 4 
0099 nELtA - tl."i[JO • DEll A 
00Q9 fHl e f:?U DFL T" 
0100 GU TLl 4 

r 
c [flf(l~ I S NriiA1I V[ !'i(lW, WAC; PIJSITIVl I~EF'-'Rr , CHANGE 
C r>EL U 
r 

() 1 0 L '+ !I r)~ L T A • ().'iDO • DC L TA 
OL02 HI C;fI V f .~T. O.OIJO I Gll HI '+7 

r, 
[, P: S T FOil ~ fi lH1R L~SS THAN SAVE 
r-

OlD' 46 IFIL)A~S l SflV[ • G T • nIl B S I f-IH~I1R , 'SAVE = F~~OR 
r 
c INCREAc;r [ 'I. f. 1 ~nR NFXT TRIAL 
r. 

11104 OF 1 .. E 7Ft • UH TA 
0105 If-! t2El .'1T. 1.000 I GO Tel 44 
0100 GO TO 4 

C 
C HST rnR FR~('jR GRFflTER THAN SAVE' 
r 

0107 47 IF (" AB S ( FI{IHlr? ) • G T. "AVE ) GO TLJ 46 
r 
c tRIUP, 1'5 A r I'f111AC H II~G CONVE"GENCF r-~UM ~~fGArIVb S I DE, 
C C;ET SAVE = lRR(j~, INCREASE F 2 E 1 Fill{ NFXT m I til, 
r 

010'! S"VE • fR,(flR 
010Q (2EL = ~2U • ilrLU 
OL 10 IF ( tnl • "',1. L • () 1)0 I GD Til 44 
0111 GO TO 4 
0112 31 rUtH INUf 

(' 

:; Cll'~VI'HGE[',CE Cf<ITFPI'111j IS "In, c ~LCIJL A Tr: t 1 & 1"2 
r. 

0113 II = 1'3. rJDl1 * '1 * rr III II (4. n,H) • 1.14\5'1IJO *IHU\) 
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F(JRTRAN IV r; Lf.VEL 1>< E"nn .)ATE 71196 1'5/3 

() I II, E? Elfl '" F 1 
r: 
C 
r 

OilS RETURN 
(llll> fNfl 
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FORTRAN 

0001 

0002 

0003 
0004 

000:; 
: .. , ......... -:. 
. ' .. ' '_. -; 

);)09 

:)010 

0011 

00J.2 

0013 

0014 
0015 

I V G LEVEL 

C 
C 
C ,.. 
\.. ,. 
\.. 

C 

C 
C 
C 

C 
C 
C 

c 

18 BESJO OAT E = 71 06 8 

REA L F U ~JC T I ON BE S JO ,~ 8 ( X I 

A FUNCTION TO CALCULATE BESSEL FUNCTION JO(X) USING 
POLYNOMIAL APPROXIMATION - REFERE"-ICE HANDBOOK OF t-1ATH. 
FUNCTIONS, BUREAU OF STANDARDS, PAGES 36S-370 

DOU8LE PRECISIO~ X3, X32. X33, X34, X35, X36,DCOS, 
* DSQRT, DAElS, X 

CALCULATE X/3 OR 3/X 

X3 -= X/3.0 
IF( X.GT. 3.0) X3 = 3.01 X 

CALCULATE PDWERS OF X 

X32= X3*X3 
03= X32'~X3 
X34= X32~:X32 
X 35;: X 32 i, X3 3 
X36=X33o;<X33 

2 IF ( DABS (X) .LE. 3.000) GO TO 3 

C CALCULATE BESJO(X) FOR VALUES OF X GP.Et.TER TH/\N 3 
C 

C 

C 
C 
C 

C 

3 

BESJO=(.79788450-.77E-6 * X3 0.552740D-02 ~, 

* X32 - .951ZE-04 * X33 ... 137237D-02 ¥ X34 -
* .72805E-03 ~ X35 ... 14476E-03 * X36 ) I 8S~RT(X) I 
* * DCUS( X - .73~3q816 - .04166397 * X3 - .3954E-04 
* * X32 + .2625730-02 * X33 - .54125Q-03 * X34 -
~, .29333E-03 >:< X3'.i ... 13558E-03 >:: 06 ) 

RETURN 

CALCULATE BESJO(X) FOR VALUES OF X LESS Th~N ) 

BES JO= 1.0 2.249Q997 * x32 + 1.2656208 * X34 
* - • 3163866 * X 3 6 .. • 0 4/~ 4 it 79 * ( X 34 * X 3 4 ) -
* .0039444 * ( X35 * X35 ) + .000210 * ( X36 * Ob) 

RETURN 
END 
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FORTRAN IV G LFVEL 18 V DATE = 71068 

0001 

0002 

0003 
0004 

0005 
0006 

0007 

0008 
0009 

C 
C 

c 

REAL FUNCTION V * 8 XN , X,"! ) 

DOUBLE PREC ISION XN, XM, EXP~2M, EXPM4r-l, DEXP 

C V - A FUNCTION OF 'E2El', AND 'M' 
C 'E2El' IS THE E2/fl RATIO, TESTED FROM .001 TO 1000. 
C 'M' TESTED USING VALUES FROM 0.0 TO 150. WHICH IS 
C 10 * (R/H) 
C 
C 
C V APPROACHES 1 FOR LARGE VALUES OF M 
C 

C 
C 
C 
C 

C 
C 
C 

C 

v = 1.0 
IF ( XM • G T • 30 RETUR N 

CALCULATE EXPONENTIALS 

EXPM2M = O~XP ( -2.000 * XM ) 
EXPM4M= EXPM2M*EXPM2M 

CALCULATE FUNcrIO~ V FOR THE XN & XMl OR XM2 VALUES 

V = (1.000 + ( 4.000 
* ( XN * XN * EXPM4M ) ) 

* XN * XH * EXPM2M I -

* ~, ( 1.000 + 2.000 "" XM * 
* (XN * XN * E XPM4M ) 

RETURN 
END 
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•••••••••••••••••••••••••••••••••••••••••• 
• • • • • TEXAS TRANSPORTATION INSTITUTE • • • • PAVEMENT DESIGN DEPARTMENT • • • • SURFACE DEFLECTIONS • • • • OF A • • • • TWO-LAVER SVSTEM • • • • LOADED AT A POINT • • • • (POISSON'S RATIO = 1/2) • • • •••••••••••••••••••••••••••••••••••••••••• 
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TWD-LAYER SYSTEM--POINT LOAD--SURFACE DEFLECTIONS 

P IS THE POINT LOAD. 
H IS THE THICKNESS OF LAYER 1. 
El AND E2 ARE YOUNG'S MODULI FOR LAYERS 1 AND 2 RESPECTIVELY. 
POISSON'S RATIO IS 0.5 THROUGHOUT. 
W IS THE SURFACE DEFLECTION AT THE DISTANCE R FROM THE LOADED POINT. 

THE FUNCTION F IS DEFINED AS F(E2/El,R/H) :: ( 4 • PI • El / 3 • P ) • ( 101 • R ). 
IT IS CALCULATED BY MEANS OF THE FOLLOWING EQUATIONS --

1. N" (l - E2IEU / (l + E2IEU. 
2. V(M,N):: (1 + 4.N.M • EXP(-2.M) - N.N • EXP(-4.M) / 

(1 - 2.N • (1 + 2.M.M, • EXP(-2.M, + N.N • EXP(-4.H)). 
3. X:: MR / H. 
4. U(M,N,R/H) = (VIM,N) - U. JO (X), WHERE JO IS A BESSEL FUNCTION, 

FIRST KIND, ZERO ORDER. 
5. AREA 1 a THE INTEGRAL OF U • OX FROM X z 0 TO 3R/H. 
6. AREA 2 = THE INTEGRAL OF U • OX FROM X = 3R/H TO lOR/H. 
1. F" 1 + AREA 1 + AREA 2. 

THE PROGRAM OUTPUT INCLUDES THE E2/El AND R/H RATIOS USED IN THE CALCULATION, 
THE FUNCTION F, AND THE DEFLECTION w. 

THE PROGRAM INPUTS ARE AS FOLLOWS --

1. NO, THE MINIMUM NUMBER OF ORDINATES CALCULATED BETWEEN ZEROS OF JO(X" IN 
THE CALCULATION BY SIMPSON'S RULE OF AREA 1 AND AREA 2. NO IS AN ODD 
NUMBER, USUALLY 61. 

2. Kl, THE MAXIMUM VALUE OF DELTA M IN THE INTERVAL M = 0 TO M = 3. 
Kl USUALLY" 0.01. 

3. K2, THE MAXIMUM VALUE OF DELTA M IN THE INTERVAL M z 3 TO M 10. 
K2 USUALLY = 0.10. 

4. El, DEFINED ABOVE. 
5. E2, DEFINED ABOVE. 
6. R, DEF I NED ABOVE. 
1. H, DEF INED ABOVE. 
8. P, DEFINED ABOVE. 

FOR PREDICTING DYNAFLECT DEFLECTIONS INPUT THE FOLLOWING-- . 

R (INCHES) z 10.0, 15.62,26.0, 37.36,49.0. 
P (POUNDS) z 1000. 
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r R AN I V G LEV E L 18 MAIN DATE 71342 09/32152 

:H 
02 

03 
04 
05 
06 

07 
De 

09 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 
20 
21 
22 

23 
24 

C 
C 
C PRUGRAM TO COMPUTE SURFACE DEFLECTIONS, GIVEN THE 
C ELASTIC MODULI AND THE THICKNESS OF THE PAVEMENT LAYER 
C 
C 

IMPLICIT REAL. 8 C A-H, O-L I 
DIMENSION E2E1I301, RHC201, YC40001, RC151, HC501, FFC201, MAIII 

F RAT Ii 0 I , OAT A C 201 , E 11 30 I, E 2 C 301, 101 ( 15 I 
DATA P 1 1000.000 1 
DATA CHK I'END 'I 

~RITEC6,2151 
215 FORMATI·I·,21C/I.45X.42C·.·1,2(/45X.·.·,40X,·.·1/45X. 

.. ,. TEXAS TRANSPORTATION INSTITUTE .·/45X, 

..... ,40X,·.·/45X.·.· ,1X, 'PAVEMENT DESIGN DEPARTMENT' .7X. ·.·/45X • 
•• ' ,40X.·.·/45X,·.· ,10X,'SURFACE DEFLECTIONS' ,10X,·.·/45X • 

••• ,40X, 
1 ·.·/45X,·.·,18X,·OF A·,18X.·.·/45X,·.·,40X,·.·/45X. 

• ••• 12 X, • T WO-L AYE R S Y S T EM' , 12 X • • •• 145 X • • ••• 40 X • • • • 145 X • • ••• 1 OX , 
'LOADED AT A POINT·.I0X.·.·/45X,·.·.40X,·.·/45X. 
·.·,eX.·CPOISSON"S RATIO = 1/21'.9X,·.·/45X.·.·.40X.·.·/45X, 
42 ( • • • I I 

WRITE!6,2301 
230 FORMAT('l', 41X. 'TWO-LAYER SYSTEM--POINT LOAD--SURFACE DEFLECTIO 

INS' 1 I 
C SE T UP NO. OF INTERVALS AND ACCURACY FOR EACH INTEGRA TION. MAH 

225 FORMAT('I'1 MAH 
C 
C THE VALUES OF RADIUS CAN BE CHANGED TO ANY DISTANCE 
C AT WHICH A DEFLECTION IS TO BE CALCULATED 
C 

C 

R C 11 
RC21 
R(31 
IU41 
R ! 5 I 

10.000 
DSQRT C 244.000 
DSQRTI 676.000 
DSQRTI 1396.000 I 
DSQRTC 2404.000 I 

6 READC5ol031 C DATAII'. 1 ,20 I 
103 FORMAT! 20A4 I 

IF' DATA( 11 .EQ. CHK I GO TO 1 
WRITE(6.2311 (DATA(}I. 1 • 20 I 

231 FORMATl15X. 20A4 I 
GO TO 6 

1 READ'5,100,END=501 XNO, XK1, XK2 
100 FORMATC 3F10.5' 

C READ IN El, F.2 f. H VALUES. 
4 CONTINUE 

READC5ol01,END=501 NE1, (ElIJI, J 1. 9 I 
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TRAN IV G LEVEL 18 MAIN DATE 71342 09/32152 

25 IFINE1 .LE. 91 GO TO 11 
26 READIS,1021 IElIlI, L = 10. NE1 I 
27 11 READIS.101,END=501 NEZ, IE2IJI, J 1, 9 I 
28 101 FORMAT( 13. 3X, 9F8.0 I 
29 IFI NE2 .LE. 91 GO TO 2 
30 READ15,l021 IE2111, L :z 10 • NE2 
31 2 CONTINUE MAIII 
32 102 FORMAT( 6X. 9F8.0 I 
33 READ 15,1011 NH, I HI K I, K 1, 9 
34 I F I NH .LE. 9 I GO TO 3 
35 READ15,1021 IHIMI, M 10, NH 
36 3 CONTINUE MAIII 

C CALCULATE E2/E1 RATIOS 
37 DO 12 M 1. NE1 
38 E2E11MI E21MI I E11MI 
39 12 CONTINUE 
~O WRITE16,2251 
41 WRITE16.2061 

C SELECT EACH E2/El RATIO AND CALCULATE BIG N FOR EACH RATIO. MAI~ 

~2 KOUNT = 0 MA U 
43 DO 30 JI 1. NE2 MAH 
~4 DO 30 JJI = 1, NH 
45 LSW = 0 MAH 
~6 XN 11.0 - E2ElIJIIII 11.0 + E2ElIJIII MAU 

47 
~8 

49 
50 
51 
52 
53 
54 
55 

56 
57 
58 
59 

C CALCULATE DELTA M1, DELTA M2, DELTA Xl, & DELTA X2 FOR EACH R/H RMAI~ 

C 
C THIS DO LOOP SHOULD GO FROM ONE TO THE NUMBER 
C OF DEFLECTIONS TO BE CALCULATED 
C 

DO 32 LK = 1. 5 
32 R H I LK J = R ILK I I HI J J I I 

C 
C THIS DO LOOP SHOULD GO FROM ONE TO THE NUMBER 
C OF DEFLECTIONS TO BE CALCULATED 
C 

C 

DO 29 KK = 1, S 
DELM1 = I 1.0 I RHIKKII. I 3.0 I IXNO - 1.01 I 
IFIXK1 .LE. DELM11 DELM1 = XK1 
DELX1 = DELM1. RHIKKI 
DELMl I 1.0 I RHIKKII. I 3.0 I IXNO - 1.01 I 
IFI XK2 .LE. DELM2J DELM2 = XK2 

DELX2 = DELM2. RHIKKI 
CALCULATE NO. OF INTERVALS fOR SIMPSON'S RULE FOR EACH 

N1 13.0. RHIKKII I DElX1 + 1.0 
IFIIN1 I 2). 2 .EQ. N1) N1 = N1 + 1 

N2 17.0 • RHIKKII I DELX2 + 1.0 
IFIIN2 121.2 .EO. N21 N2 = N2 + 1 

MAU 

MAU 
MAI/I 
MAI/I 
MAH 
MAI/I 
MAI/I 

INTEGRATIOMAltI 
MAIII 

C CALCULATE ORDINATES FOR SIMPSON'S RULE FOR fiRST INTEGRATION. 

MAH 
MAItI 
MAIII 
MAltI 
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60 X M 1 .; O. 0 MAl ~ 
61 Xl ::;. 0.0 MAl,.. 
62 00 28 JJ = 1, Nl MAI~ 
63 YIJJI '" IVI XN, XMl 1- 1.000 I • BESJO I Xl ) 
64 XMl = XMl + DElMI MAl'" 
65 Xl '" Xl + DElXl MAl,.. 
66 28 CONTI NUE MAIII 

C CALCULATE ORDINATES FOR SIMPSON'S RULE FOR SECOND INfEGRATION. MAI~ 
67 XM2 = XMl - OELMI 
68 X2 '" Xl DELXl 
69 DO 27 KL = 1,N2 MAIII 
70 vi Nl + KL I = IVIXN, XM2 I - 1.000 ) • BESJO I X2 ) 
71 XM2 '" XM2 + OElM2 MAIII 
72 X2 =: X2 + DElX2 MAU> 
H 27 CONHNUE MAl,.. 

C SUM ORDINATES TO CALCULATE AREA UNDER THE CURVE OF FIRST INTEGRATMAl~ 
14 PARTl =: 0.0 MAIII 
75 PART3 '"' 0.0 MAIII 
76 N4 =: Nl - 3 MA (fI 
17 DO 26 LL = 2 , N4. 2 MA I " 
18 26 PARTl = PARTL + I 2.0 • YILlI + Ylll+1I ) MAH 
19 PAR T 2 = Y I 11 + 4. O. YIN 1- 11 + V I N 11 MA I II 

C CALCULATE AREA OF FIRST INTEGRATION. MAI~ 

80 AREAl = ((2.0. DELXl) I 3.0) • PARTl + 10ElXl 13.0) • PART2 MAIII 
C SUM ORDINATES TO CALCULATE AREA UNDER THE CURVE OF SECOND INTEGRAMAI" 

81 N5'"Nl+2 MAH 
82 N6:: N2 - 3 + Nl MAIII 
83 DO 25 U4" N5, N6 , 2 MAl" 
84 25 PART3" PART3 + I 2.0 • VIU4) + VILM+lJ I HAlf> 
85 PART4::: YI Nl+lI + 4.0 • YINI + N2 - 1) + YINI + N21 MAft. 

C CALCULATE AREA OF SECOND INTEGRATION. MAl" 
86 AREA2 '" 112.0 • OELX2) I 3.01 • PART3 + IOELX2 I 3.0) * PART4 MA U 

C CALCULA TE THE FUNCT ION. HAIII 
87 FFIKKI '" AREAl + AREA2 + 1.0 HAIII 
88 wIKK' '" 13. * p. FFlKKI ) I I .ft. * 3.14159. fUJI) • RIKKI ) 
89 IFtlSW .fQ. 1) GO TO 42 MAIII 
~O WRITEI6,200) E2EIIJI), RHIKKI, FFlKKI, ElIJII, E2IJI" HIJJI), 

, RCKK), WCKK) 
~l 200 FORMAfIF18.3, Fll.3, 3X, Gl.ft.6, flO.O, fll.O. F12.2, F17.2, 6X, 

G14.6 I ) 
92 LSW '" 1 MAIN 
93 GO TO 29 
94 42 WRITEC6,20l' RHIKKI, FfCKK'. RIKKI, WIKKI 
95 201 FORHATC F29.3. 3X, <114.6, 33X, F17 .2, 6X, <114.6 I 
96 29 CONTI NUE MA I N 
97 LSioi '" 0 
98 31 CONTINUE MAIN 
99 41 WRlTEI6,225) MAIN 
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00 
01 

02 
03 
04 
05 
06 

43 WRITE[b,ZObf 
206 FORHATt lOX,'. EZ/E1 ••• R/H ••••••• F ••••••• El •••• 

EZ.. • •••• H..... • •••• R ••••• • •••• W •••••• 1 f 
30 CONTINUE 

GO TO 4 
50 WRITEtb.ZZ5l 

STOP 
END 
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FORTRAN 

0001 

0002 

0003 
0004 

0005 
0006 
0007 
0008 
0009 

0010 

0011 

0012 

0013 

0014 
0015 

IV G LEVEL 

C 
C 
C ,. 
" ,. 
" C 

C 
C 
C 

C 
C 
C 

C 

18 BE SJO DATE::; 71068 

REAL FUNCTION BESJO * 8 X 1 

A FUNCTION TO CALCULAT~ BESSEL FUNCTION JO(XI USING 
POLYNOMIAL APPROXIMATION - REFERENCE HANDBOOK OF MATH. 
FUNCTIONS, BUREAU OF STANDARDS, PAGES 369-370 

DOUBLE PRECISION X3, X32, X33, X34, X35, X36,DCOS, 
* DSQRT, DABS, X 

CALCULATE X/3 OR 3/X 

X3 = X/3.0 
IF( X.GT. 3.01 X3 :::: 3.01 X 

CALCULATE POwERS OF X 

X32= X3*X3 
X33:::: X32*X3 
X34::::X32*X32 
X35::::X32~'X33 

X36=X33*X33 

2 IF ( DABS (XI .LE. 3.000 1 GO TO 3 

C 
C 

C 

C 
C 
C 

C 

3 

CALCULATE BESJO(XI FOR VALUES OF X GREATER THAN 3 

HESJO=«.79788456-.77F.-6 * X3 0.5527400-02 * 
* X32 - .9512E-04 * X33 + .1'7237D-02 * X34 -
* .72805E-03 * X35 + .14476E-03 * X36 , I DSQRT(XI ) 
* * DCOS( X - .78539816 - .04166397 * X3 - .3954E-04 
* * X32 + .2625730-02 * X33 - .54125D-03 * X34 -
* .29333E-03 * X35 + .13558E-03 * X36 I 

RETURN 

CALCULATE BESJO(XI FOR VALUES OF X LESS THAN 3 

BES JO:::: 1.0 2.2499997 *' X32 + 1.2656208 * X34 
* - .3163866 * X36 + .0444479 * ( X34 * X34 ) -
* .0039444 * ( X35 * X35 I + .000210 * ( X36 *' X361 

RETURN 
END 
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0001 

0002 

0003 
0004 

0005 
0006 

0007 

0008 
0009 

C 
C 

C 

REAL FUNCTION V * 8 XN , XM , 

DOUBLE PREC ISION XN, XM, EXPM2M, EXPM4M, DEXP 

C V - A FUNCTION OF 'E2El', AND 'M' 
C 'EZEl' IS THE E2/El RATIO, TESTED FROM .001 TO 1000. 
C 'M' TESTED USING VALUES FROM 0.0 TO 150. WHICH IS 
C 10 * (R/H' 
C 
C 
C V APPROACHES 1 FOR LARGE VALUES OF M 
C 

C 
C 
C 
C 

C 
C 
C 

C 

v = 1.0 
I F ( XI4 • G T • 30 RETuR N 

CALCULATE EXPONENTIALS 

EXPM2M = DEXP ( -2.0DO * XM I 
EXPM4M= EXPM2M*EXPM2M 

CALCULATE FUNCTION V FOR THE XN & XMl OR XM2 VALUES 

V = (1.000 + ( 4.000 
* ( XN * XN * EXPM4M , , 
* ~, ( 1.000 + 2.000 l\' XM 
* (XN * XN * EXPM4M , 

RETUR N 
END 
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* XN * XM * EXPM2M I -
I ( 1.000 - ( 2.000 * XN 

* XM, * E X P M2 M' + , 



• E2/El ••• R/H.. • •••• f..... .. El -.. •• E2 •• • •••• H..... • •••• R ••••• • •••• W ••••• 

0.139 1.205 6.82302 81910. llltOO. 8.30 10.00 0.1988620-02 

1.882 7.98281 15.62 0.14891t80-02 

3.133 8.20060 26.00 0.9192 790-03 

4.502 7.74196 37.36 0.603926D-03 

5.907 7.lt0308 lt9.03 0.440068D-03 

.. .. 
• 
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