Technical Report 144

Statistical Inference Using Stochastic
Gradient Descent: Volumes 1 and 2

Research Supervisor
Constantine Caramanis
Wireless Networking & Communications Group

Project Title: Statistical Inference Using Stochastic
Gradient Descent

September 2018




Data-Supported Transportation Operations & Planning Center
(D-STOP)

A Tier 1 USDOT University Transportation Center at The University of Texas at Austin

CENTER FOR
TRANSPORTATION
RESEARCH

D-STOP is a collaborative initiative by researchers at the Center for Transportation Research
and the Wireless Networking and Communications Group at The University of Texas at Austin.



Technical Report Documentation Page

1. Report No. 2. Government Accession
D-STOP/2018/144 No.

3. Recipient's Catalog No.

4. Title and Subtitle
Statistical Inference Using Stochastic Gradient Descent: Volumes 1
and 2

5. Report Date
October 2018

6. Performing Organization
Code

7. Author(s)
Natalia Ruiz Juri, Stephen D. Boyles, Tengkuo Zhu, Kenneth Perrine,
Amber Chen, Yun Li

8. Performing Organization
Report No.
Report 144

9. Performing Organization Name and Address

Data-Supported Transportation Operations & Planning Center (D-STOP)
The University of Texas at Austin

3925 W. Braker Lane, 4" Floor

Austin, Texas 78759

10. Work Unit No. (TRAIS)

11. Contract or Grant No.
DTRT13-G-UTC58

12. Sponsoring Agency Name and Address
United States Department of Transportation
University Transportation Centers

1200 New Jersey Avenue, SE

Washington, DC 20590

13. Type of Report and Period
Covered

14. Sponsoring Agency Code

15. Supplementary Notes

Supported by a grant from the U.S. Department of Transportation, University Transportation Centers

Program.

16. Abstract

Volume 1: We present a novel inference framework for convex empirical risk minimization, using
approximate stochastic Newton steps. The proposed algorithm is based on the notion of finite differences
and allows the approximation of a Hessian-vector product from first-order information. In theory, our
method efficiently computes the statistical error covariance in M-estimation, both for unregularized
convex learning problems and high-dimensional LASSO regression, without using exact second order
information, or resampling the entire data set. In practice, we demonstrate the effectiveness of our

framework on large-scale machine learning problems, that go even beyond convexity: as a highlight, our
work can be used to detect certain adversarial attacks on neural networks.

Volume 2: We present a novel method for frequentist statistical inference in M-estimation problems,
based on stochastic gradient descent (SGD) with a fixed step size: we demonstrate that the average of
such SGD sequences can be used for statistical inference, after proper scaling. An intuitive analysis using
the Ornstein-Uhlenbeck process suggests that such averages are asymptotically normal. From a practical
perspective, our SGD-based inference procedure is a first order method, and is well-suited for large scale
problems. To show its merits, we apply it to both synthetic and real datasets, and demonstrate that its
accuracy is comparable to classical statistical methods, while requiring potentially far less computation.

17. Key Words 18. Distribution Statement
No restrictions. This document is available to the
public through NTIS (http://www.ntis.gov):
National Technical Information Service
5285 Port Royal Road
Springfield, Virginia 22161

19. Security Classif.(of this report) | 20. Security Classif.(of this 21. No. of 22. Price
Unclassified page) Pages
Unclassified

Form DOT F 1700.7 (8-72)

Reproduction of completed page authorized




Disclaimer

The contents of this report reflect the views of the authors, who are responsible for the facts
and the accuracy of the information presented herein. This document is disseminated under
the sponsorship of the U.S. Department of Transportation’s University Transportation Centers
Program, in the interest of information exchange. The U.S. Government assumes no liability for
the contents or use thereof. Mention of trade names or commercial products does not
constitute endorsement or recommendation for use.

Acknowledgements

The authors recognize that support for this research was provided by a grant from the U.S.
Department of Transportation, University Transportation Centers.



Volume 1: Approximate Newton-based Statistical Inference
Using Only Stochastic Gradients



Approximate Newton-based statistical inference
using only stochastic gradients

Tianyang Li! Liu Liu*
lty@cs.utexas.edu liuliu@utexas.edu

Anastasios Kyrillidis?
anastasios.kyrillidis@ibm.com

Constantine Caramanis!

constantine@Qutexas.edu

! The University of Texas at Austin
2 IBM T.J. Watson Research Center, Yorktown Heights

Abstract

We present a novel inference framework for convex empirical risk min-
imization, using approximate stochastic Newton steps. The proposed
algorithm is based on the notion of finite differences and allows the ap-
proximation of a Hessian-vector product from first-order information. In
theory, our method efficiently computes the statistical error covariance
in M-estimation, both for unregularized convex learning problems and
high-dimensional LASSO regression, without using exact second order
information, or resampling the entire data set. In practice, we demon-
strate the effectiveness of our framework on large-scale machine learning
problems, that go even beyond convexity: as a highlight, our work can be
used to detect certain adversarial attacks on neural networks.

1 Introduction

Statistical inference is an important tool for assessing uncertainties, both for
estimation and prediction purposes [25, 2I]. E.g., in unregularized linear re-
gression and high-dimensional LASSO settings [53] 32, [49], we are interested in
computing coordinate-wise confidence intervals and p-values of a p-dimensional
variable, in order to infer which coordinates are active or not [58]. Traditionally,
the inverse Fisher information matrix [20] contains the answer to such inference
questions; however it requires storing and computing a p X p matrix structure,
often prohibitive for large-scale applications [52]. Alternatively, the Bootstrap

method is a popular statistical inference algorithm, where we solve an optimiza-

tion problem per dataset replicate, but can be expensive for large data sets
[35].



While optimization is mostly used for point estimates, recently it is also used
as a means for statistical inference in large scale machine learning [37), [14] 48] [24].
This manuscript follows this path: we propose an inference framework that uses
stochastic gradients to approximate second-order, Newton steps. This is enabled
by the fact that we only need to compute Hessian-vector products; in math, this
can be approximated using V2 f(0)v ~ w, where f is the objective
function, and V f, V2f denote the gradient and Hessian of f. Our method can
be interpreted as a generalization of the SVRG approach in optimization [34]
(Appendix @; further, it is related to other stochastic Newton methods (e.g.
[3]) when 6 — 0. We defer the reader to Section [5| for more details. In this work,
we apply our algorithm to unregularized M-estimation, and we use a similar
approach, with proximal approximate Newton steps, in high-dimensional linear
regression.

Our contributions can be summarized as follows; a more detailed discussion
is deferred to Section [B

[ For the case of unregularized M-estimation, our method efficiently computes
the statistical error covariance, useful for confidence intervals and p-values.
Compared to state of the art, our scheme (i) guarantees consistency of
computing the statistical error covariance, (it) exploits better the available
information (without wasting computational resources to compute quantities
that are thereafter discarded), and (Zit) converges to the optimum (without
swaying around it).

[ For high-dimensional linear regression, we propose a different estimator (see
) than the current literature. It is the result of a different optimization
problem that is strongly convex with high probability. This permits the use
of linearly convergent proximal algorithms [61] [36] towards the optimum; in
contrast, state of the art only guarantees convergence to a neighborhood
of the LASSO solution within statistical error. Our model also does not
assume that absolute values of the true parameter’s non-zero entries are lower
bounded.

[ The effectiveness of our framework goes even beyond convexity. As a highlight,
we show that our work can be used to detect certain adversarial attacks on
neural networks.

2 Unregularized M-estimation

In unregularized, low-dimensional M-estimation problems, we estimate a param-
eter of interest:

0* = arg gn]iRn Ex~p[¢(X;6)], where P(X) is the data distribution,
ERP

using empirical risk minimization (ERM) on n > p i.i.d. data points {X;}} ;:

v

0 = arg min

1 .
min 237 ((X;:6).

i=1

[\)



Statistical inference, such as computing one-dimensional confidence intervals,
gives us information beyond the point estimate 9 when 6§ has an asymptotic limit
distribution [58]. E.g., under regularity conditions, the M-estimator satisfies
asymptotic normality [54, Theorem 5.21]. Le., ﬁ(é— 0*) weakly converges to
a normal distribution:

Vi (0-07) 5N (0. erE ),

where H* = Exp[V2/(X;0%)] and G* = Ex.p[Vol(X;0%) Vol(X;0%)T]. We
can perform statistical inference when we have a good estimate of H*™ 'GrH* !
In this work, we use the plug-in covariance estimator H'GH 'for H*'G*H*~ 1
where:

H=1 ngz X;30), and G=

=1 %

Vol(Xi;0) Vol(Xi;0)"

3 -
INgE

1

Observe that, in the naive case of directly computing G and H —1 we require both
high computational- and space-complexity. Here, instead, we utilize approximate
stochastic Newton motions from first order information to compute the quantity
H'GH!.

2.1 Statistical inference with approximate Newton steps
using only stochastic gradients

Based on the above, we are interested in solving the following p-dimensional
optimization problem:

~

0= arg;xel]g}) f(o %Z ), where f;(0) = ((X;;0).

PN . N N AT

Notice that H~'GH ! can be writtenas = 31" | (H‘1V9€(Xi; 6)) (H‘lvtgé(Xi; 9)) )
which can be interpreted as the covariance of stochastic —inverse-Hessian conditioned—
gradients at 6. Thus, the covariance of stochastic Newton steps can be used for
statistical inference. R R

Algorithm [1] approximates each stochastic Newton H ~1Vl(X;; ) step using
only first order information. We start from 6y which is sufficiently close to é\,
which can be effectively achieved using SVRG [34]; a description of the SVRG
algorithm can be found in Appendix [D] Lines [] [f] compute a stochastic gradient
whose covariance is used as part of statistical inference. Lines [6] to [12] use SGD
to solve the Newton step,

;IelliR% <5}O Z Vfi(at)’g> + i <g,V2f(9t)g>, (1)
€1,



Algorithm 1 Unregularized M-estimation statistical inference

1: Parameters: S,,5; € Z; po,70 € Ry; do,d; € (%, 1) Initial state:
0y € RP
fort=0toT —1do // approximate stochastic Newton descent
i pe e po(t+1)7%
I, < uniformly sample S, indices with replacement from [n]

2:
3
4:
5 gY < —py (s% Dicl, Vfi(et))
6
7
8
9

for j=0to L—-1do //solving approximately using SGD
i+ 70(j +1)"% and & «+ O(pfr;‘)
I; + uniformly sample S; indices without replacement from [n]
i+1 j V(848 g)) =V fr (8
gg+ g -7 (S% Zkeh fr(0: tg};) S ( t)) JrTjgg
10: end for 4
11:  Use /S, - % for statistical inference, where g; = L%rl Zf:o gl
12: 0t+1 — 0; + gtL
13: end for

which can be seen as a generalization of SVRG; this relationship is described in
more detail in Appendix @ In particular, these lines correspond to solving
using SGD by uniformly sampling a random f;, and approximating;:

J . J _ .
V2(0)g ~ W(ewé) VIO _ g [VL,(GH,,&?) Vi) | 9} . 2)
Finally, the outer loop (lines [2[to can be viewed as solving inverse Hessian
conditioned stochastic gradient descent, similar to stochastic natural gradient
descent [4].

In terms of parameters, similar to [43] 46], we use a decaying step size in Line
8 to control the error of approximating H1g. We set §;] = O(p?T;l) to control
the error of approximating Hessian vector product using a finite difference of
gradients, so that it is smaller than the error of approximating H !¢ using
stochastic approximation. For similar reasons, we use a decaying step size in the
outer loop to control the optimization error.

The following theorem characterizes the behavior of Algorithm

Theorem 1. For a twice continuously differentiable and convex function f(6) =
%Z?:l 1:(0) where each f; is also convexr and twice continuously differentiable,
assume [ satisfies

0 strong convewity: V01,04, f(02) > f(61) + (Vf(61),02 — 01) + 3|62 — 601]3;

Q VO, each |[V2f;(0)|2 < Bi, which implies that f; has Lipschitz gradient:
V01,02, [V £i(01) — V£i(02)[2 < Bill6r — 02]2;

Q each V2 f; is Lipschitz continuous: V01,0, || V2 f;(02) — V2 fi(61) |2 < hil|62 —
01|2-



In Algorithm[1], we assume that batch sizes S,—in the outer loop—and S;—in
the inner loops—are O(1). The outer loop step size is

pr=po-(t+1)"%  whered, € (3,1) is the decaying rate. (3)
In each outer loop, the inner loop step size is
T, =10 (j+ 1)~%,  where d; € (%, 1) is the decaying rate. (4)
The scaling constant for Hessian vector product approximation is
5{:50~pf-7f:o(m). (5)
Then, for the outer iterate 0; we have

E 6.~ 013 e, ) ™ E[l6 -0 st ()

In each outer loop, after L steps of the inner loop, we have:

d

and at each step of the inner loop, we have:

& — 97001 0] < 416015 ®

s 9)

|| - 172601216 5 G+

After T' steps of the outer loop, we have a mon-asymptotic bound on the
“covariance”:
]E [

where H = V2 (0 ) and G = * Zz LV fi(0 )sz( )

ST %+ L4, (10)

_ T
H—l H—l _Se N
‘ G T Z I

t=1

2

Some comments on the results in Theorem [[l The main outcome is that
provides a non-asymptotic bound and consistency guarantee for computing
the estimator covariance using Algorithm [I] This is based on the bound for
approximating the inverse-Hessian conditioned stochastic gradient in , and
the optimization bound in @ As a side note, the rates in Theorem [1| are
very similar to classic results in stochastic approximation [43] [46]; however the
nested structure of outer and inner loops is different from standard stochastic
approximation algorithms. Heuristically, calibration methods for parameter
tuning in subsampling methods ([42], Ch. 9) can be used for hyper-parameter
tuning in our algorithm.

In Algorithm {9¢/p:};_, does not have asymptotic normality. Le., % Zle i—:

does not weakly converge to N H-'GH- 1); we give an example using

mean estimation in Appendix For a similar algorithm based on SVRG



(Algorithm [5| in Appendix [C|), we show that we have asymptotic normality and
improved bounds for the “covariance”; however, this requires a full gradient
evaluation in each outer loop. In Appendix [B] we present corollaries for the
case where the iterations in the inner loop increase, as the counter in the outer
loop increases (i.e., (L); is an increasing series). This guarantees consistency
(convergence of the covariance estimate to H-'GH '), although it is less effi-
cient than using a constant number of inner loop iterations. Our procedure also
serves as a general and flexible framework for using different stochastic gradient
optimization algorithms [50, 28] [38], [T6] in the inner and outer loop parts.
Finally, we present the following corollary that states that the average of

consecutive iterates, in the outer loop, has asymptotic normality, similar to
[43, [46].

Corollary 1. In Algorithm[1]'s outer loop, the average of consecutive iterates

satisfies
Z?:l 0y AH < 1 and 1 Z?zl 0 o _
E [H #-0 | sk ay 3 (Bpt-0) =w+a, (12)

where W weakly converges to N'(0, S%H’lGHfl), and A = op(1) when T — oo
and L — oo (E[||A||3] S T 724 + T~ 1 4 %)

2

Corollary [1| uses 2°¢ | 4" moment bounds on individual iterates (eqs. @,
in the above theorem), and the approximation of inverse Hessian conditioned
stochastic gradient in @

3 High dimensional LASSO linear regression

In this section, we focus on the case of high-dimensional linear regression.
Statistical inference in such settings, where p > n, is arguably a more difficult
task: the bias introduced by the regularizer is of the same order with the
estimator’s variance. Recent works [63, 53] [32] propose statistical inference
via de-biased LASSO estimators. Here, we present a new ¢;-norm regularized
objective and propose an approximate stochastic proximal Newton algorithm,
using only first order information.

We consider the linear model y; = (8*, ;) + €;, for some sparse §* € RP. For
each sample, ¢; ~ N(0,02) is i.i.d. noise. And each data point x; ~ N(0,%) €
RP.

O Assumptions on 0: (i) 0* is s-sparse; (i) ||6*||2 = O(1), which implies that

16*]]1 < Vs

O Assumptions on X: (i) X is sparse, where each column (and row) has at most
b non-zero entriesﬂ (#2) X is well conditioned: all of ¥’s eigenvalues are O(1);

IThis is satisfied when 3 is block diagonal or banded. Covariance estimation under this
sparsity assumption has been extensively studied [7} [8} [13], and soft thresholding is an effective
yet simple estimation method [45].



(#) ¥ is diagonally dominant (3;; — > j2il%ijl = Dy > 0 forall 1 <i < p),
and this will be used to bound the £o norm of S—! [55]. A commonly used
design covariance that satisfies all of our assumptions is 1.

We estimate 8* using:

0= arggrelﬁél)< ( %Z >>+71LZ§ (z] 0 —v;) +)\||9||17 (13)
i=1 i=1

1

where Sj; = sign ( (i ziw] ) ;) ( (EZ?:lxix;)jk’ —w), is an estimate

of ¥ by soft-thresholding each element of 23" z;z] with w = @(\/lo%)

[45]. Under our assumptions, S is positive definite with high probability when
n > b?logp (Lemma [4)), and this guarantees that the optimization problem
is well defined. I.e., we replace the degenerate Hessian in regular LASSO
regression with an estimate, which is positive definite with high probability under
our assumptions.

We set the regularization parameter

A= ((o-+101)y/52).

which is similar to LASSO regression [12] 41] and related estimators using
thresholded covariance [62] B33].

Point estimate. Theorem [2] provides guarantees for our proposed point esti-
mate (|13]).

Theorem 2. When n > b2logp, the solution 9 in satisfies
Ss(o+]10%]0) (/252 S s (0 +/5) o/ 22, (14)
1

L SV (@ 107]1) /252 S Vs (o + V) R (15)

—e(1).

H@—@*

Hﬁfe*

with probability at least 1 — p

Confidence intervals. We next present a de-biased estimator 9d , based
on our proposed estimator. 94 can be used to compute confidence mtervals and
p-values for each coordinate of Hd, which can be used for false discovery rate
control [30]. The estimator satisfies:

0l =0+5! lii(yz—xjg) xz] . (16)
i=1

Our de-biased estimator is similar to [63, 63, BI) B2]. however, we have
different terms, since we need to de-bias covariance estimation. Our estimator



assumes n > b%logp, since then S is positive definite with high probability
(Lemma [4)). The assumption that X is diagonally dominant guarantees that

the /oo norm ||5~1||» is bounded by O (i) with high probability when n >

1
—— log p.
D 2

* Theorem [3] shows that we can compute valid confidence intervals for each
coordinate when n > (Dizs(a—l— 16%]|1) logp)?. This is satisfied when n >
(is (0 +/5)logp)?. And the covariance is similar to the sandwich estimator
[29] 59].

Theorem 3. Under our assumptions, when n > max{b?, 022 }logp, we have:

Va(0? - 60*) = Z + R, (17)

n

and ||R||(O<; < Dizs (o +116%l1) 10% < is (0 ++/s) 10% with probability at least
1-— p’@ b,

where the conditional distribution satisfies Z | {x;}'—y ~ N (0, o2 [g_l (230 z)) §_1D,

Our estimate in has similar error rates to the estimator in [62]; however,
no confidence interval guarantees are provided, and the estimator is based on
inverting a large covariance matrix. Further, although it does not match minimax
rates achieved by regular LASSO regression [44], and the sample complexity in
Theorem [3] is slightly higher than other methods [53] BTl [32], our criterion is
strongly convex with high probability: this allows us to use linearly convergent
proximal algorithms [61] [36], whereas provable linearly convergent optimization
bounds for LASSO only guarantees convergence to a neighborhood of the LASSO
solution within statistical error [I]. This is crucial for computing the de-biased
estimator, as we need the optimization error to be much less than the statistical
error.

In Appendix [A] we present our algorithm for statistical inference in high di-
mensional linear regression using stochastic gradients. It estimates the statistical
error covariance using the plug-in estimator:

n
51 (}1 Z(x]é— yl)2mzac;r> 5t
i=1
which is related to the empirical sandwich estimator [29, [59]. Algorithm
computes the statistical error covariance. Similar to Algorithm [1} Algorithm
has an outer loop part and an inner loop part, where the outer loops corre-
spond to approximate proximal Newton steps, and the inner loops solve each
proximal Newton step using proximal SVRG [61]. To control the variance, we
use SVRG and proximal SVRG to solve the Newton steps. This is because
in the high dimensional setting, the variance is too large when we use SGD
[40] and proximal SGD [5] for solving Newton steps. However, since we have
p > n , instead of sampling by sample, we sample by feature. When we set
LY = O(log(p) - log(t)), we can estimate the statistical error covariance with



max{1,o}polylog(n,p)
VT

O (T - n-p*-log(p) - log(T)) numerical operations. And Algorithm [3{ calculates

the de-biased estimator 64 via SVRG. For more details, we defer the reader
to the appendix.

element-wise error less than O ( ) with high probability, using

4 Experiments

4.1 Synthetic data

The coverage probability is defined as % b POy e C’Z], where C; is the esti-
mated confidence interval for the iih coordinate. The average confidence interval
length is defined as % b (Cr—Cl), where [C!, C#] is the estimated confidence
interval for the i*® coordinate. In our experiments, coverage probability and
average confidence interval length are estimated through simulation. Result
given as a pair («, ) indicates (coverage probability, confidence interval length).

Approximate Newton Bootstrap Inverse Fisher information Averaged SGD
Linl (0.906, 0.289) (0.933, 0.294) (0.918, 0.274) (0.458, 0.094)
Lin2 (0.915, 0.321) (0.942, 0.332) (0.921,0.308) (0.455 0.103)

(a) Linear regression

Approximate Newton Jackknife Inverse Fisher information Averaged SGD
Logl (0.902, 0.840) (0.966 1.018) (0.938, 0.892) (0.075 0.044)
Log2 (0.925, 1.006) (0.979, 1.167) (0.948, 1.025) (0.065 0.045)

(b) Logistic regression

Table 1: Synthetic data average coverage & confidence interval length for low
dimensional problems.

Low dimensional problems. Table [I| shows 95% confidence interval’s cov-
erage and length of 200 simulations for linear and logistic regression. The
exact configurations for linear/logistic regression examples are provided in Ap-
pendix Compared with Bootstrap and Jackknife [22], Algorithm [1| uses
less numerical operations, while achieving similar results. Compared with the
averaged SGD method [37, [14], our algorithm performs much better, while
using the same amount of computation, and is much less sensitive to the choice
hyper-parameters.

High dimensional linear regression. We
use 600 i.i.d. samples from a model with ¥ = I, ———
g = 07, 0* = [1/\/5, Tty 1/\/§, 0, e ,O]T c 03 e coordinates of 6¢
R1090 which is 8-sparse. Figure [1] shows 95%  ** ”f ”

. . 0.3 )
confidence intervals for the first 20 coordinates.
The average confidence interval length is 0.14

- h}]}f}.H}]

-0.1

Figure 1: 95% confidence inter-
vals



and average coverage is 0.83. Additional exper-
imental results, including p-value distribution,
are presented in Appendix

4.2 Real data

Neural network adversarial attack detection. Here we use ideas from
statistical inference to detect certain adversarial attacks on neural networks.
A key observation is that neural networks are effective at representing low
dimensional manifolds such as natural images [6, [I5], and this causes the risk
function’s Hessian to be degenerate [47]. From a statistical inference perspective,
we interpret this as meaning that the confidence intervals in the null space of
HTGHT™ is infinity, where H™ is the pseudo-inverse of the Hessian (see Section.

~

When we make a prediction ¥(x;0) using a fixed data point x as input (i.e.,
conditioned on z), using the delta method [54], the confidence interval of the

~

prediction can be derived from the asymptotic normality of ¥(x;6)
vn (\If(x,é\) - \Il(z;G*)) - N (O,Vg\lf(x;g)T {I/:\ffléfffl} Vg@(x;a)) .
To detect adversarial attacks, we use the score

H (I_PH+GH+)Y9‘I’(I§§)H2
Foseal,

-~

to measure how much VoW (x;0) lies in null space of HTGH™, where Py+gm+
is the projection matrix onto the range of HTGH™. Conceptually, for the
same image, the randomly perturbed image’s score should be larger than the
original image’s score, and the adversarial image’s score should be larger than
the randomly perturbed image’s score.

We train a binary classification neural network with 1 hidden layer and
softplus activation function, to distinguish between “Shirt” and “T-shirt/top”
in the Fashion MNIST data set [60]. Figure [2] shows distributions of scores of
original images, adversarial images generated using the fast gradient sign method
[27], and randomly perturbed images. Adversarial and random perturbations
have the same ¢, norm. The adversarial perturbations and example images are
shown in Appendix [G.2.1] Although the scores’ values are small, they are still
significantly larger than 64-bit floating point precision (27°% ~ 1.11 x 10716).
We observe that scores of randomly perturbed images is an order of magnitude
larger than scores of original images, and scores of adversarial images is an order
of magnitude larger than scores of randomly perturbed images.

High dimensional linear regression. We apply our high dimensional linear
regression statistical inference procedure to a high-throughput genomic data set
concerning riboflavin (vitamin B2) production rate [I1I], which contains n = 71
samples of p = 4088 genes. We set A = 4.260 and w = 0.5. In Appendix
we show that our point estimate is similar to the vanilla LASSO estimate, and
compare our statistical inference results with those of [3T, [T, [0} B39].

10



lel5 lel2

.00 original adversarial
5 random

0.2 0.4 0.6 0.8 1.0 12 0 1 2 3 4
score le-14 score le-12
Figure 2: Distribution of scores for original, randomly perturbed, and adversari-
ally perturbed images

5 Related work

Unregularized M-estimation. This work provides a general, flexible frame-
work for simultaneous point estimation and statistical inference, and improves
upon previous methods, based on averaged stochastic gradient descent [37), [14].

Compared to [14] (and similar works [48], 24] using SGD with decreasing step
size), our method does not need to increase the lengths of “segments” (inner
loops) to reduce correlations between different “replicates”. Even in that case, if
we use T replicates and increasing “segment” length (number of inner loops is
o L) with a total of O(ledu - L) stochastic gradient steps, [I4] guarantees

1— 1-2d,
=),

O(L7 zdn —I—Tié + Tmax{%fr(ld_ndo—) 0}—% L,"{To _’_Tmax{iZl(l_fS;’),O}f% L
whereas our method guarantees O(T_%O). Further, [I4] is inconsistent, whereas
our scheme guarantees consistency of computing the statistical error covariance.

[37] uses fixed step size SGD for statistical inference, and discards iterates
between different “segments” to reduce correlation, whereas we do not discard
any iterates in our computations. Although [37] states empirically constant step
SGD performs well in statistical inference, it has been empirically shown [I7]
that averaging consecutive iterates in constant step SGD does not guarantee
convergence to the optimal — the average will be “wobbling” around the optimal,
whereas decreasing step size stochastic approximation methods ([43] [46] and our
work) will converge to the optimal, and averaging consecutive iterates guarantees
“fast” rates.

Finally, from an optimization perspective, our method is similar to stochastic
Newton methods (e.g. [3]); however, our method only uses first-order information
to approximate a Hessian vector product (V2f(0)v ~ W). Algo-
rithm s outer loops are similar to stochastic natural gradient descent [4]. Also,
we demonstrate an intuitive view of SVRG [34] as a special case of approximate
stochastic Newton steps using first order information (Appendix @

High dimensional linear regression. [I4]’s high dimensional inference algo-
rithm is based on [2], and only guarantees that optimization error is at the same
scale as the statistical error. However, proper de-biasing of the LASSO estimator

11



requires the optimization error to be much less than the statistical error, oth-
erwise the optimization error introduces additional bias that de-biasing cannot
handle. Our optimization objective is strongly convex with high probability:
this permits the use of linearly convergent proximal algorithms [611, [36] towards
the optimum, which guarantees the optimization error to be much smaller than
the statistical error.

Our method of de-biasing the LASSO in Section [3is similar to [63] 53] BT} [32].
Our method uses a new ¢; regularized objective for high dimensional linear
regression, and we have different de-biasing terms, because we also need to
de-bias the covariance estimation.

In Algorithm [2| our covariance estimate is similar to the classic sandwich
estimator [29, 59]. Previous methods require O(p?) space which unsuitable for
large scale problems, whereas our method only requires O(p) space.

Similar to our ¢;-norm regularized objective, [62] [33] shows similar point
estimate statistical guarantees for related estimators; however there are no
confidence interval results. Further, although [62] is an elementary estimator in
closed form, it still requires computing the inverse of the thresholded covariance,
which is challenging in high dimensions, and may not computationally outperform
optimization approaches.

Finally, for feature selection, we do not assume that absolute values of the
true parameter’s non-zero entries are lower bounded. [23] 56, [12].
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A High dimensional linear regression statistical
inference using stochastic gradients (Section (3]

A.1 Statistical inference using approximate proximal New-
ton steps with stochastic gradients

Here, we present a statistical inference procedure for high dimensional linear
regression via approximate proximal Newton steps using stochastic gradients. It
uses the plug-in estimator:

g (izn:( 70— yi)aiw )S !

i=1

which is related to the empirical sandwich ebtimator [29,59]. Lemma [l]shows this
is a good estimate of the covariance when n > D 7 max{1,0%}s%(c + ||0*]|1)?.
Algorithm [2] performs statistical inference in hlgh dimensional linear regression
(13), by computing the statistical error covariance in Theorem [3 ' based on the
plug-in estimate in Lemma [I] We denote the soft thresholding of A by w as
an element-wise procedure (S,(A4)), = sign(A¢)(|Ae| — w)4. For a vector v, we

write v’s i coordinate as v(i). The optimization objective is denoted as:
19T( _122 1T )9+ Zz lfl7
where f; = % (x;r — yi)Q . Further,

gs(v) =V, [%vTé\u} - Sv = Zv(g (iz Vi@ +e;)— V(6 )]) ,
i=1

where e; € R? is the basis vector where the i*" coordinate is 1 and others are 0,
and Sv is computed in a column-wise manner.

For point estimate optimization, the proximal Newton step [36] at 6 solves
the optimization problem

mAlnATSA—|—<(§_1 v 9+12Vf1 >+/\||9+A||1,

=1

to determine a descent direction. For statistical inference, we solve a Newton

step:
min SATSA + <51 > ka(ot),A>

kel,

to compute —§’1S% > icr, Vfi(0), whose covariance is the statistical error co-
variance.

To control variance, we solve Newton steps using SVRG and proximal SVRG
[61], because in the high dimensional setting, the variance using SGD [40] and
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proximal SGD [§] for solving Newton steps is too large. However because p > n,
instead of sampling by sample, we sample by feature. We start from 6 sufficiently
close to 6 (see Theorem [ for details), which can be effectively achieved using
proximal SVRG (Appendix |A.3)). Line [7| corresponds to SVRG’s outer loop part
that computes the full gradient, and line [12] corresponds to SVRG’s inner loop
update. Line [§] corresponds to proximal SVRG’s outer loop part that computes
the full gradient, and line [13| corresponds to proximal SVRG’s inner loop update.

The covariance estimate bound, asymptotic normality result, and choice of
hyper-parameters are described in Appendix [A.4 When L! = ©(log(p) - log(t)),

max{1,0 }polylog(n,p) )
VT

with high probability, using O (T -n-p? - log(p) - log(T)) numerical operations.
Calculation of the de-biased estimator % via SVRG is described in Ap-

pendix [A72]

Algorithm 2 High dimensional linear regression statistical inference
1: Parameters: S,,5; € Z,; n,7 € R;; Initial state: 0, € R?
2: fort=0to7T —1do
3: I, < uniformly sample S, indices with replacement from [n]

we can estimate the covariance with element-wise error less than O (

4 g) *s% Zke]o V i (64)

50 d = —(gg(0:) — 3 Xisy [VFil0 +0:) = Vfil0)] + 520V i(6r))

6: for j=1to Ll— do //solving Newton steps using SVRG

T ul < gglgl ) —df

8: v gg(dif%) — dg

9: g —g & —dl!

10: for I =1to L; do

11: I; + uniformly sample S; indices without replacement from [p]

12: gl —gl-1 [Ui + & Yres, (g1 (k) — gl 7' (k)] - Su (V fi (61 + ex) — ka(et))]
13 & Sop (& =0 [v! + & Les, [B(R) = &7 (0)] - Su (V0 + ex) = V1u(0))] )
14: end for

15:  end for .
16:  Use v/, - % for statistical inference, where g; = ﬁ Zfio g1
— — t .
170 0401 = 0, + d;, where d; = ﬁ Z?ﬁo d} // point estimation (optimiza-
tion)
18: end for

A.2 Computing the de-biased estimator (16) via SVRG

To control variance, we solve each proximal Newton step using SVRG, in stead
of SGD as in Algorithm [I} Because However because the number of features
is much larger than the number of samples, instead of sampling by sample, we
sample by feature.
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The de-biased estimator is

And we compute S TNV f(9) using SVRG [34] by solving the following
optimization problem using SVRG and sampling by feature

mmlu Su+< ZVfL >

Algorithm 3 Computing the de-biased estimator via SVRG
: fort=0to L, —1do

d}  —nlgg(wi) + 5 35—y Vfi(0)]
for j=0to L; —1do
I + sample S indices uniformly from [p] without replacement

1
2
3
4
5 T e d e d) = (5 e A R) SV + en) - (@)
6
7
8

end for

i 7
Uil < u; + d;, where d; = L+1 ZJ o dl

: end for

Similar to Algorithm we choose n = © (1%) and L; = ©(p).

A.3 Solving the high dimensional linear regression opti-
mization objective (13) using proximal SVRG

We solve our high dimensional linear regression optimization problem using
proximal SVRG [61]

1~ 1

9= argmln HT (S - Zaj x; ) 0+ — - Z 3 (z]0— yi)z + A0l (18)
i=1 =1

Similar to Algorithm we choose n = © <%) and L; = O(p).

A.4 Non-asymptotic covariance estimate bound and asymp-
totic normality in Algorithm

We have a non-asymptotic covariance estimate bound and an asymptotic nor-
mality result.
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Algorithm 4 Solving the high dimensional linear regression optimization objec-
tive using proximal SVRG

1: fori:OtoLO—ldo

2: ’LL «— 0,

3 dy e gg(0) — LY VA0 4 0) = V(0] + 1 Yr_, Vi(6)

4: forj—OtoL—ldo

5 ul — Spa(u!  — qld + S Dker (“Z(k) - ei(k))

Se (V[ (0 + ex) = V fi(61))])

6: end for . _

7 9t+1 — ﬁ Zj;() uf

8: end for

Theorem 4. Under our assumptions, when n >> max{b?, Dl s }logp, S, = O(1),

S; = O(1), and conditioned on {x;}?_, and following events which simultaneously
with probability at least 1 — p~©M) — =01

O [A]: maxi<i<n|6] S U\/m,
O [BJ: maxi<i<y [|7i]leo < Viogp +logn,
Q /C): 1Sl S B3

we choose L; = O(p), T = @(1) n= 9(7) in Algomthmlg
Here, we denote the objectwe functwn as

P = Lo <slz> 130
=1

Then, we have a non-asymptotic covariance estimate bound

) 4 M6

l\J\r—

~

%Zt 1§t§;r Ch (%Zle(x;w - yz)szx;r) S_l‘

max

\/((logp+logn)||9 0%, + o+/(log p + log n) logn) logp

+ [ﬁZf_lo.%LZ(l + 1/ P(60) — P(0)0.95%=0 L2) + /p(log p + log n)\/ P(6) — P(8)0.95%= u;] 7

where || Allmax = max{1l < j, k < p}|A x| is the matric maz norm, with probability
at least 1 — p~ @1 — 4.
And we have asymptotic normality

% (EtT:1 \/S>ogt + %Z?ﬂx,(xja— yl)) =W +R,

where W weakly converges to N(O,E**l [% m (el -y e — (2 0w 0-y)) (2 20, zf(zj§—yi))T]§*1),

JABRIC] S 27 0, 0955 (144 P(60) — P(6)0.95%=0 Lo)+

and E[|| Rl | {zi}i:
V/Bllogp + log n)y/ P(6) — P(8)0.95555 L.
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Note that when we choose LY = ©(log(p)-log(t)), and start from 6 satisfying
P(6y) — P(0) < —+———1—— which can be effectively achieved using proximal
p(log p+logn)

SVRG (Appendix |A.3]), we can estimate the statistical error covariance with

max{1,0}polylog(n,p)
VT

(0] (T -n - p? - log(p) - log(T)) numerical operations.

element-wise error less than O ( ) with high probability, using

A.5 Plug-in statistical error covariance estimate

Algorithm [2] is similar to using plug-in estimator + 3" | (x Ié\— yi)2zz) for

o (13", wz]) in Theorem 3] similar to the sandwich estimator [29, 559].

Lemma [1]| gives a bound on using this plug-in estimator in the statistical error
covariance (Theorem [3)) for coordinate-wise confidence intervals.

Lemma 1. Under our assumptions, when n > max{b?, o 5} log p, we have
|5 (25 @l 8- vl ) 57— 0?5 (A ] ) 5|
= (0 logn + s (o + [16"]1) logp+logm/bgp> s (o +[6%]1) (logp + logn) 2 /&2,

where || A||lmax = maxi<j g<p |Ajx| is the matriz max norm, with probability at
least 1 — p~©1) — =00

B Statistical inference via approximate stochas-
tic Newton steps using first order information
with increasing inner loop counts

Here, we present corollaries when the number of inner loops increases in the
outer loops (i.e., (L) is an increasing series). This guarantees convergence of

the covariance estimate to H G H !, although it is less efficient than using a
constant number of inner loops.

B.1 Unregularized M-estimation

Similar to Theorem [Ifs proof, we have the following result when the number of
inner loop increases in the outer loops.

Corollary 2. In Algorithm/[1], if the number of inner loop in each outer loop
(L): increases in the outer loops, then we have

E

T _
H*lGHfl . 572 gt
T~ p}

For example, when we choose choose (L); = L(t + 1) for some dr, > 0,

T _dr
then \/ 7 3, iy, = O( T 7).

2
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C SVRG based statistical inference algorithm
in unregularized M-estimation

Here we present a SVRG based statistical inference algorithm in unregularized
M-estimation, which has asymptotic normality and improved bounds for the
“covariance”. Although Algorithm [5] has stronger guarantees than Algorithm
Algorithm [5| requires a full gradient evaluation in each outer loop.

Algorithm 5 SVRG based statistical inference algorithm in unregularized
M-estimation

1: fort < 0;t <T;4++tdo

2 d) « —nVf(6)=-n(LX", Vfi(0) // point estimation via SVRG

3: I, «+ uniformly sample S, indices with replacement from [n]

4 g2« —py (S% D iel, Vfi(ﬁt)) // statistical inference

5. for j« 0;5<L;++jdo //solving approximately using SGD

6.

7

I; + uniformly sample S; indices without replacement from [n]
a7 e d] = (& Sier, (VIeO + d}) = Vfi(8) +d? // point es-
timation via SVRG

s ™ e gl (& Teen, VA0 +816]) — VO)]) + 790 /)
statistical inference

9: end for .
10:  Use /S, - % for statistical inference 4 /] G = L%rl Z]L:o gl

1 Oy O +de /) di= £ Zf:o d
12: end for

Corollary 3. In Algorithm|5, when L > QOW%M and n = m,
after T' steps of the outer loop, we have a non-asymptotic bound on the “covari-

ance”

SLE, (19)

T _
gt

— =) =W+ A,
O pt)

where W weakly converges to N (0, S%H_lGH_l) and A = op(1) when T — oo
and L— 00 (B[ All2] S == + 1 ).

When the number of inner loops increases in the outer loops (i.e., (L); is an
increasing series), we have a result similar to Corollary
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A better understanding of concentration, and Edgeworth expansion of the
average consecutive iterates averaged (beyond [I8 [19]) in stochastic approxima-
tion, would give stronger guarantees for our algorithms, and better compare and
understand different algorithms.

C.1 Lack of asymptotic normality in Algorithm [1| for mean
estimation

In mean estimation, we solve the following optimization problem

o~ 1<a1 _
= in — — — (2) 2
0 argmin E 2||9 X3,

=1

where we assume that {X ()" | are constants.
For ease of explanation we use S, =1, p; = p, and 0y = 0,and we have

where X, is uniformly sampled from {X®}7_
And for t > 1 we have

t—1
Oy = Zp(l —p) X
i=0

Then, we have

R o¥ )
\/Tz'lpt
T t—1
— X ,0 t lfiXZ_)
\/72 . tzlz 0

\FZXt S5 o1 g

1=0 t=i+1
T-1

ZXt Y -(1-p"HX)
=0

T-1

:%O(T ~ X0+ (1=

whose /2 norm’s expectation converges to 0 when 7" — oo, which implies that it
converges to 0 with probability 1. Thus, in this setting \f (Zt 15 ) does not

weakly converge to NV (0 ( H 'GH- 1)
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D An intuitive view of SVRG as approximate
stochastic Newton descent

Here we present an intuitive view of SVRG as approximate stochastic Newton
descent, which is the inspiration behind our work. R

Gradient descent solves the optimization problem 6 = arg ming f(6), where
the function is a sum of n functions f(6) = 2 3" | fi(6), using

Orr1 =0 —nV f(0:),

and stochastic gradient descent uniformly samples a random index at each step

9t+1 =0, — ntvfi(gt)~

[ Outer loop:
QO g« V) =3, V(o)
d Let d be the descent direction

1  — Inner loop:
— Choose a random index k
—d + d— (Vb + d) -
V fe(0:) +9)

Q01 =0 +d

SVRG [34] improves gradient descent and SGD by having an outer loop and
an inner loop.
Here, we give an intuitive explanation of SVRG as stochastic proximal Newton

descent, by arguing that
O each outer loop approximately computes the Newton direction —(V2f) =1V f

[ the inner loops can be viewed as SGD steps solving a proximal Newton
step ming(V f,d) + 3d" (V2f)d

First, it is well known [J] that the Newton direction is exactly the solution of
1
min(V f(0),d) + 5d " [V (0)]d. (20)

Next, let’s consider solving using gradient descent on a function of d,
and notice that its gradient with respect to d is

V0) + [V2f(0))d,

which can be approximated through f’s Taylor expansion ([V2f(0)]d ~ V f(0 +
d)—Vf(0)) as

VIO)+ VIO +d) - VIO)
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Thus, SVRG’s inner loops can be viewed as using SGD to solve proximal New-
ton steps in outer loops. And it can be viewed as the power series identity for ma-
trix inverse H ! = Y2 (I—nH), which corresponds to unrolling the gradient de-
scent recursion for the optimization problem H~! = argming Tr (%QTH Q— Q)

E Proofs
E.1 Proof of Theorem [

Given assumptions about strong convexity, Lipschitz gradient continuity and
Hessian Lipschitz continuity in Theorem |1} we denote:

Then, V61, 65 we have:

IVf(02) — Vf(01)]2 < Bll62 — 1]l2, and  [[V2f(62) — V2 f(61)]l2 < R||62 — 01]2.

and V0:
IV2F(0)]l2 < B.

In our proof, we also use the following:
_ n B n
he= Y hE Ba= 53 B and §=sup |[VES(O)]e.
i=1 i=1

Observe that:
h<Vhy, and a<p<B<4/Po.

E.1.1 Proof of

We first prove ; the proof is similar to standard SGD convergence proofs (e.g.
[37, 14, [43]). For the rest of our discussion, we assume that

6 h <8 Vhy <1, Vi,j.
Using V f(0)’s Taylor series expansion with a Lagrange remainder, we have

the following lemma, which bounds the Hessian vector product approximation
error.

Lemma 2. V,0,9,0 € R, we have:
|-V L@ _ 20y < hi 161 gl

|20 21 (g)g| <B-16]-ligle:
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Denote H; = V2 f(6;) and

j Y fie(0e+67 g2 )=V f1.(6 V(0467 g1 )=V £(6
6%(512 fr (0 tg{t_) fk(t)) f(0: tgf) f(t)7

kel;
then we have

Jj+1

V£(0:4619]) =V f(6:
9t j

57

Hi'g) =gl —H'g) —7;- L yrigd — el (21)

Because E[e} | g5, 0] = 0, we have

‘ 2 , 2 , N
E U gt —m 9t] ) ‘gi —H'g? =T <g§ —HY, W(ew&é;{) V£(8e) _g?>
2 t
(1]
39y 2 112
+7'j2 Vf(e#éti?) V() —9?H2+7']2 e{HQ | 9,:]
——
(2] (3D
(22)
For term |[1]} we have
j - Vf(0:+5ig]) =V f (0
<gg7Ht 1g?’ f(0:+ ff;];) £( t)fg?>
T . .
j - j - j - V0u+5ig) -V (6
= (o —m7'90) Hi (g — H7'g?) + (gl — H'gf, TLOALIDTIC) _ )

T SN
: _ Co ; —1 0 VS(0.+6]g])-V I8,
> (gf — H7'g0) o (o = H70) = |(of - 7 g?, ¥ LI D )|

by Hessian approximation
> (o~ H70¢) (o]~ 1) 61 B
by AM-GM inequality

> (gf —Ht‘lg?)THt (of - 17 g?) = 25 |of _Ht_lg?HZ =
~ (o —Hflg?)THt (of - H'gP) - 52 |

lz +ull3 < 2flz3 + 2]lyll3

g9

ot~ g |

2

2

Ny

2

>
<.
>

. 2 . 2
gl —Ht’lg?HQ - gl — H g} +H{19?H2

2"

T i 7 2
> (ol —H7'g?) He (g —H7g)) = 25 ol — 17| —oth- | H7 )

by strong convexity

T - 2
j — j — 387-h j — 67 h 2
> (gi —H, 19?) H, (gi - H, 19?) == ol - He g - lladls
(23)

For term by repeatedly applying AM-GM inequality, using f’s smoothness
and strong convexity, and assuming 6 h < 1, we have:

Vi(0:+6{g])=Vf(0:) 0H2 _ waﬁé{g{)—wwt)
5 I, 57

. , 2
— Hig] + Hig] — g7 )
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< H Vf(0:+6]g]) =V 1 (6:)

2
J
5 Htgt

) 2
+ HHtgg *9? )

(5’11) ||gt||2+25thgtH HHtgt_gtH +HHtgt_gtH

+QHerHétgj) Vf(0) HgH HHtgt 90

( (30)°) -t + (1-+ o2m) et -~ g
j J —1 0l? -1 _0(2 JT J of|?
6h+ (07 h) : Hgt - H; 9tH2 + HHt gtH2 + (1+5th> ) HHtgt _gtH2
2( 67 h+( 57 o N2 ) 2
< w lg?l; + (1+35§h+2(6ih) )-HHtgi—g? )
&1k 2 i 7 j
< 5 ||g? 5 + (1 + 500R) - I Heg! — P13
For term because we sample uniformly without replacement, we obtain:
2
j — V(04019 =V fr(0)) V(0,48 g)) =V (6,
E; [ il |gi,0t] 1 (1_1_11) [H £ :;:J) F(0) V6t §J) £( >u7
where k is uniformly sampled from [n]. Denote HF = V2 f,(6;), and by Lipschitz
gradient we have ||[HF||2 < Bx. We can bound the above
2
VS (01467 9]) =V f1(8:) _ Vf(8:+6]g]) =V f(6r)
s s
2
. 112
Hka(GHré,g],) Vik@) _ pghel o ghgl Vf(eﬁétg?) Vi) 4,4l _Htgguz
Sg(H( — HY) gl +an(at+6t§;) Vik©) _ gk g +HVf(9f+6tg;) VIO _ g
12
<3 (|1 — 12+ 61 (52 +12)) - o]
|H, — H|5 < Q(ﬂz +67)
_ o 12
3(2(52+60) + @)+ 1) - |af|

<6 (205 + ) + 0+ 1) -

Taking the expectation over inner loop’s random indices, for term we
have

E, [HegHZ | g{,et] <6(d-(1-53)) ((65h)2 +25% + (6])*ha + 262) - (Hg{ N Hg?H§>
& (1-55))  (has ) (o + & o))

(24)

. 2
o 17+ ).

<18

/N

2
—-1.0
—H, gy )
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Combining all above, we have

d|

j+1 _ _
gg - H, 19? — H 19?

2 )
2| ggaat} =
J —10)" J -1 .0 37;67h
—Tj <9t - H, gt) H; (gt - H, gt) + =5

4726]h

+

H OH2+T (1+55Jh) HHtgt _gt

ise? (3 (1-522)) - (i) h2+62)~< i -

t

- When we choose the Hessian vector product approximation scaling constant
7 to be sufficiently small

87k < 63v/hy < 0.01,

3“<001a

LéMEs%(l )B . (1—%)52,
\F< 0017J < ) 001T] ( )ﬂ%
in < 5{@ < 0.0l < 0.018 < 0.01\/872,

we have

dl

gl —H — ;!

T .
19?) H, (gi - H;

-(gffH{

ol|? |
t2|gt79t <

gi —H; g}

735 'R

2
+
2

lo?ls

2
S, a1z

'9?) + 1057 | Hug? — gf13

[4]

2
+18.577 (& (1- 2 11)) 2 |o? — 700

+1857 (& (1-232)) & - |40

For term let us consider the a strongly convex and 8 smooth quadratic
function

F(g)= 39" Hig— (9}, 9),

who attains its minimum at ¢ = H, ! g?. Using a well known property of «
strongly convex and 8 smooth functions (Lemma [5)), we have

i opg-10)" j -

_(gt_Ht gt) Ht(gt_Hz
-1 0

< - a+g”9t H, |b

- E”gt - H; gt ||2
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Thus, when we choose
S TG,

we have

. T X .
—; (gi — Hflg?) H, (gi — Hilg?) +1.0577 - HHtgi -

T .
( Hflg?) Ht(gi—Ht_lg?)Jrﬁ
S *% lgl — Hy g2 ll3,

and we have

2 _ _ 2
E U gt~ Htg0 N gg,et} < (1 — 7o+ 18.577 (Si (1 _ %)) 52) . ‘ gl — H g0 2
F1ssn? (3 (1-320)) - & 113
Next, we set
7o =min § 8476 004 D= (j+1)"%, 7, =7D;, (25
E <1_ n—1 )BQ
where d; is inner loop’s step size decay rate, and we have:
[HgJ—H —1 (]H ] ~min{ & b | E {Hgi —1 ()H }
< nL 1 )’8

+1850378 (& (1-551)) & - |lof -

To satisfy the above requirements, for the Hessian vector product approxi-
mation scaling constant, we choose:

4
3 =o0 <min{1,}l} ~min{1,0[,min{1,7'5l (77:3) } Si (1 - %’_f)}) 00 = 0<(j + 1)72> 60,

8 = O(ph) = ol(t + 1)) = o(1). (26)
which is trivially satisfied for quadratic functions because all h; = 0.
Note that:
18573 (& (1-521)) - B =0 [mind (& (1-55)) - 2y, —— L
E (17 n—1 >182
Applying Lemma [f] we have:
, 2
B ot - mtat ) 1o = 0 (- i) (27)
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where we have assumed that a, 8, S;, etc. are (data dependent) constants.

Further, implies:
2

E U ] < 2K { g -
2

In Algorithm [T} we have

J

9t H{lg?

2
+ [Pzt 9t:| < 1162113, for all j. (28)

_ ; _ iV F(0,+61 g =V £(0, j
gl = H g} = (I - Hy)(g] — Hy'g)) + 7 (—i — §t) I )+Ht9§)-

By unrolling the recursion we have:

J J
_ t+6 t
=t =30 (T =) e (o - Sassgposton g )

k=0 \I=k+1
(29)
For the average g;, we have:
L .
g—H gl =7 Y (9] — H 'gP)
§=0
~5 (17 V(046565 -V (0:)
_ 1 k +05 gy )— , k
- THZM . (z I;L(I—nHt)> “ Tk (—et - 2 oF ! +Htgt)
J= = =
L-1 L j-1
= Yo n > I - ny) (—ef - HOSERNI00 o gy gt
k=0  j=k+1l=k+1
(5]
L—1 L j-1
= LLH Tk Z (I —7Hy) (—et)
k=0  j=k+1l=k+1
[6]
. k Kk .
+ L+1 Z Th Z H — 1 Hy) (—vf(9t+6t§§)_vf(9t) + Htgf) )
k=0  j=k+1l=k+1 )
(7]
(30)

For the term we have:

L J—1 L j—1
e > [ T=nH)| <7 > ] I —nHll

j=k+11=k+1 9 j=k+1l=k+1
I — 1 H, is positive definite by our choice of 7; (25)) and ||[I — 71 H|l2 <1 — 1«
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<7 Z 1:[ (1-ma)

jfk-&-l I=k+1

2
< Tk E | I <]_ — Tla)
Jj=k+11l=k+1
Jj—1

i—1
1 1S _ dodi | pledivy < s—ds
m [] - 5Ta) < T exp(—ga Do) Sk exp(O(—j N 4 k) S
I=k+1 l=k+1

— . 1—d . . . . . .
because for a fixed d; 27 %e®@ ") is an increasing function when z is sufficiently

L j—1 L 1 7j—1
o [T (-m)=2 3 g I (-%)
j=k+1  I=k+1 j=k+1 I=k+1
L
=2 (1= [ == ] =00, (31)
j=k+1

where we have assumed that «, 3, S;, etc. are (data-dependent) constants.
For the term [@]7 its norm is bounded by:

2

2
-1 L -1
E L+IZTk Z H I—nH)(=et)|| 16| = e Z > H I=nH)(=ep)|| |6
k=0 j=k+1l=k+1 ) k=0 || j=k+1i=k+ )

using
S mﬂi Z lefl13 | 0

k=
using and

< zllat I3 (32)

where the first equality is due to a < b, E[e¢ "e? | 6;] = 0, when we first condition
on b.

For the term its norm is bounded by:

2

481 95) =V f (0
E L+1 ZT’“ Z H I - Hy) (_Vf(9+ tgf) VIO +Htgf) | 0
k=0  j=k+11=k+1 9
0:+5¢ g; [ a
- S < S T - (-2 ),
0<a,b,<L—1 j=a+1l=a+1

b by
Th Z H I —71Hy) (— vf(0t+6t§§) V() +Htgf3) > |9t]

j=b+11=b+1
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L j—1
Vf(0:462g3)—V f(0: a
- Z H [ — 7 H,) (_ F(Oet gg) £( )+Htgt)

1
< T E Z
0<ab <L

< j=a+ll= 9
Vf(0:+d V(o
T Z H _TlHt ( f(0:+ tg:) £( 1)+Htg?) |0t‘|
j=b+11=b+1 ) 9

using and Lemma

7 b1 b h? b b
STAmE | ST SRl Rl 10 < 2o S aeol-E [lgfl3+ gl | 6]
0<a,b,<L—1 0<a,b,<L—1

(lgjj!)% Z 50,5!7 < ”91 Hz <Z 5]6) (33)

0<a,b,<L—1

using and our choice of ¥
L 2 L 2
02 2 _d
St () latlh < " (304070 ) -t
k=0

k=0

A

. 2
because (Z(k + 1)_d’i> =0 (Ll_di) and d; € (%7 1)

k=0
< Lllg?l3- (34)

Combining and 7 we have
lge — H ' gi 115 = O (£197113) -
E.1.2 Proof of @D
Using , we have

Elllgi™ — H 9213 | of)

— Ellgf — H;'gf — 7y THOFI=IIO) 4 7,60 — e |3 | 6]

=E[(lg} — H; "¢} - vf(et“*;’f VIO g0

—2<n—ei,g£‘—H gf -y THOHRIN=VIC 1,0y 4 22| e]|3)° | o]

=Ellg} - H "¢ — 7, Vf(et”fg;) VIO 4 76014

+4(<Tj6§,gf—H 1gf — ry TIOABIDNIO) 7,002 4 e

+2lgf — Hi ' gf — my THOHEINIC) 4 7,60)372 ] 3

—4<Tjez7gz—H;1g9— ry TSG04 7,60y |f — g — 7, LOHAEINIO) 4 0|2
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i 1 _ Vf(0:+d V f(0+
— A(rjel,g] — Hg) — 1,71 t;;’;) 10 4 7,g972)|ed|3 | gl (35)

Because we have

Ele] | 4] =0,

j — V(040 Vo
”ggth 19? 7 f(0: tgj) f( t)+TjggH3

i 0 5t ! 0 1
= (I = 75Hy)(g] — Hy ' gP) + 7;(— TLOHHaD VIO |, g7y 4

6]
= (II(I — 73Hy)(g] — H; 'g))|13

. gy .
2 {(1 = ) (gf — Hy ), - THAAITI00 o gy, g

V(0467 gI)—V £(6 j
+T32||— f(6:+ tgf) f( t)_|_HtggH§)2

using Lemma 2]

. _ . _ . . 2
<(IT =73 Hi)(g] = Hy "g)13 + 275111 = 75 Hill2 g7 — Hy 711207 97 ll2 + 77702 [192113)

= |[(I = 7 Ho) (g} — H; g?)14

+ 25 (I — 75 Ho) (gl — Hy o) I3267 11 — v Hollollg? — Hy g9 lallg? N2 + 7367 117 13)
+ 7226\ — 7 Hl2 gl — Hy  gPll2llgills + 7567 g7 113)?

by our choice of 7; = O((j +1)~%) = o(1) (25)

and using [lg7 |2 < [lg7 — H; 60 o + 1 H; Pll2 S llgd — Hy g0z +* 119912

= (1—-Om)lg — H g2

+0(r;601 (llgl — H; "Iz + llgl — Hy g 31197 112) + 27767 (gt — Hy 'gflls + llgl — H,
+7760 (gl — H ' gfllz + llgl — Hy 'a 131192113 + 7567 (gt — Hi ' gf 13 + g2 112))),

Eflle73 | g7]

t kel

(Sy (V£ (6: + 8lg]) — Vﬁ@».w¢+mw0
t kel;

Vf(et +3lg]) = Vf(6:) — Hgl + Hig))ll3 | 1]
t

using Lemma [2] and repeatedly applying the AM-GM inequality
SA+67)llgr ll2
A 4 . _
SA+6)50 (gl — Hy g2 llz + g7 112),
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and by our choice of 7; = O((j +1)~%) = o(1) and 0] = O(r}) (26), after
repeatedly applying the AM-GM inequality, Lemma [2] triangle inequality, and

, we can bound (35)) by

Ellg/" — H 'gtl15 | 9]
<1 —=0(m))lg — Hy *¢tll2 + O} 119¢112))- (36)
Applying Lemma [6] we have
Elllgi ™ — H; 'g2ll5 | 6:) = O(G + 1) % [lg¢ [13), (37)
and using the AM-GM in equality we have
Elllgi ™13 1 6:] = O(llg7113)- (38)

E.1.3 Proof of @
To prove bounds on ||6; — 8]|2, we will use the following lemma
Lemma 3.
E(VF(00), —g7) | 0] Zpel[V £ 0113 — 51V (00)21971l2
2|V £(00113 — 87197 3-
Proof. Using (29)), and because Elel | 6, = 0], we have
E[(Vf(8:),—9{) | 0]

=pVf(0:) H 'V f(6) -

L-1 L-1
k Ry
e [{wr00 53 T - 2issgpmsion )

using strong convexity and Lemma 2]
(8]

L—1 L-1
ST I = nHllomeofllgr 2 | 0

By our choice of 7; = O((j +1)7%) = o(1) and 67 = O(697) ([26), and

using 7 term |[8|[ is bounded by

k=0 l=k+1
L—1 L-1
. [z T[ 17— nHllamdt ot | et]

k=0 l=k+1

4

B pelIVEO)3 — V£ (002 E

S mof

k=0
L—1
Slgfll26? > 72
=0(1)
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And we can conclude

E(Vf(6:),—gr) | 6]
> Cipe||[V£(0:)|15 — C267 [V £(02) ||21l97 2

C Vfo
= i1l - Ghap? [P EE e Sy,
C N
> GVl - Lo ((”’}U (291 )
C 02
= Sl VIO)I3 ~ 5252 llgf I3,

for some (data dependent) positive constants Cy, Cs.

Now, we continue our proof of @
In Algorithm [1} because f is 8 smooth, we have

E[f(0r41) — £(0) | 0]
— E[f (6, + g&) — f(B) | 6,]

<(0) - 0) + [<wat -+ Dot 16,

using Lemma [3| and
<F(0:) = £0) = p I VF(0)]13) + EIO(gP13 + 67 197 1[IV £(60)12) | 64]- (39)

For ¢?, we have

Z V fi(6)

ZEI
T Z V(6 Z(me V1i(0)), (40)
iel, O i€l,

which implies that
2

<2E [ \ Gt]
2

because we sample uniformly with replacement and V f (5) =0

2
g¢
Pt

| 0
2

> VO3] 6]+ QE[II* S (VE(0:) — V()

So iel, So iel,

;Z\\sz I3+ E[IV fi(0:) = V()13 | 6]
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Z IV £:(0)[13 + 116 — O|3E[B? | 6,]
<1+ ||et —9)2. (41)

Thus, continuing (39), using and strong convexity aZ||f, — 8|2 <
IV £(0:)|3, we have
ELf(6r1) = £(6) | 6.
<f(0:) = £(0) = CopilIVF(0)15 + CapeS? (L + [V £ (0 12) IV F(0:)llz + Capi (1 + |V £ (82)]13)
= f(6:) = f(8) = pu(Cr = Ca8) — Cap) [V ()3 + Csp} + Copud? [V £ (0)l2

V(0 1 0)2\>
because we have Cyp87 ||V f(0:)|l2= fC'lpt(SOQ MS 501/)1:5?2 ((gi)Q + (Vf(;(of)”Q> >
t

<F(0:) = F(8) = pi(3C1 — Ca8) = Capn)IVF (0113 + Cap? + G 0

~ -~

using strong convexity iHVf(Gt)H% > f(6;) — f(0) and smoothness %HVf(Ht)H% < f(6;) — f(0)

<[f(8,) — f(B)] - pi(3C1 — Ca6) — Cspy) 5 £ (0r) — F(0)] + Csp} + %Ptégg
when we set ) = O(p;) in

<[f(6:) = F(O)] = pi(LC1 — C26? — Cps) 5= [£(6:) — f(B)] + (Cs + O(1)) 2, )
42

for some (data dependent) positive constants C1, Cy, Cs.
In we choose p; = ©((t + 1)~ %) for some d, € (3,1), and after applying
Lemma l we have

E[)l6: — 03]
<E[2(f(6:) — [(0))]
St 47O 19y — B3, (43)
which is O(t~%) when ||6y — 8]]2 = O(1).

E.1.4 Proof of
In Algorithm because f is 8 smooth, and V8 f(6) — f(g) > 0, we have
(f(8i31) — £(6))
= (f(0: + gf) - £(0))
<(f(8:) — F(0) + (VF(00), g) + SNlgt13)
= (f(0:) = £(0))” +2(V £(0), 9/ ) (f(6:) — £(6))
+ V00, 95)2 + S llgEII +2(£(6:) — F(B) + (VF(00), 9F) S NlgF 3.
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Because we have

E[(Vf(6:),9F)(F(8:) — [(B)) | 6]

< = oI VFO)Z(f(0:) — £(B)) + 8216213 (f(6:) — £(B)),
J0
=E [ = Y (VE0) = VEO) + V6) | et]
2
F6:) = £(8) = 0()6: — 812 = ©(|V£(6)]3),

iel,

<L+ 116 — 63,
and by our choice of p, = O((t + 1)7%) = o(1) and 6y = O(p}) (26), after
repeatedly applying the AM-GM inequality and , we have

E[(f(041) — f(8)? | 6]
<(1—0(p)(f(8:) — f(B))* + O(p?).

Applying Lemma [6] we have

0
9¢

143

E{l16: — 9114
<E % (£(0) ~ 1(6))?
5t—2do. (44)

E.1.5 Proof of

For % we have

) o )
b =D SAFH0)

Pt oiEIo
(1]
1 ~ 1 ~ 1 ~ 1
+H*1§ > Vi) - H; 1§ > Vi) + H; 1§ > Vi) - H; 1§ > VFi6h)

% eI, i€l, ? eI, ? eI,

(2]

0 —
I (45)
Pt Pt

(3]
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Thus, for the “covariance” of our replicates, we have

H—lGH—l— gtgt
=1 Pt 5

P ST

S,

T:

ST
peiim

the operator norm |lab’ ||z < ||a||2]|b]|2

because for two vectors a, b

1 S T
H'GH f?[l][l]

=

2

1 I
+TZ| ||2+||H||2>
t=1
T
el
Because Zt , consists of S, - T i.i.d. samples from {H =V f;(htheta)}?_
and the mean H~ 1V f (o ) = 0, using matrix concentration [51], we know that
So o

3

E

E
2

‘HlGHl - 22 >

t=1]

For term using , because we have

I DI N | (LA

j=k+11l=k+1

when a # b ]E[<€f'7 eb)]=0

zi: Z:Tk Z H I —7nH)

j=k+11=k+1

by using and , we have

1 T
ﬁ

O+6F gFY—V £ (6
Vf( ++ t(.;]éz) Vf( t)+Htgf)7

2
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Pt

Siodf 0
Z L Z ’ 2
using (A1), and by our choice of 6F = 6%((k +1)~2) and 67 = o((t + 1)~2) (26)

SE[(3+295) (1+ 16 - 0113)]

1 1
— 4
St (46)

And because we have

||I|| Bl ~ ' Y V4Bl = 00),

So icl,

E(I[2013 | 6.]

2 2
_ 1y 1 ~ 41 ~
SE H(H ' H, 1)5* Z Vi(0)| + | H, 15* Z(Vfi(g) = Vfi0)| |0
?iel, 9 ?iel, 9
because H ' — H; ' = H ' (H;, — H)H; ! and using Lemma (47)
<E[[16: —8]]3 | 6.
SE+1)7

(48)

by repeatedly applying Cauchy-Schwarz inequality and AM-GM inequality, we
can conclude that

S da a;
—1 — tt
t=1 2
T T
1 1 1 1
— 4+ =) (t+1)” =) (t+1)" %+ —+—
ST ; Tg VL L
T d d 1
because t+1)"2 =77 ford, € (=,1
>+ 1) (51
1 1
S—+ —.
NTdTO \E

E.2 Proof of Corollary

L
For gp—tt, we have

i: va
Pt '

% eI,

(1]
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EZVﬁ }jVﬁ )+ H §jVﬁ@> EZVﬁet+wf1Vﬂ@)

?iel, ?iel, So i€l,

7,610
2]
—H; 'V f(0) + (0, = 0) —H; =t + = (0, - 0), (49)
Pt Pt
(3] "
which gives
0, —0
= (1= pr-1) (O — ) )+ o X 8 S P S T N T
t—1 -1 -1
Y} CCYCI I T RO B 2 0 L T
=0 =0 j=1i41
And we have
T
\/T( Zt;l 9t _ é\)
1 Tt R A=
= T(Z (L=p)) (00 =0) +—=> > ( TT (0= p))patly 2] + 1Bl + [4]})
T Ti=i= j=i+1
! R | T Tt
= =0T —r))0—0)+ > CIT = pp))psnly + 21 + 3] + [4])
\/T t=111=0 T 1=0 t=i+1 j=i+1
(50)
For the first term in , which is non-stochastic, we have
iﬁ Pl ~D)| S =
t=13=0 2 \/T

For the second term in (5 Wthh is stochastic, we first consider p; Et i1 T i +1 (1-
p;), which is O(1) (similar to (31)) and satisfies

pi Y ]:[ (1-p;)

t=it+1j=i+1

s t—1 s T t—1
Pi
<= S o [T A=)+ [T =0 D (1-p))
Ps t=i+1 j=i+1 j=i+1 t=s+1j=s+1
p p s s T t—1
=1+ [T a=p)) 4o [T C=p) > ] =0y
Ps t=i+1 j=i+1 t=s+1j=s+1
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Ps t=s+1j=s+1
s i 0 t—1
U+ ) =D+ pie™ 70 S [ (=)
t+ 1 t=s+1j=s+1
s —i ) [e'e) t—1
<1+ —— 4 pe” 7 Z H (1-=pj),
v t=s5+1j=s+1

for all i < s <T, and

pi Y ]:[ (1-pj)

t=it+1 j=i+1
T -1
> S (] =)o
t=it+1 j=i+1
T
=1- [ =p»)
t=i+1
T
>1—exp(— Z pt)
t=i+1
>1—exp(—7—((T+ 2)17% — (i +2)' %)
Crre ) gy detl ;. —ltdo . oy dzdo
When we choose s = i+[(i+1) "2 |, wehave *=* Si™ 2, (s—i)ps 2 (i+1) =2,

and p;e=2(=Drs < 5 And these imply |p; ZtT:i+1 H§‘3+1(1 —pj)—1] =
— do .

O(max{(i + 1) =} ,eXp(—ﬁ((T +2)1=do — (7 4 2)1=9o)}). Thus, for term

1]l we have

1 T—-1 T t—1 1 T— 1 T-1 T t—1
F 2 llo- m)p == Z to= ?;H“ ~ pi)pi — 11,

i=0 t=i+1j=i+1

where the first term weakly converges to N (0, SLH “!GH') by Central Limit
Theorem, and the second term satisfies E[|| ﬁ S (ZtT:iH H;;H (1—p;))pi—

D3] = Bl S (S T2t (= p))es = DPIIHIE S 79 + 4.

or term |[2], we have
21 < 16: — Bz,

and E[(2].[[2])] = 0 when a # b. Thus

2

T-1
1 ~ _
(=)o | S5 2 0 - 813 ST
1=0 t=i+1 j=i+1 9 =0
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For term we have
| = H 'V £(0:) + (0. = 0) 12 5 110 — 05.
By using and Cauchy-Schwarz inequality, we have

97

[ 1 T—1 T t—1 -
E ﬁzz 1T =3l | ST 2%

i=0 t=i+1 j=i+1 9

For term [[4]} similar to similar to (46]), we have

97

| Tl Tl 11
Bl =X X I a-eofall | s7+7
=0 t=i4+1 j=i+1 9
E.3 Proof of Corollary
Using Theorem 6.5 of [9], we have
E[[6, - 0]13] < 0.9"
Similar to in Theorem |1| (Appendix [E.1.1]), we have
_ 2
g _
R WA
Pt 2
Similar to the proof of in Theorem [1| (Appendix [E.1.5)), using , we
have
T
-1 So - Gid) 1
E||H'GH'-=2 : <Lz

For gp%, we have
_ 1 R
L= =Y VD)

Pt OiEIO

(1]

FH = SOV - 1 Y VRO + 1 o SVEAG) - 1 V0 + 1V 00)

?iel, ? eI, ¢ eI, ° eI,
[2]
90 | 9f
—H7'Vf(6,)—H ' 4 2 (51)
—_— pt Pt
(3]
4]
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For term we have

T

1 1 <« -
ffz(ﬂ 5 2 V0 )

?iel,

which consists of S, cot T i.i.d samples from 0 mean set {H_1Vfi(§)}?:1, and
weakly converges to N (0, SinlGHfl) by the Central Limit Theorem.

For term similar to , we have

2

1 & 1 & L _1
E||{— ST - _E 2 l16; — 0
|ﬁ[] 7 [;Zl\l[] EZ (116 — 013] S 7
For term |[3]} we have
oy | [31 L E[)6, - Bla) S —=
\/T i=1] | \F ' ~ \/T

< L, 1
~ ~VT VT

E.4 Proof of Theorem [2]

The error bound proof is similar to standard LASSO proofs [12] 41].
We will use Lemma [4] for the covariance estimate using soft thresholding.
We denote “soft thresholding by w” as an element-wise procedure S, (A4) =
sign(A)(JA| — w)4+ , where A is an arbitrary number, vector, or matrix, and w is
non-negative.

Lemma 4. Under our assumptions in Section [J, we choose soft threshold

LS XX, using
1
o-of\fE=r).

When n > logp, the matriz mazx norm of Zl 1Tz, — X is bounded by

1 — logp
max - E .Tz'JCiT - Eij ,S s
1<ij<p |\ 1 “ n
i=1 ij

with probability at least 1 — p~©W).
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Under this event, {5 operator norm 0f§— > satisfies

!
1S = =ls S by 2L,
n

{1 and Uy operator norm 0f§ — X satisfies

lo
18— Zlloo = I8 = Bl S by/ =2E.

Proof. The proof is similar to that of Theorem 1, [7].
Our assumption that ¥ is well conditioned implies that each off diagonal
entry is bounded, and each diagonal entry is ©(1) and positive.

Omitting the subscrlpt for the " sample, for each ii.d. sample z =
[z(1),2(2),...,2(p)]T ~ N(0,%), each z(j)x(k) satisfies

. 1, 1, .
v()a(k) = 7 (@) + 2 (k) = L (2(5) — 2(k))?,
where z(j) + 2(k) are Gaussian random variables with variance X;; £ 2%, +
Sk = 0(1), because all of ¥’s eigenvalues are upper and lower bounded. Thus,

z(j) + z(k) are x? random variables scaled by X;; & 2% + Xy, = O(1), and
they are sub-exponential with parameters that are ©(1) [57]. And this implies
that, z(j)z(k) — X, is sub-exponential

Pllz(j)z(k) — Zjx| > t] S exp(-O(min{t?, })),

forall 1 <j,k <p.
Using Bernstein inequality [57], we have

1 n
P (g xmj) — k| > t| < exp(—nO(min{t?, t})),
n
i=1 jk

forall 1 <j,k <p.
Taking a union bound over all matrix entries, and using n > log p, we have

1 & T logp + log 4
il ] N <y 2o
= J

with probability at least 1 — §.
Under this event, the soft thresholding estimate S, (+ Y%, z;z );; with

w = O(/°%2) is 0 when %;; = 0, and |Z;; — So (2 30 252 )ij] < w (even
when |3;;| <w). And this implies our bounds.
U
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Lemma {4] guarantees that the optimization problem is well defined with
high probability when n > b4/ k’%. Because the {5 operator norm H§ -2 <

b lo% < 1, and the positive definite matrix ¥’s eigenvalues are all O(1), the

symmetric matrix S is positive definite, and Ss eigenvalues are all ©(1), and for
all v € R? we have

0<v"Sv=0(|v]3) (52)

Because 0 attains the minimum, by definition, we have
197 ( Zm>0+1z (20— y;)? + A|0|1
- * 2 *
(S— sz ) FR 0 =) A,

which, after rearranging terms, is equivalent to

;<5—e*>T§<5—e*>+<<A Zz:c)e* lzeixi,é—e*>sx<e*||1—||§1>.

- (53)

L\.’)\»—A

Because S = S, (>0, @w; ) soft thresholds each entry of L 3"  a;z]

with w = O(4/ lOgp) cach entry of S — 1 LS @z will lie in the interval [—w, w].
And this implies , with probability at least 1 — p~©(), we have

PO log slogp
S— = ) | 0% < 0* :
H( D e I I

o0
where we used the assumption that 8* is s sparse and [|6*||2 = O(1), which
implies ||6*||1 < V/s.
For the j*® coordinate of €;x;, because ¢; and z; are independent Gaussian
random variables, we know that it is sub-exponential [57]

Plleizi(7)] > 1] < exp (—@ (mm{;iz, g})) (54)

foralll<i<mand1<j<p.
Using Bernstein inequality, we have

FZQ z;(5)| > 1] <eXp< @(”min{g’i}»’

forall 1 <j<np.
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Taking a union bound over all p coordinates, with probability at least 1 —

p ( )7 we haVe
n ! ~ n ’

i=1

when n > logp.
Thus, we set the regularization parameter

=0 ((a 0% 1)1/ 10519)

i=1

>2 ; (56)

o0

which holds under the events in Lemma |4] and .
For a vector v € RP, let v* indicate the sub-vector of on the support of 6*,
and v° the sub-vector not on the support of #*.

and implies that
=IO = 0%l +116%]11) = =316 = 6*[[n < A(I6* [l = [18]11) < MO = 6%)% [l — 1165]]2),
which is equivalent to
16511 < 3/1(6 — ") 1. (57)

because A > 0.
For any vector v € RP, it satisfies ||v||? > ||[v®]|3 > L|v°||?. Using this in

, we have o
L6 =71 S AllE —67) 1

16— 6911 < s(o + 16°]1)y <22, (58)

Combining and , we have proven

lo lo
106" S s (@ +116*0) ) —2F S s (0 + V) | =t

In because (S — IS w0+ LY e, §—6*) > 0 by convexity,
and using (52), we have proven

which implies that

lo lo
10— 0713 S M6 =071 S s (0 +110711)* =22 S s (0 + v5)" 2L,
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E.5 Proof of Theorem [3

At the solution 8 of the optimization problem , using the KKT condition,

we have

(S—me >9+ Zw 270 — )+ A\G =0,

i=1
where § € 0|0||;. And this is equivalent to
— 1 &
S0 — ~ [z 0" +e)+2g=0,.
- le(xl 0" +¢)+ Ag =0,
=1
By Lemma we know that S is invertible when n > b2 log p.

Plugging into 7 we have

S(6? —

which is equivalent to

n

§(§d79*)7%26i$1 < le >9 6*) =0,

i=1

where we used the fact that A\j = —S8 + Iy @iz 0 +€).
Rewriting , we have

~ ~ 1 ~ 1 & ~
0 —pr =5"1= i+ ([ T—-871| = g 0 —0%).
S nZex—i—( S <n;xaﬁl ( )

i=1

we have

(-5 G ztima) |

1 n
max TS =Y ax)
1<j,k<p n <
i=1 ik

~ 1 <&

_ -1 _ = T

s, | (5 (51 S )
i=1 jk
1 n

<|IS- S—= vl .

<|| IIOOIgH}C}ip < n;xzxz ) )

- J

Under the event in Lemma [4 we have

1 & lo
max (S— — E :Umj) < 08P
1<j,k<p n 4 n
i=1 jk

For maxi<j k<p
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(59)

(60)

Zyle — (i;xlw;j 5}) — i;xz(;pja* +e)+ Ag=0,

(61)

(62)

(63)



Also under the event in Lemma [ we have
5= 18l 2 50 (/212 ) - izl 2 Ds - 0 ((/B2).
J#i Jj#i

where we used S;; > 0 and |25 > |§”| by definition of the soft thresholding
operation.
Thus, when n > ﬁ log p, we have

Sii =184l 2 Ds,
i#i

which implies that S is also diagonally dominant. Thus, using Theorem 1, [55],
when n > DLEQ log p, we have

N 1
< -

with probability at least 1 — p~©1)

And using and in , we have
max I—§_1(lzn:me < L\/loﬂ (66)
1<5,k<p neT ) 1T De Vo
i= i

Using and the bound on [|§ — 6| (T4), in (62), we have
1 n
I-8 =N "wa] | ) @-06

Combining (67)) and (62]), we have proven Theoreml 3L when n > max{b?, - D7 }logp,
we have

S

Fo

(67)

V(@' - 0*) = Z + R,

where Z | {zi}iy ~ N (0,028 (2 50 wia] ) §71), and [ Rlloe S 75 (o4 167]1) 252

Vo
525 (0 +/5) 1‘\)/3;7” with probability at least 1 — p~©1),

E.6 Proof of Theorem [4]

We analyze the optimization problem conditioned on the data set {z;}?_;, which
satisfies Lemma [4| with probability at least 1 — p(—1) when n > b2 log p.
Here, we denote the objective function as

P = Lo <slz> 130
i=1

3

70— )" + A1

l\J\F—‘
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In Algorithm |2| lines |§| to [15] are using SVRG [34] to solve the Newton step

N
min iATSA + < Z V£ (6y), > (68)

° kel,

and using proximal SVRG [61] to solve the proximal Newton step
in SATGA + lzn:w (0, A ) + [0+ A (69)
HlAln 9 n 2 k\Yt), 1-

The gradient of is

SA + Si S VA0 = %Z pSi| ar)  + Z Vi)

° kel, k=1 % kel,

— ———
sample by feature in SVRG  compute exactly in SVRG

where Sy, is the k™™ column of § and A(k) is the k' coordinate of A.

Line 7] corresponds to SVRG’s outer loop part that computes the full gradient.
Line [T2] corresponds to SVRG’s inner loop update.

By Lemma | when n > b?logp, the /5 operator norm of 1S]l2 = O(1).
And this implies ||STS||2 = O(1). Because ||Si2 is the k' diagonal element
of 578, we have ||S||2 = O(1) for all 1 < k < p. Thus, each [pgk] A(k) is a
O(p)-Lipschitz function.

By Theorem 6.5 of [9], when conditioned on 6;, and choosing

-o(3)
P
LiZp
after L! SVRG outer steps, we have

E §t+§1< vak 9t>

? kel,

O, {ai )iy | S0.9% || =

Z V fi(62)

? keI,

<0.9% (1 + /6, — 0]2),

_ Lt .
where g = £ 2 ol
The gradient of the smooth component %AT,?A + (LS Vfie(6:),A) in

is
sarsyvae) = Y [S]am o+ LS vRG)
k=1 k=1

k=1

sample by feature in proximal SVRG  compute exactly in proximal SVRG
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Line [8] corresponds to proximal SVRG’s outer loop part that computes the
full gradient. Line [13| corresponds to proximal SVRG’s inner loop update.
By Theorem 3.1 of [61], when conditioned on 6;, and choosing

n=®(§),
L; 2 p,

after L! proximal SVRG outer steps, we have

E[P(0:+1 — P(®)) | 0 =E [ P(0; + di ) = P(@) | 01, {w:} 1,

~

<0.9%(P(6,) ~ P(6),
where d; = 7+ Zﬁo dJ. And this implies

E[6; — 0]13] S 0.9%=0 L+ (P(6,) — P(0)).

At each 6;, we have

~

xi(z] 0 —y;) = 2] (0, — 67) + zi(x] 6 — ;).
For the first term, we have
25z (0: = 0)lloo <z (0 = O)[|2:]l
<[lzill2[l0 — Oll2|zil|o
<v/pllzillZ[16: — 6|2,

which implies that

ma [(xixi (0.~ )) (xixméﬂ <[lia (0 = D)2

1<j,k<p

ik
<pllail|)16: — 0113
For the second term, we have
lzs(2] 6 = yi) oo <llziw] (8 = 6%)lloo + [|zi€s | oo
<llzi 1210 = %[l + leil 1zl

Because when n > log p, from we have with probability at least 1—p~©®)

max [|2;||co < V/1ogp + logn,

1<i<n

and from we have with probability at least 1 — n~©1)

max |¢;| S ov/logn,

1<i<n
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when conditioned on 6, (and the data set {x;}} ;) we have

max
1<j,k<p

Rglgg) (§7199>T - (gilsiozkelovfk(etn (§1izke,Oka(0t))T}

jk

1 ~ . .
SDEQ (lziz (O = O3 + 2llwiz (0: — O)locllwi(z 0 — i)l oc)

1 ~ ~ ~
Sz (pllogp+log 1)?(16; — 6113 + vp(log p +logn) |6, — 8]|2((log p +logn) |6 — 6" || + o1/ (log p + log n) log:
=
1 7 7 n *
5 (0l — 0113 + v/plI6 — Oll2(0 + (16 — 6*]1))polylog(p, n)
=

under the events of (72| - . , and ., where we used the fact . that the
s, operator norm ||S7 | < —Z with probability at least 1 — p~®(1) when

n > max{0®, 5} logp.
Thus, we can conclude that, conditioned on the data set {x;} ;, and the
events , , and , we have we have an asymptotic normality result

2 (CVEag+ £ i@l 0 - ) = W + R,

WhereWweaklyconvergestoN(oﬁ*l[% S (@] 0y mia] — (L0 wi(e] 0-y) (2 00, wi(a] 0-yi)) ]3*1),
and

1Rlloo <= >~ (5 = 8708 lloo + 15797 = & es, VD)l )

o~
Il

S
M=

1

IN

(llge = S0l + 15728 = & ser, VD)oo

Sl=
Ve

1

which implies

E (IRl | {zi}izr, (7). (7). 63)]

T
72 0.95% (1 + [|6: — 8l2) + v/p(log p + logn) |6 — 6|2 | {w:}} 17III]
t=1

T
Z 0.95%% (1 + \/ P(6) — P(6)0.95%=0 Lo) + \/p(log p + log n)\/ P(6) — P(

And, because (S%, > ker, Vi (1/9\) are i.i.d., and bounded when conditioned

t
on the data set {z;}"_;, and the events , (74), and (65]), using a union bound
over all matrix entries, and sub-Gaussian concentration inequalities [57] similar to

Lemma s proof, when T' > ((logp + logn) ||§— 0|11 + o+/(log p + log n) log n) log p,

we also have

|5 Slaaal — 57 (L2 (] 8 - y)Pwial ) 87|

o~

~

)0.95%=0 Lo

max

o1



S\/((bgp +1logn)||0 — 6*[|y + o\/(logp + log ) logn> e
i [ E10.95% (14 ([ P(60) — P(8)0.95%1=0 ") + /B(log p + log n)\/ P(6) — P(9)0.95%=0 Li] :

with probability at least 1 — p~©(=1) — u, where we used Markov inequality for
the remainder term.

E.7 Proof of Lemma [

We analyze the optimization problem conditioned on the data set {z;}?_;, which
satisfies Lemma [4| with probability at least 1 — p©(—1) when n > b2 log p.
Because we have

(2] 0 — ;)
=(z] (0~ 0") —;)?
=€} — 2] (6 07) + (] (6 - 9"))”,
we can write
oIS x| — %Zle(xﬁ—yz)?wj
=i Xm0 = ] + T Qe (0 07) = (2] (0 - 0] (70)
Conditioned on {z;}? ;, because ¢; ~ N(0,0?%) are i.i.d., and € is sub-
exponential, using Bernstein inequality [57], we have
2
P, (1- %) wili)ai(k)] > t] {midi ]

2
. t t
Sexp <—” — { maxi<i<n [2:(3)T: (F)]? (maxlgq,gn \wi(j)m(kﬂ) }) ’ (71)

for 1 < j,k < p, where x;(j) is the j** coordinate of x;.
Because each z;(j) is N'(0,0(1)) by our assumptions, using a union bound
over all samples’ coordinates we have

max lz:(j)] S V/1ogp + logn, (72)
155<p

with probability at least 1 — (pn)~©®) .
Combining and , and taking a union bound over all entries of the

matrix 237" (0?2 — €?)x;z; , when n > log p, we have

n 10
max |($320,(0% — D] ) S o*(logp+logn)\[ =2, (73)

1<j,k<p

with probability at least (1 — (pn)~®M)(1 —p= @MW) =1 — (pn)~®M) — p=01),
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Because €; ~ N(0,0?), by a union bound, we have

max || < ov/logn, (74)

1<i<n

with probability at least 1 —n~ 1),

Using (72)), we have
max |z, (9 0*)]

1<i<n

<||9 0*||1 max max |z;(j)]
1<i<n 1<5<p

S50+ 16°111) /222 (log p + log ) S 5 (7 + v/5) /252 (log p + log ), (75)

with probability at least 1 — p~ 1) — (pn)=OW),

Combining , , , , and using , when n > log p, we have

max

1 Ty o2l
(IS @10 - y)Pwa] — LS el )

<02(10gp—|— logn) 10% +os(o+||07])1) (logp + logn)%\/ %
+ 5% (0 + )|0*[l1)* (log p + log n)* 1282 (76)

with probability at least 1 — p~©1) — p=01),
Combining and (65, when n > max{b?, %ﬁ} log p, we have

max
1<j,k<p

SDLZ (02 +os(o+|07]1) \/logp—i— logn\/logn + s2 (o + ||9*||1)2 (logp + logn)y/ hji””) (logp +logn)y/ == logp

<§_1 (%Z?Zl(xjg— yl)Qxla:ZT) Sl _ 4251 (%Z” 15T ) S )

ik

with probability at least 1 — p~©1) — p=01)

F Technical lemmas
F.1 Lemma[5

Next lemma is a well known property of convex functions (Lemma 3.11 of [9]).

Lemma 5. For a « strongly convex and 3 smooth function F(x), we have

<VF($1)—VF($2),.’E1 —.%‘2> Zaojfﬂ ﬂ+

1
>5allz — 223+ %HVF(M) — VF(a2)|[3.

|21 — @23 + 5——IVF(21) — VF(22)]l5
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F.2 Lemma
Next lemma provides a bound on a geometric-like sequence.
Lemma 6. Suppose we have a sequence

ag1 = (1 — mf—d)at + Ot P,

wherea; >0,0<k<1,p>2andd¢€ (%7 1) is the decaying rate.
Then, V1 < s <t we have

1
<C
= pd — 1

(1— """ exp (—KJ (t+1)' = (s+ 1)1_d)> + als_(p_l)dl.

K

1—-d
When we assume that a1, C, k,p,d are all constants, we have
a; = Ot~ =Dy,

Proof. Unrolling the recursion, we have

t—1 t—1 t—1
ar=C> ([ @=ri™ )i +a JJ1-ri™).
i=1 j=i+1 i=1

[1] (2]

Splitting term |[1]| into two parts, we have

t—1 t—1
[[ @—ri=) )i
i=1 \j=i+1
s—1 t—1 t—1 t—1
- IT a=si= i+ > J] a—ri™® | i
i=1 \j=i+1 i=s \j=i+1

For the first part, we have

s—1 t—1

SOOI (1w
i=1 j—it1
<([Ma-r| i
i=s i=1
<=t e (e ) = (5 1))

where we used
S
>
i=r

o4



s+1
§/ u P du
s

—(rt7Pd — (s + 1)1_pd).

For term notice that for 1 < r < s, using 1 —z < exp(—z) when z € [0, 1],
we have

S

[T - i) < exp(—rX, i),

i=r

and using the fact that

s s+1
> i 2/ (u+1)"%du
_ L ((S + 2)1—(1 _ (’I“—f— 1)1—(1)
1-d ’
we have

t—1

H(l —ri~?) <exp (—Hfld(tl_d — 21_d)> .

i=1
For the second part, we have

t—1 t—1

Yo I a—wimy )i
i=s \j=i+1
t—1 t—1
gs*@*l)dz H (1—rj~h i
i1=s Jj=i+1
t—1 t—1
:s*@*l)dlz H (1—rj~H | wi™?
R j=i+1
(p—1)d 1 o c—d
=s H(l—i_Hs(l—m ))
<5~ -1l
K
where we used the fact that
t—1 t—1
S it I @ -ri™%
i=s j=i+1
t—1
=1-JJa-xi%
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<1.

When we assume that a1, C, s, p, d are all constants, setting s = |5 |, we have

a; = Ot~ (P=1d),

G Experiments

G.1 Synthetic data
G.1.1 Low dimensional problems

Here, we provide the exact configurations for linear/logistic regression examples
provided in Table

Linear regression. We consider the model y = ([1,---,1]7 /70, ) + €, where
x ~N(0,%) € R9 and € ~ N(0,0.7%), with 100 i.i.d. data points.

Lin1: We used ¥ = I. For Algorithm [1} we set T' = 100, d, = d; = 2/3,
po = 0.1, L =200, 19 = 20, S, = .5; = 10. In bootstrap we used 100 replicates.
For averaged SGD, we used 100 averages each of length 50, with step size
0.7 (t +1)=*/* and batch size 10.

Lin2: We used ¥;, = 0.417=F1 For Algorithm [1, we set T = 100, d, =
di =2/3, po = 0.7, L =100, 7o = 1, S, = S; = 10. In bootstrap we used 100
replicates. For averaged SGD, we used 100 averages each of length 50, with step
size (t + 1)~*/* and batch size 10.

Logistic regression. Although logistic regression does not satisfy strong
convexity, experimentally Algorithm [1] still gives valid confidence intervals ([26]
recently has shown that SGD in logistic regression behaves similar to strongly
convex problems). We consider the model Ply = 1] = Ply = 0] = 1/ and
x|y ~NO1vio-[1,---,1]T,%) € R° with 100 i.i.d. data points. Because in
bootstrap resampling the Hessian is singular for some replicates, we use jackknife
and solve each replicate using Newton’s method, which approximately needs 25
steps per replicate.

Log1: We used ¥ = I. For Algorithm [1, we set T = 50, d, = d; = 2/3,
po=0.1, L =100, 19 =2,5,=5; =10, §o = 0.01. For averaged SGD, we used
50 averages each of length 100, with step size 2 - (¢ + 1)’2/3 and batch size 10.

Log2: Weused ¥, = 0.4kl For Algorithm we set T =50, d, = d; = 2/3,
po=0.1, L =100, o =5, S, = .5; = 10, 69 = 0.01 For averaged SGD, we used
50 averages each of length 100, with step size 5 - (t + 1)~*/* and batch size 10.
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G.1.2 High dimensional linear regression

For comparison with de-biased LASSO [32], 53], we use the oracle de-biased
LASSO estimator

n n

d . 1 -1 1 T)

Ooracle = fLAsSO + DY (n E Yii — E Tix; 9LASSO> )
i=1 i=1

and its corresponding statistical error covariance estimate

n
o .x! <1 g J:mj) 1,
n
i=1

which assumes that the true inverse covariance ¥ ~! and observation noise
variance o2 are known.
Experiment 1. We use 600 i.i.d. samples from a model with ¥ =1, 0 = 0.7,
0* = [1/v8, -+ ,1/v5,0,---,0]" € R which is 8-sparse.

For our method, the average confidence interval length is 0.14 and aver-
age coverage is 0.83. For the oracle de-biased LASSO estimator, the average
confidence interval length is 0.11 and average coverage is 0.98.

0.4
ceocs8see ©® coordinatesof®’
03 *ee’%e. de-biased LASSO
) e coordinates of 8¢
0.2
0.1
.
(] s .
0.0 cllc:c.l;;0-
L]
0 5 10 15

Figure 3: Comparison of our de-biased estimator and oracle de-biased LASSO
estimator

Experiment 2. We use 600 i.i.d. samples from a model with ¥ =1, 0 = 0.7,
6* = 0 € R199 which is 8-sparse.

Figure [ shows p-value distribution for our method and the oracle de-biased
LASSO estimator.

G.2 Real data
G.2.1 Neural network adversarial attack detection

The adversarial perturbation used in our experiments is shown in Figure[7} It is
generated using the fast gradient sign method [27] Figure [5| shows images in a

o7
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Figure 4: Distribution of two-sided Z-test p-values

“Shirt” example. Figure @ shows images in a “T-shirt/top” example.

Shirt: random Shirt: adversarial

Shirt: original

Figure 5: “Shirt” example

T-shirt/top: random

T-shirt/top: original T-shirt/top: adversarial
0

0
5 5 5
10 10 10
15 15 15
20 20 20
25 25 25
0 10 20 o 10 20 0 10 20

Figure 6: “T-shirt/top” example

G.2.2 High dimensional linear regression

For the vanilla LASSO estimate on the high-throughput genomic data set
concerning riboflavin (vitamin B2) production rate [11], we set A = 0.021864.
Figure [§] and we see that our point estimate is similar to the vanilla LASSO
point estimate.

For statistical inference, in our method, we compute p-values using two-sided
Z-test. Adjusting FWER to 5% signifi-cance level, our method does not find
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Figure 7: Adversarial perturbation generated using the fast gradient sign method

27]

any significant gene. [31], [I1] report that [I0] also does not find any significant
gene, whereas [39] finds one significant gene (YXLD-at), and [31] finds two
significant genes (YXLD-at and YXLE-at). This indicates that our method is
more conservative than [311, 39].

-1 030
025
0.20
015
0.10
0.05
0.00
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«  estimator using thresholded covariance
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Figure 8: Comparison of our high dimensional linear regression point estimate
with the vanilla LASSO estimate
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Abstract

We present a novel method for frequentist statistical inference in M-estimation problems, based on
stochastic gradient descent (SGD) with a fixed step size: we demonstrate that the average of such SGD
sequences can be used for statistical inference, after proper scaling. An intuitive analysis using the Ornstein-
Uhlenbeck process suggests that such averages are asymptotically normal. From a practical perspective, our
SGD-based inference procedure is a first order method, and is well-suited for large scale problems. To show
its merits, we apply it to both synthetic and real datasets, and demonstrate that its accuracy is comparable to
classical statistical methods, while requiring potentially far less computation.

1 Introduction

In M-estimation, the minimization of empirical risk functions (RFs) provides point estimates of the model
parameters. Statistical inference then seeks to assess the quality of these estimates, for example, obtaining
confidence intervals or solving hypothesis testing problems. Within this context, a classical result in statistics
states that the asymptotic distribution of the empirical RF’s minimizer is normal, centered around the
population RF’s minimizer [24]. Thus, given the mean and covariance of this normal distribution, we can
infer a range of values, along with probabilities, that allows us to quantify the probability that this interval
includes the true minimizer.

The Bootstrap [89] is a classical tool for obtaining estimates of the mean and covariance of this distribution.
The Bootstrap operates by generating samples from this distribution (usually, by re-sampling with or without
replacement from the entire data set) and repeating the estimation procedure over these different re-samplings.
As the data dimensionality and size grow, the Bootstrap becomes increasingly —even prohibitively— expensive.

In this context, we follow a different path: we show that inference can also be accomplished by directly
using stochastic gradient descent (SGD) with a fixed step size over the data set. It is well-established that fixed
step-size SGD is by and large the dominant method used for large scale data analysis. We prove, and also
demonstrate empirically, that the average of SGD sequences, obtained by minimizing RFs, can also be used for
statistical inference. Unlike the Bootstrap, our approach does not require creating many large-size subsamples
from the data, neither re-running SGD from scratch for each of these subsamples. Our method only uses first
order information from gradient computations, and does not require any second order information. Both of
these are important for large scale problems, where re-sampling many times, or computing Hessians, may be
computationally prohibitive.

Outline and main contributions: This paper studies and analyzes a simple, fixed step sizzﬂ SGD-based
algorithm for inference in M-estimation problems. Our algorithm produces samples, whose covariance
converges to the covariance of the M-estimate, without relying on bootstrap-based schemes, and also
avoiding direct and costly computation of second order information. Much work has been done on the
asymptotic normality of SGD, as well as on the Stochastic Gradient Langevin Dynamics (and variants) in the
Bayesian setting. As we discuss in detail in Section[d} this is the first work to provide finite sample inference
results, using fixed step size, and without imposing overly restrictive assumptions on the convergence of
fixed step size SGD.

1Fixed step size means we use the same step size every iteration, but the step size is smaller with more total number of iterations.
Constant step size means the step size is constant no matter how many iterations taken.



The remainder of the paper is organized as follows. In the next section, we define the inference problem
for M-estimation, and recall basic results of asymptotic normality and how these are used. Section[3]is the
main body of the paper: we provide the algorithm for creating bootstrap-like samples, and also provide the
main theorem of this work. As the details are involved, we provide an intuitive analysis of our algorithm
and explanation of our main results, using an asymptotic Ornstein-Uhlenbeck process approximation for the
SGD process [12,[18,14}[13,[15], and we postpone the full proof until the appendix. We specialize our main
theorem to the case of linear regression (see supplementary material), and also that of logistic regression.
For logistic regression in particular, we require a somewhat different approach, as the logistic regression
objective is not strongly convex. In Section[d} we present related work and elaborate how this work differs
from existing research in the literature. Finally, in the experimental section, we provide parts of our numerical
experiments that illustrate the behavior of our algorithm, and corroborate our theoretical findings. We do this
using synthetic data for linear and logistic regression, and also by considering the Higgs detection [3] and
the LIBSVM Splice data sets. A considerably expanded set of empirical results is deferred to the appendix.

Supporting our theoretical results, our empirical findings suggest that the SGD inference procedure
produces results similar to bootstrap while using far fewer operations, thereby producing a more efficient
inference procedure applicable in large scale settings where other approaches fail.

2 Statistical inference for M -estimators

Consider the problem of estimating a set of parameters 6* € R? using n samples {X;}" ,, drawn from some

distribution P on the sample space X' In frequentist inference, we are interested in estimating the minimizer
0* of the population risk:

0 = argmin Ep[f(0; X)] = argmln/f (0;x)dP(x (1)
6cRP 6cRP

where we assume that f(-;z) : R? — R is real-valued and convex; further, we use E = Ep, unless otherwise
stated. In practice, the distribution P is unknown. We thus estimate 6* by solving an empirical risk
minimization (ERM) problem, where we use the estimate 6:

0 = argmin — (0; X;) 2
rgmi _Zf 2)

Statistical inference consists of techniques for obtaining information beyond point estimates 0, such as
confidence intervals. These can be performed if there is an asymptotic limiting distribution associated with

8 [25]. Indeed, under standard and well-understood regularity conditions, the solution to M -estimation
problems satisfies asymptotic normality. That is, the distribution \/n(6 — 6*) converges weakly to a normal:

Va0 — %) — N0, H*'G*H* 1), ©)

where H* = E[V2f(6*; X)], and G* = E[Vf(0*; X)Vf(6*; X) "] (Theorem 5.21, [24]). We can therefore use
this result, as long as we have a good estimate of the covariance matrix: H*~'G*H* ', The central goal of
this paper is obtaining accurate estimates for H*~'G*H* .

~ A~

A naive way to estimate H*~'G*H* ! is through the empirical estimator H~'GH~! where:

= ZV 1(6; Xi) and
al P — A~ . A. . T
== ZVf(o,XWf(e, X" 4

Beyond calculating Hand G EI this computation requires an inversion of H and matrix-matrix multiplications
in order to compute H'GH ' —a key computational bottleneck in high dimensions. Instead, our method
uses SGD to directly estimate H—1GH .

21n the case of maximum likelihood estimation, we have H* =G~ which is called Fisher information, thus the covariance of interest
is H*~1 = G* 1. This can be estimated either using HordG.



3 Statistical inference using SGD

In this section, we provide our main results, including the algorithm and its theoretical guarantees. We also
describe its specialization to linear regression and logistic regression.
Consider the optimization problem in (). For instance, in maximum likelihood estimation (MLE), f;(6; X;)
is a negative log-likelihood function. For simplicity of notation, we use f;(6) and f(#) in the rest of the paper.
The SGD algorithm with a fixed step size 7, is given by the iteration

9t+1 =0, — Ngs (9:&)7 (5)

where g,(-) is an unbiased estimator of the gradient, i.e., E[gs(0) | ] = V f(0), where the expectation is w.r.t.
the stochasticity in the g,(-) calculation. A classical example of an unbiased estimator of the gradient is
9s(-) = V f;(-), where j is a uniformly random index over the samples X ;.

Our inference procedure uses the average of t SGD iterations.
Denote such sequences as 6;:

burn in

—_—
1 t 0_p,0_py1,---0_1,00,
bi=23 0, ©) s
¢ i=1 00=4 hoa 0" discarded
1 1 1 1 1 1
()§ ! 9; RN ) 91(/ ) 91(421-‘);422-,“‘ 701(+)d

The algorithm proceeds as follows: Given a sequence of SGD

v
iterates, we use the first SGD iterates 6 _;,0_,.1,...,0p as a PO 02 4@ 4@ 4@
. . . . “" 1> 2 > ) t t+17 29 ’ a
burn in period; we discard these iterates. Next, for each “seg- v e s
ment” of t + d iterates, we use the first ¢ iterates to compute )
97,@ =1 23:1 951) and discard the last d iterates, where i indi- Y
cates the i-th segment. This procedure is illustrated in Figure PO o R gB)  )
m 1 2 I t t+12Yt42s 2y Vt4d
Similar to ensemble learning [17], we use ¢ = 1,2,..., R Figure 1: Our SGD inference procedure
estimators for statistical inference.
N~ VKNV ) A
00 =6+ 75‘[(99 — ). @)
vn

Here, K is a scaling factor that depends on how the stochastic gradient g, is computed. We show examples of
K for mini batch SGD in linear regression and logistic regression in the corresponding sections. In practice,
wecanusef ~ L 6" [5].

Step size 1) selection and length t: Theorem [I|below is consistent only for SGD with fixed step size that
depends on the number of samples taken. Our experiments, however, demonstrate that choosing a constant
(large) n gives equally accurate results with significantly reduced running time. A better understanding of
t’s and 7’s influence requires (conjectured) stronger bounds for SGD with constant step size. Heuristically,
calibration methods for parameter tuning in subsampling methods ([19], Ch. 9) could be used for hyper-
parameter tuning in our SGD procedure. We leave the problem of finding maximal (provable) learning rates
for future work.

Discarded length d: Based on the analysis of mean estimation, if we discard d SGD iterates in every segment,
the correlation between consecutive () and 6(*1) is on the order of C;e~ 2", where C; and C, are data
dependent constants. This can be used as a rule of thumb to reduce correlation between samples from our
SGD inference procedure.

Burn-in period b: The purpose of the burn-in period b, is to ensure that samples are generated when SGD
iterates are sufficiently close to the optimum. This can be determined using heuristics for SGD convergence
diagnostics. Another approach is to use other methods (e.g., SVRG [11]) to find the optimum, and use a
relatively small b for SGD to reach stationarity, similar to Markov Chain Monte Carlo burn in.

3.1 Theoretical guarantees

Next, we provide the main theorem of our paper. Essentially, this provides conditions under which our
algorithm is guaranteed to succeed, and hence has inference capabilities.



Theorem 1. For a differentiable convex function f(0) = 5" | f;(0), with gradient ¥V f(0), let b c R be its

T n

minimizer, according to , and denote its Hessian at @\by H:=V%f (5) . Assume that V0 € RP, f satisfies:

(F1) Weak strong convexity: (6 — §)TVf(0) > olld — 67H§,for constant o > 0,

(Fy) Lipschitz gradient continuity: ||V f(6)|]2 < L||0 — §||2,for constant L > 0,

(F3) Bounded Taylor remainder: ||V f(0) — H(0 — §)H2 < E|6— §||§,for constant E > 0,
(Fy) Bounded Hessian spectrum at 0: 0 < AL <N (H) < Ay < oo, Vi

Furthermore, let gs(0) be a stochastic gradient of f, satisfying:

(G1) Elgs(0) | 6] =V f(0),

(G2)  E[llgs(0)II3 | 6] < Allo — 0|3 + B,

(Gs) E[llg: (0)I3 | 6] < Cll6 — 0113 + D,

(Ga) |[E [9:(0)95(6) 6] = G|, < A1l0 = Bll2 + Azl|0 — B3 + As||o — 63 + Asllo — 63,

for positive, data dependent constants A, B,C, D, A;, fori = 1,...,4. Assume that ||0; — 0|2 = O(n); then for
sufficiently small step size ) > 0, the average SGD sequence in (6) satisfies:

R e

where G = E[gs(a)gs(g)T \ 5]

We provide the full proof in the appendix, and also we give precise (data-dependent) formulas for the
above constants. For ease of exposition, we leave them as constants in the expressions above.

Discussion. For linear regression, assumptions (F}), (F2), (F3), and (F}) are satisfied when the empirical
risk function is not degenerate. In mini batch SGD using sampling with replacement, assumptions (G1), (G2),
(G3), and (G4) are satisfied. Linear regression’s result is presented in Corollary

For logistic regression, assumption (£7) is not satisfied because the empirical risk function in this case is
strictly but not strongly convex. Thus, we cannot apply Theorem [l| directly. Instead, we consider the use
of SGD on the square of the empirical risk function plus a constant; see eq. below. When the empirical risk
function is not degenerate, satisfies assumptions (F}), (F3), (F3), and (Fy). We cannot directly use vanilla
SGD to minimize (13), instead we describe a modified SGD procedure for minimizing in Section
which satisfies assumptions (G1), (G2), (G3), and (G4). We believe that this result is of interest by its own. We
present the result specialized for logistic regression in Corollary 2}

Note that Theorem [I] proves consistency for SGD with fixed step size, requiring 7 — 0 when ¢ — oc.
However, we empirically observe in our experiments that a sufficiently large constant n gives better results.
We conjecture that the average of consecutive iterates in SGD with larger constant step size converges to the
optimum and we consider it for future work.

3.2 Intuitive interpretation via the Ornstein-Uhlenbeck process approximation

Here, we describe a continuous approximation of the discrete SGD process and relate it to the Ornstein-
Uhlenbeck process [21]], to give an intuitive explanation of our results—the complete proofs appear in the
appendix. In particular, under regularity conditions, the stochastic process A, = 6; — 0 asymptotically
converges to an Ornstein-Uhlenbeck process A(t), [12][18] 4, [13][15] that satisfies:

dA(T) = —HA(T) dT + /nG* dB(T), 8)

where B(T) is a standard Brownian motion. Given (§), v/¢(6; — 5) can be approximated as

~

(0: — 0)

M-~

\/l?(ét —5) = %

(3

N tn
= LS (0, - B~ ﬁ/o A(T)dT,

i=1

I
-+ =

©)

3



where we use the approximation that p =~ dT. By rearranging terms in (8) and multiplying both sides by
H~!, we can rewrite the stochastic differential equation (8) as A(T") dT' = —H ' dA(T) + /fH'G 3 dB (T).
Thus, we have

tn

0
— H Y(A(tn) — A(0)) + H G2 B(tn). (10)

After plugging into (9) we have
— SLH N (A(tn) — A(0) + S=H™'G* B(tn).

When A(0) = 0, the variance Var [—1/yvi- H~' (A(tn) — A(0))] = O (/). Since 1/ - H-'G2B(tn) ~
N(0,H'GH™'), when — 0 and ¢t — oo, we conclude that

V@, — 0) ~ N(0, H'GH™Y).

3.3 Exact analysis of mean estimation

In this section, we give an exact analysis of our method in the least squares, mean estimation problem. For n

iid. samples X1, X»,..., X, the mean is estimated by solving the following optimization problem
6= argmml §" X -6l = 1 f:xv
- K3 - 1
St ? ‘on i=1

In the case of mini-batch SGD, we sample S = O(1) indexes uniformly randomly with replacement from [n];
denote that index set as I;. For convenience, we write Y; = % Dic 1, Xis Then, in the ¢ mini batch SGD step,
the update step is

Orp1 =0, — (0, — Y3) = (1 —n)b: + 1Yy, (11)

which is the same as the exponential moving average. And we have

Vil = n\/i(etJrl \[ZY (12)

Assume that [|6; — 9| |2 = O(n), then from Chebyshev’s inequality — (0t+1 61) — 0 almost surely when
tn — oo. By the central limit theorem, - 7 >or ., Y; converges weakly to N(0, I withs = 1y (X -

5) (X; — §)T From (TT), we have || Cov(6,, 0)|l2 = O(n(1 — n)*~*!) uniformly for all a, b, where the constant
is data dependent. Thus, for our SGD inference procedure, we have || Cov (6", 00)) ||y = O(n(1 — n)*+tli=il).
Our SGD inference procedure does not generate samples that are independent conditioned on the data,
whereas replicates are independent conditioned on the data in bootstrap, but this suggests that our SGD
inference procedure can produce “almost independent” samples if we discard sufficient number of SGD
iterates in each segment.

When estimating a mean using our SGD inference procedure where each mini batch is S elements sampled
with replacement, we set K, = S in .

3.4 Linear Regression

In linear regression, the empirical risk function is given by:

1O 1
525 xz_yz )

i=1



where y; denotes the observations of the linear model and x; are the regressors. To find an estimate to 6*, one
can use SGD with stochastic gradient given by:

9sl0:] = % > V(6

i€l

where I; are S indices uniformly sampled from [n] with replacement.

Next, we state a special case of Theorem Because the Taylor remainder Vf(0) — H(6 — @\) = 0, linear
regression has a stronger result than general A/ -estimation problems.

Corollary 1. Assume that ||6; — 67H§ = O(n). We have

oA A 1
tE[(8, — 0 979T7H*1GH*1H < —
| 1@ ~0)@ ~ )T , SV
where H = 25" wal and G = L1 (2] 0 — yi)?xz] .

We assume that S = O(1) is bounded, and quantities other than t and n are data dependent constants.

As with our main theorem, in the appendix we provide explicit data-dependent expressions for the
constants in the result.

-~

Because in linear regression the estimate’s covarianceis - (1 S w,a )1 (2 (2] 0—y,) (2] 6—y,) T) (2 S0, @iz

1
n 7
we set the scaling factor K; = S in (/) for statistical inference.

n

3.5 Logistic regression

We next apply our method to logistic regression. We have n samples (X1,41), (X2,92), ... (X,, yn) where
X, € RP consists of features and y; € {+1, —1} is the label. We estimate 6 of a linear classifier sign(§” X) by:

~

1 n
f = argmin — log(1 4 exp(—y:0 " X;)).
rgmin - ; g (—9:0" X))

We cannot apply Theorem |I|directly because the empirical logistic risk is not strongly convex; it does not
satisfy assumption (F7). Instead, we consider the convex function

n 2
0=} (o4 S 1 owxi))
i=1

wherec >0 (e.g., c=1). (13)
The gradient of f(#) is a product of two terms

V£ = <c + % Zlog (1 + eXP(—yiQTXi))> X

i=1

\4

\Y <711 ilog (1 + exp(—inTXi))> .

=1

e

Therefore, we can compute g, = U, Y, using two independent random variables satisfying E[¥, | 6] = ¥ and
E[Y, | 8] = Y. For Y, we have T, = i ierx Viog(1+ exp(—y:0' X;)), where I, are Sy indices sampled
from [n] uniformly at random with replacement. For ¥, we have ¥, = ¢ + é Yie I log(1 +exp(—y:0" X;)),
where I}Y are Sy indices uniformly sampled from [n] with or without replacement. Given the above, we have
V()T (0 —0) > || — 0|3 for some constant « by the generalized self-concordance of logistic regression
[1, 2], and therefore the assumptions are now satisfied.

For convenience, we write k(6) = 1 Y7  k;(0) where k;(0) = log(1 + exp(—y:0" X;)). Thus f(0) =

T n

(k(0 + ¢)2, E[W, | 0] = k(0) + ¢, and E[Y, | 6] = VK(0).

T
%

)7,



Corollary 2. Assume ||, — §||§ = O(n); also Sy = O(1), Sy = O(1) are bounded. Then, we have
HtJE [(ét — )6, — é)T] —aen

SV 5+t

where H = V2f(0) = (c + k(0))V2k(). Here, G = 3~Kq(0)L 327, Vki(0)ki(0)T with Ka(0) = E[T(6)?]
depending on how indexes are sampled to compute W :

o with replacement: Ka(0) = 5=(+ 30, (c+ ki(6))%) + 2= (c + k(0))*,

_Se—1
* no replacement: K¢ (0) = ls%(% S (e+ki(0)%) + S§;1 o (c+ k().

Quantities other than t and 7 are data dependent constants.

As with the results above, in the appendix we give data-dependent expressions for the constants. Simula-
tions suggest that the term ¢n? in our bound is an artifact of our analysis. Because in logistic regression the

25(9)) "t n YT (T ~\ 1 R
estimate’s covariance is (" kf)) (Zi=1 Vk*fwklw) ) (VQk(H)) , we set the scaling factor K = %
G

in (7)) for statistical inference. Note that K, &~ 1 for sufficiently large Sy.

4 Related work

Bayesian inference: First and second order iterative optimization algorithms — including SGD, gradient descent,
and variants — naturally define a Markov chain. Based on this principle, most related to this work is the case
of stochastic gradient Langevin dynamics (SGLD) for Bayesian inference — namely, for sampling from the
posterior distributions — using a variant of SGD [26) (6} [15][16]. We note that, here as well, the vast majority of
the results rely on using a decreasing step size. Very recently, [16] uses a heuristic approximation for Bayesian
inference, and provides results for fixed step size.

Our problem is different in important ways from the Bayesian inference problem. In such likelihood
parameter estimation problems, the covariance of the estimator only depends on the gradient of the likelihood
function. This is not the case, however, in general frequentist }/-estimation problems (e.g., linear regression).
In these cases, the covariance of the estimator depends both on the gradient and Hessian of the empirical risk
function. For this reason, without second order information, SGLD methods are poorly suited for general
M-estimation problems in frequentist inference. In contrast, our method exploits properties of averaged
SGD, and computes the estimator’s covariance without second order information.

Connection with Bootstrap methods: The classical approach for statistical inference is to use the bootstrap
[9,122]. Bootstrap samples are generated by replicating the entire data set by resampling, and then solving the
optimization problem on each generated set of the data. We identify our algorithm and its analysis as an
alternative to bootstrap methods. Our analysis is also specific to SGD, and thus sheds light on the statistical
properties of this very widely used algorithm.

Connection with stochastic approximation methods: It has been long observed in stochastic approximation
that under certain conditions, SGD displays asymptotic normality for both the setting of decreasing step size,
e.g., [14,20], and more recently, [23| [7]]; and also for fixed step size, e.g., [4], Chapter 4. All of these results,
however, provide their guarantees with the requirement that the stochastic approximation iterate converges
to the optimum. For decreasing step size, this is not an overly burdensome assumption, since with mild
assumptions it can be shown directly. As far as we know, however, it is not clear if this holds in the fixed step
size regime. To side-step this issue, [4] provides results only when the (constant) step-size approaches 0 (see
Section 4.4 and 4.6, and in particular Theorem 7 in [4]). Similarly, while [13] has asymptotic results on the
average of consecutive stochastic approximation iterates with constant step size, it assumes convergence of
iterates (assumption A1.7 in Ch. 10) — an assumption we are unable to justify in even simple settings.

Beyond the critical difference in the assumptions, the majority of the “classical” subject matter seeks to
prove asymptotic results about different flavors of SGD, but does not properly consider its use for inference.
Key exceptions are the recent work in [23] and [7], which follow up on [20]. Both of these rely on decreasing
step size, for reasons mentioned above. The work in [7] uses SGD with decreasing step size for estimating
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Figure 2: Estimation in univariate models.

an M-estimate’s covariance. Work in [23] studies implicit SGD with decreasing step size and proves results
similar to [20], however it does not use SGD to compute confidence intervals.

Overall, to the best of our knowledge, there are no prior results establishing asymptotic normality for SGD
with fixed step size for general M-estimation problems (that do not rely on overly restrictive assumptions, as
discussed).

5 Experiments

5.1 Synthetic data

The coverage probability is defined as % P P[6r € C;] where #* = arg ming E[f (0, X)] € R?, and C; is the
estimated confidence interval for the i™" coordinate. The average confidence interval width is defined as
% P (Cr—C!) where [C!, C] is the estimated confidence interval for the i coordinate. In our experiments,
coverage probability and average confidence interval width are estimated through simulation. We use the
empirical quantile of our SGD inference procedure and bootstrap to compute the 95% confidence intervals
for each coordinate of the parameter. Because theoretical justifications of our SGD inference procedure do not
yet deal with pivotal quantities, here we have not included such comparisons. For results given as a pair
(o, 3), it usually indicates (coverage probability, confidence interval length).

5.1.1 Univariate models

In Figure 2} we compare our SGD inference procedure with (i) Bootstrap and (ii) normal approximation with
inverse Fisher information in univariate models. We observe that our method and Bootstrap have similar
statistical properties. Figure[8|in the appendix shows Q-Q plots of samples from our SGD inference procedure.
Normal distribution mean estimation: Figure 2al compares 500 samples from SGD inference procedure and
Bootstrap versus the distribution N'(0,1/n), using n = 20 i.i.d. samples from N(0, 1). We used mini batch
SGD described in Sec. For the parameters, we used = 0.8,t = 5, d = 10, b = 20, and mini batch
size of 2. Our SGD inference procedure gives (0.916 , 0.806), Bootstrap gives (0.926 , 0.841), and normal
approximation gives (0.922 , 0.851). Exponential distribution parameter estimation: Figure [2b|compares 500
samples from inference procedure and Bootstrap, using n = 100 samples from an exponential distribution
with PDF Ae~** where A = 1. We used SGD for MLE with mini batch sampled with replacement. For the
parameters, we used n = 0.1, t = 100, d = 5, b = 100, and mini batch size of 5. Our SGD inference procedure
gives (0.922, 0.364), Bootstrap gives (0.942 , 0.392), and normal approximation gives (0.922, 0.393). Poisson
distribution parameter estimation: Figure 2c|compares 500 samples from inference procedure and Bootstrap,
using n = 100 samples from a Poisson distribution with PDF A*e~** where A = 1. We used SGD for MLE
with mini batch sampled with replacement. For the parameters, we used n = 0.1, ¢ = 100, d = 5, b = 100, and
mini batch size of 5. Our SGD inference procedure gives (0.942 , 0.364), Bootstrap gives (0.946 , 0.386), and
normal approximation gives (0.960 , 0.393).



n t =100 t = 500 t = 2500 n t =100 t = 500 t = 2500

0.1 (0.957,441)  (0.955,4.51)  (0.960, 4.53) 0.1 (0.949,4.74)  (0.962,491)  (0.963,4.94)
0.02 (0.869,3.30)  (0.923,3.77)  (0.918,3.87)  0.02 (0.845,3.37)  (0.916,4.01)  (0.927,4.17)
0.004  (0.634,2.01)  (0.862,320)  (0916,370)  0.004  (0.616,2.00)  (0.832,3.30)  (0.897,3.93)

(a) Bootstrap (0.941, 4.14), normal approximation (0.928, 3.87)

(b) Bootstrap (0.938, 4.47), normal approximation (0.925, 4.18)

Table 1: Linear regression. Left: Experiment 1, Right: Experiment 2.

n t =100 t =500 t = 2500 n t =100 t =500 t = 2500
0.1 (0.872,0204)  (0.937,0.249)  (0.939,0.258) 0.1 (0.859,0206)  (0.931,0.255)  (0.947,0.266)
0.02 (0.610,0.112)  (0.871,0.196)  (0.926,0.237)  0.02 (0.600,0.112)  (0.847,0.197)  (0.931,0.244)
0004  (0.312,0.051)  (0.596,0.111) (0.86,0.194)  0.004  (0.302,0.051)  (0.583,0.111)  (0.851,0.195)

(a) Bootstrap (0.932, 0.253), normal approximation (0.957, 0.264)

(b) Bootstrap (0.932, 0.245), normal approximation (0.954, 0.256)

Table 2: Logistic regression. Left: Experiment 1, Right: Experiment 2.

5.1.2 Multivariate models

In these experiments, we set d = 100, used mini-batch size of 4, and used 200 SGD samples. In all cases, we
compared with Bootstrap using 200 replicates. We computed the coverage probabilities using 500 simulations.

Also,wedenote 1, =[1 1 ... 1] " € RP. Additional simulations comparing covariance matrix computed
with different methods are given in Sec. [B.1.2]

Linear regression: Experiment 1: Results for the case where X ~ N (0,1) € R0, Y = wTX +¢6, w* =
1,/+/p, and € ~ N'(0,0? = 10?) with n = 100 samples is given in Table Bootstrap gives (0.941, 4.14), and
confidence intervals computed using the error covariance and normal approximation gives (0.928, 3.87).
Experiment 2: Results for the case where X ~ NV (0,%) € RY, 5, = 0.3/ V = w*TX + ¢, w* = 1,//p, and
€ ~ N(0,0% = 102) with n = 100 samples is given in Table Bootstrap gives (0.938, 4.47), and confidence
intervals computed using the error covariance and normal approximation gives (0.925, 4.18).

Logistic regression: Here we show results for logistic regression trained using vanilla SGD with mini
batch sampled with replacement. Results for modified SGD (Sec. are given in Sec. Experiment 1:
Results for the case where P[Y = +1] = P[Y = —1] =1/2, X | Y ~ N(0.01Y1,//p,I) € R'"Y with n = 1000
samples is given in Table 2a} Bootstrap gives (0.932, 0.245), and confidence intervals computed using inverse
Fisher matrix as the error covariance and normal approximation gives (0.954, 0.256). Experiment 2: Results
for the case where P[Y = +1] = P[Y = —1] = 1/2, X | Y ~ N(0.01Y1,//p, %) € R, &;; = 0.2I"~7] with
n = 1000 samples is given in Table Bootstrap gives (0.932, 0.253), and confidence intervals computed
using inverse Fisher matrix as the error covariance and normal approximation gives (0.957, 0.264).

5.2 Real data

Here, we compare covariance matrix computed using our SGD inference procedure, bootstrap, and inverse
Fisher information matrix on the Higgs data set [3] and the LIBSVM Splice data set, and we observe that they
have similar statistical properties.

5.2.1 Higgs data set

The Higgs data setE] [3] contains 28 distinct features with 11,000,000 data samples. This is a classification
problem between two types of physical processes: one produces Higgs bosons and the other is a background
process that does not. We use a logistic regression model, trained using vanilla SGD, instead of the modified
SGD described in Section 3.5

3https://archive.ics.uci.edu/ml/datasets/HIGGS
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Figure 3: Higgs data set with n = 200
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Figure 4: Higgs data set with n = 50000

To understand different settings of sample size, we subsampled the data set with different sample
size levels: n = 200 and n = 50000. We investigate the empirical performance of SGD inference on this
subsampled data set. In all experiments below, the batch size of the mini batch SGD is 10.

In the case n = 200, the asymptotic normality for the MLE is not a good enough approximation. Hence,
in this small-sample inference, we compare the SGD inference covariance matrix with the one obtained by
inverse Fisher information matrix and bootstrap in Figure

For our SGD inference procedure, we use ¢ = 100 samples to average, and discard d = 50 samples. We
use R = 20 averages from 20 segments (as in Figure[I). For bootstrap, we use 2000 replicates, which is much
larger than the sample size n = 200.

Figure [3[shows that the covariance matrix obtained by SGD inference is comparable to the estimation
given by bootstrap and inverse Fisher information.

In the case n = 50000, we use t = 5000 samples to average, and discard d = 500 samples. We use R = 20
averages from 20 segments (as in Figure[T). For this large data set, we present the estimated covariance of
SGD inference procedure and inverse Fisher information (the asymptotic covariance) in Figure [# because
bootstrap is computationally prohibitive. Similar to the small sample result in Figure 3} the covariance of our
SGD inference procedure is comparable to the inverse Fisher information.

In Figure 5] we compare the covariance matrix computed using our SGD inference procedure and inverse
Fisher information with n = 90000 samples . We used 25 samples from our SGD inference procedure with
t = 5000, d = 1000, n = 0.2, and mini batch size of 10.

5.2.2 Splice data set

The Splice data setcontains 60 distinct features with 1000 data samples. This is a classification problem
between two classes of splice junctions in a DNA sequence. Similar to the Higgs data set, we use a logistic
regression model, trained using vanilla SGD.

4https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
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Figure 5: Higgs data set with n = 90000
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Figure 6: Splice data set

In Figure [, we compare the covariance matrix computed using our SGD inference procedure and
bootstrap n = 1000 samples. We used 10000 samples from both bootstrap and our SGD inference procedure
with ¢ = 500, d = 100, n = 0.2, and mini batch size of 6.
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(a) Original “0”: logit -46.3, (b) Adversarial “0”: logit 16.5,
CI (-64.2,-27.9) CI(-10.9, 30.5)

Figure 7: MNIST

5.2.3 MNIST

Here, we train a binary logistic regression classifier to classify 0/1 using perturbed MNIST data set, and
demonstrate that certain adversarial examples (e.g. [10]) can be detected using prediction confidence intervals.

For each image, where each original ﬁaixel is either 0 or 1, we randomly changed 70% pixels to random
P[1]|image]

numbers uniformly on [0, 0.9]. Figure Blofmage]

shows each image’s logit value (log ) and its 95% confidence

interval (CI) computed using our SGD inference procedure.
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5.3 Discussion

In our experiments, we observed that using a larger step size 1 produces accurate results with significantly
accelerated convergence time. This might imply that the 1) term in Theorem[If's bound is an artifact of our
analysis. Indeed, although Theoremonly applies to SGD with fixed step size, where it — oo and 7t — 0
imply that the step size should be smaller when the number of consecutive iterates used for the average is
larger, our experiments suggest that we can use a (data dependent) constant step size 1 and only require
nt — 0.

In the experiments, our SGD inference procedure uses (¢ + d) - S - p operations to produce a sample, and
Newton method uses n- (matrix inversion complexity = Q(p?))-(number of Newton iterations ¢) operations
to produce a sample. The experiments therefore suggest that our SGD inference procedure produces results
similar to Bootstrap while using far fewer operations.
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A Proofs

A.1 Proof of Theorem

We first assume that 6; = 6 for more precise constants in our bounds, the same analysis applies when ||6; ||3
For ease of notation, we denote

~

Ay =0,—0, (14)
and, without loss of generality, we assume that 6 = 0. The stochastic gradient descent recursion satisfies:

Ory1 =0 —7n- gs(ﬂt)
=0, —n-(gs(0:) — Vf(0:) +VI(6))
=0r—n-Vf(0)—n-e,

where e; = g,(0:) — Vf(6,). Note that ei, e, ... is a martingale difference sequence. We use

~

g =Vf(0) and  H; = V2f(0) (15)

to denote the gradient component at index 4, and the Hessian component at index ¢, at optimum 0, respectively. Note that
> gi=0and 2> H, = H.
For each f;, its Taylor expansion around 6 is

Y ~ 1 Y ~ ~
fi(0) = £:(0) + g/ (6 — ) + 5(9 —0)"Hy(6 - 6) + Ri(6,0), (16)
where R; (6, é\) is the remainder term. For convenience, we write R = % > R;.
For the proof, we require the following lemmata. The following lemma states that E[| A¢||3] = O(n) as t — oo and n — 0.
Lemma 1. For data dependent, positive constants o, A, B according to assumptions (Fy) and (G2) in Theorem 1, and given assumption

(G1), we have

_ B
E[llad3] < (1= 20m + Ayt an ) + 5 (17)

a— An’
; 2
under the assumption n < =¢.

Proof. As already stated, we assume without loss of generality that 6 = 0. This further implies that: g5(6,) = gs(0; —@\) = gs(Ay),
and

App1 = Ap — - gs(Ap).
Given the above and assuming expectation E[-] w.r.t. the selection of a sample from {X;}}-,, we have:
E[[[Aell3 | A =E A —ngs(Ao)[13 | Ad]
=E A3 | A + 77 E [llgs (A3 | Ae] — 20~ E [g5(Ae) " A | Ay
= Az + 77 E [llgs (A3 | Ac] =20+ V(A TA,
(@)
< A +0 - (A A3+ B) =20 - al| A3
= (1—20m + A*) | A[l3 + n*B. (18)
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where (4) is due to assumptions (F;) and (G2) of Theorem 1. Taking expectations for every step t = 1, - over the whole history,

we obtain the recursion:
t—1
E [[|Aall3] < (1= 2an+ An?)' A3+ 9B (1 — 2an + Ap?)’
i=0

_ 1—(1—2an+An?)t
= (1= 2an + An?)' M| A3 + n?B - G20 ar)

< (1= 2an + A?) A3 + 522

The following lemma states that E[||A;[|3] = O(n?) as t — oo and  — 0.
Lemma 2. For data dependent, positive constants a, A, B, C, D according to assumptions (F1), (G1), (Gz) in Theorem 1, we have:
E[|Adl[2] (1 — an + A(6n* +20°) + B(3n +n?) + C(20° + 1)) | Al

N BEn* +n*) + D2n* + n°) (19)
4o — A(6n +2n2) — B(3+1n) — C(2n% +n3)

Proof. Given A, we have the following sets of (in)equalities:

E [|Assall3 | A
=E [HAt - 779s(At)||12l | At]
=E [(”AtH% =20 g5(A0) T AL+ 0 |lgs(A)]13)? | At]
=E[[[Ac]l3 +40%(95(A0) TA)* + 1195 (A0)lI2 — 47 - g5 (D) TA A3
+ 2772 ’ ”gs(At)Hg”At”% - 4773 : gS(At)TAtHgS(At)H% | At}

(i)
<E[[|Adllz +47* - lgs (A3 - A3 + 1" llgs (Do)l — 47 9s(Ae) T Al A3
+20% - [lgs (Ao 13 - 1ANZ + 207 - (lgs (D)1 + 1A[Z) - [lgs(Ae)lI3 | Ae]

(i)
<E[|A)13 + 20° +n*)lgs(Ae) 15 + (60 + 20°)[|gs (A Z 143 | Ar] — dan||Ac]l3

(i)
< (1 —dan)[[Adllz + (60% +20°) (A A3 + B) | A3 + (20° + ") (CllAl; + D)

=(1—4dan+ A(67° +20°) + C(20° + ") || A3 + B(6n° + 20%)[| A]3 + D(20° + n*)

(iv)
< (1 —dan+ A67° +20°) + C(20° + ")) - 1Az + BB +7°)(0* + |1Adl3) + D(2n° + )

=(1 —dan + A(6n* +20°) + BB +n*) + C20° + 1) - [ A3 + Bn* (30 +n*) + D(2n* +117), (20)
where (i) is due to (gs(A¢) TA)? < [lgs(A)[|3 - [|A¢]13 and —2g:(A) TA: < |lgs(A0)|13 + ||A¢]|3, (i7) is due to assumptions (G1)

and (F}) in Theorem 1, (4ii) is due to assumptions (Gz) and (G3) in Theorem 1, and (iv) is due to 2n||A||3 < 7% + [|A¢|l3.
Similar to the proof of the previous lemma, applying the above rule recursively and w.r.t. the whole history of estimates, we
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obtain:

E [[[Asi1ll3] < (1 —4an+ A6r° +20°) + BBy +1°) + C(20° + ") Adl3
t—1 .
+ (B*(3n+1°) + D20 + 1) - > (1 —4an+ A(6n* + 20°) + B3+ n*) + C(20° + "))’
=0
< (1 —dan + A(60° +20°) + BBy +0°) + C20° + )" Adll
N Bn*(3n+n*) + D29 +n*)
dan — A(6n* + 213) — B(3n +n?) — C(2n® +n*)’

which is the target inequality, after simple transformations. O

For SGD, we have

Ap =T —=nH)Ar—1 —n(VR(A¢—1) +et-1)
t—1
= (I=nH)"'Ay—n Y (I =nH)""" " (e; + VR(A))). (21)
=1

Fort > 2,

1 t—1 j

Ay =0 N (I —nHY " (e; + VR(A))). (22)

j=1i=1

(I - (1 —nH)) Hn

For the latter term,

nzi(f —nHY ~"(ei + VR(A)))
- ;<_<I — nHY)(e: + VR(A)
=3 (= H) O e+ VR(AY)
—H! f ei+ H § VR(A;) —H™? S(I —nH)"""(e; + VR(A:))

i=1 i=1 i=1

OH 1S e, + H 'S VR(A,) + H (I - nH)%(At = ([ =nH)""Ay), @3)

where step (i) follows from the fact 3/—} (I — nH)'"i(e; + VR(A;)) = (I — nH) 3 (A — (I —nH)"" Aq).
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Thus, we have

1 H-!

%(1— (I —nH)")

1 t—1
— fH_l €;
il

VA, = Ay

1 t—1
- —H 'Y VR(A))
=
1 1
— —H "I -nH)=(A— (I —nH)'" ' Ay). 24
N (I—-n )Tl( t— I —nH) 1) (24)
In the statement of the theorem we have A; = 0 (however similar bounds will hold if || A1 |3 = O(7)), thus for above terms
we have

1 H!
— (I — (I —nH)! Ay =0, 25
\/i( (I —nH)") 1 (25)
Bfl|— HY(1 — nH) = (A, — (1 - nH) " A2
NG 7 ?
1—nio . [1A3
< E
- AL | n*t ]
1-niy 1 2\t—1 2 Bn
< —(1-2 An?)t1A _ 20
< 77gt(( am + An?) | 1||2+2047A77)
<1—’I7AU B
T AL (2o — An)
1
= — ). 2
O(tn) (26)
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||J IZVR

i%(z IVR(A)]2)?]
g2 =l

Bl 128)

E2 t—1
<5 (= DELY A0
i=1
t—1

E2t

T > (1= 4dan + A@6n° + 21°) + C(20° + 1) AL]13 +

_/\Lt_lizl

_E> B@»+7°) + D2 +1°)
T AL da— A6y +212) — C(2n% + )
=0(tn?).

For the term — L H~ 1 Zl | €i, we have

1 t—1
E[| - —tH*1 ZeiH%]

Z (Ll
L
—TUZ [lgs(A:) = VF(A)]13]

<27Z [llgs (A)]I3] +ZEHW’ 2)13])

t—1
<2 (- )8+ (A+ 1) Y [A3)

i=1
t—1

A
<2 (¢~ DB+ (A+ 12) (1~ 20 + AP) AR +

i=1

t—1 Bn
=\ —— (B + (A + L?

=0(1),
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B@3n* +7°) + D2n* + 1)

— A(6n +2n?%) —

Bn

)

C@n®+n?)

)

(27)

(28)



where step (i) follows from i # j leading to E[(H 'e;) " H 'e;] = 0. We also have

1 B t—1 1 B t—1
E[(*EH 1;&)(*%11 lgei)T]
:1H‘1(;E[eieﬂ)H—1. (29)

For each term Ele;e; |, we have

|Elese; | — Gl
=[|E[gs(A:)gs(A:) ] = E[(VF(A))(VF(A)) ] = G2
SE[HVf(Av)”%] + E[A1||Ad]l2 + A2||A7:H§ + ASHAng + A4HAiH3]
A
<LZE[||Aql13] + Ary/E[I|A:113] + AE[||Aql[3] + 73]E[HA7;II§ + [1A]I3) + A4E[|As ]3]

A A
=A/EI A3 + (1 + Az + B[ A + (5 + A)E[ Adll3]

B A B
SAl\/a = 20m + AP) M Al + o ann + (L2 4 Ay + 2 (1 = 20m + An*) | A3 + ﬁ)

B@3n* +n°) + D(2n* +n°) )
a— A(6n+2n%) — C(2n% +n3)

_ . | Bn 2 Az, By As B(3n* +n°) + D21 + n°)
= 200 — An L7+ A+ 2 )2a — An + 2 +A4)4a — A(6n+2n2) — C(2n2 +n3)’ (30)

Thus, we have

A
+ (5 + Aa)((1 = dan + A6 +20°) + C2° +0") M All3 + 5

t—1
1
I$H (S Blewe] D = H'GH
=1

1
< IHGH 3

t—11 Bn As. Bp As B@3n* 4+ 1) + D20 + n°)
L (A L4 Ay 4 22 2304
T A%( ' 2a—A77+( A2 2)2a—An+(2 " 4)4a—A(6n+2n2)—C(2n2+n3))

=0(vn)- (31)
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For convenience, denote

1 H!
50:7(1—([—UH)t) Al,
1 1
Oy =——H (I —nH)=(A, — (I —nH)'tAY),
1 NG ( n )77( t ( n ) 1)
1 t—1
O,=——H 1Y VR(A),
1 t—1
O3 =——H! 32
3 7 ;e (32)

and we have ]E[tAtAt] = E[(DO + 0, + 02 + Dg)(DO + 0 + 02 + |:|3)T].
Combining above results, we can bound
[E((0, — 0)(0r = )] = HT'GH |2
:HE[(DO + 0 + 0 + Dg)(‘jo + 0+ 00 + Dg)T] — HﬁlGH71||2
=|E[0s05] - H'\GH ' + E[O3(0o + 0y + o) " + (Do + 0Oy +0p)03 4 (Do + Oy + Oa) (Do + 01 + o) Tl

SIEC0; ] — HT'GH ™|z + \/E[Ilﬂzllg](E[IIDo\lg} +E[[|DI3] + E[|D2113) + E[ID0ol13] + E[IO113] + E[C2]13]

/1
SVt n + tn?. (33)

Here we have used the fact that for two p-dimensional random vectors a and b, the expectation of the matrix ab' satisfies

IE[ad"]ll2 < y/Elllal3IE[Ib]3] < %E[Ilallg] +E[b3]- (34)

Indeed, for any fixed unit vector u we have |[Efab"Jullz = ||[E[a(b"w)]ll2 < E[l|all2bTu|] < E[||all2||b]l2] < /E[llal2]E[||b]3]-
Here we used the fact ||E[z]||2 < E[||x||2] because ||z||2 is convex.
|

A.2  Proof of Corollary ]|
Proof of Corollary [T} Here we use the same notations as the proof of Theorem [1}

Because linear regression satisfies V f () — H(6 — 5) = 0, we do not have to consider the Taylor remainder term in our
analysis. And we do not need 4-th order bound for SGD.

Because the quadratic function is strongly convex, we have ATV f(A + 6) > A|Al
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By sampling with replacement, we have

E[l|gs(0:)113 | 6]
=V £ O3 + Elllecll3 | 6¢]

IV IO+ g S IVHEIE ~ IVFBI3)

1 1
<L(1- *)”At”z lzi (2 6 — y)ll3

1 1 ~
=L*(1- *)||At||2 |2z Ay + ziz] 0 — yixs||3
1 1

<12(1- f>||At||2+2S

(lziz] Aell3 + IIMCT@— yiwil3)

(20— )+ 255 S D IAE +2g - 3 o] 8 - il

We also have
IE[gs (6)gs(6) " | 6] = G2
—HWZVL fz )T = VOVIO) -Gl
<IVFO)3 + *H val )fi(0)" = G2
<IVFO)3 + gH; > (gi + Hid)(gi + HiA)" = G2

1.1
<IVFOIE+ 5ll= > Hidg +giATH; + HAATHilla

1 2 1.1
<IVFOIE + 5 ClIHlllg:2) 1Al + 5 ZIIHII A3

12
<gClIH2llgill2)All2 +( L2+**ZHHH A3,

where ¢; = :cz(xja— yi) and H; = z;z; .
Following Theorem([I[s proof, we have

tE[(0, — 0)(0; —0)T] — H'GH Yo < Vi + —.
[LE[(0: — 6)(6: — 0) '] 2 < v i
A.3 Proof of Corollaryz

Proof of Corollary 2} Here we use the same notations as the proof of Theorem [1}
Because V2f(0) = VE(O)VE(O) " + (k(0) + ¢)V2k(0), f(0) is convex.
The following lemma shows that V f(0) = (k(6) + ¢)Vk(8) is Lipschitz.

Lemma 3.
IV(O)ll2 < LI|All2

for some data dependent constant L.
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Proof. First, because

1 —YiT;
Vk(0) = n Z 1+ exp(y:07z;)’

we have

IVE@)I2 < Z [[23]l2-

Also, we have

1 GXP(%‘@T%)
2 = T
< ;anzn%

which implies
11 )
IVE@)llz < 7~ > lalBIA]:
n
And, we have
1
— =N oe(1 ATz — 00 2
k(0) == log(1 + exp(—y: AT, — il 1))
1
<= 3 log(1 + exp(faill2|Alls — 50 1))
(11
== > " (log(1 + exp(—yif " 7)) + [|il2]| All2)

where step (i) follows from log(1 + exp(a + b)) < log(1 + €°) + |a|. Thus, we have

IV £O)ll2
=/(k(0) + ¢)VE(6)]|2
<k(O)[[VEO)2 + cl[VE(O)]2

1 5T
<(e+ > log(1 + exp(—yif " 2:)) [ VE(O)]|2 + ( Z [ill2)
and we can conclude that ||V f(0)|2 < L||A||2 for some data dependent constant L.

Next, we show that f(6) has a bounded Taylor remainder.

Lemma 4.
IV f(0) — H(O—0)||2 < E]|6 - ]2,

for some data dependent constant E.
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(41)
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Proof. Because V f(0) = (k(0) + ¢)Vk(8), we know that |V f(0)||2 = O(]|All2) when ||A|2 = ©(1) where the constants are data
dependent.

Because f(6) is infinitely differentiable, by the Taylor expansion we know that |V f(0) — H(8 — 92 = O(]|6 — 6)|2) when
IAll2 = O(1) where the constants are data dependent.
Combining the above, we can conclude ||V f(0) — H(0 — 0)||2 < E||0 — 6|3 for some data dependent constant E.

O
In the following lemma, we will show that Vf(8) T (6 — é\) > ol — 9] |3 for some data dependent constant «.
Lemma 5.
VHO)T(0-9) > o0 - 0], (46)
for some data dependent constant c.
Proof.
VIO TA = (k(0) +c)VE(O) TA. (47)
First, notice that locally (when ||A||> = O(3&)) we have
VE@O) A Z ATHAZ AL|AJS, (48)

because of the optimality condition. This lower bounds V f(0)" (6 — 5) when [|A[[> = O(3%). Next we will lower bound it
when ||Al]l2 = Q(%)
Consider the function for ¢ € [0, 00), we have
g(t) = V(O +ut)Tut
= (k(0 + ut) + ¢)VE(® + ut) Tut
= k(0 + ut)VEO + ut) Tut + cVE(@ + ut) Tut, (49)

A
where u = .
[I1A]l2

Because k(6) is convex, V(6 + ut) Tu is an increasing function in ¢, thus we have VE(O 4 ut) Tu = Q(%) when t = Q(3L).

And we can deduce VE(f + ut) Tut = Q(%t) when t = Q(3%).
Similarly, because k() is convex, k(§ + ut) is an increasing function in ¢. Its derivative Vk(§+ ut)u = Q(%) when

t = Q(3%). So we have k(6 + ut) = Q(%t) when t = Q(3%).
Thus, we have

R R 4
k(O + ut)VE(O + ut) "ut = Q(%ﬁ), (50)

when ¢ = Q({£).
And we can conclude that Vf(8)T (6 — 8) > |6 — |2 for some data dependent constant o = Q(min{Ay,, %42‘}) O
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Next, we will prove properties about g5 = ¥, Y.

E[I T3 | 6] = é(%z IVE@)Z — [TEO)I2) + [VEO)]2

1
< ||z lI2 1
Sl 61)
E[V?]
()1
<= k;(6))2
<3 e+ k()
1 oT 2
- log(1 —yit) @ — yi Az
nZ(C+ og(1 +exp(—yif z; — yiAz;)))
S S PN + D (e log(1 + exp(—yid ), 52)
S X o

where (i) follows from E[(=5—2)?] < ]E[%X’z] and (ii) follows from log(1 + exp(a + b)) < log(1 + €%) + |a|.

Thus we have
Elllgsll3(0) | 6]
=E[W? | GIE[||T]|5 | 0]
sAlAlz + B (53)

for some data dependent constants A and B.

E[I T | )
B[l 3 Viog(1 + exp(-y:0 )4
i€l
<B[(g- 3 IV log(1 + exp(-3i6 7))
iery
<El(g- Y loill)"

ierr

1
<= llill3. (54)

E[w
LS et k(o))

n

1
= Z(C +1log(1 + exp(—yif ' z; — yiAxy)))*

(D1 1
S - 2 Nl AL + — 3 (e + log(L + exp(—yif @), (55)
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g X

S
where (i) follows from E[(=2—")*] < ]E[Z]TlX] and (ii) follows from log(1 + exp(a + b)) < log(1 + €°) + |al.

Thus we have

E[l|gs]12(6) | 6]
=E[¥* | JJE[|T]|2 | 6]
<CAl; + D,
for some data dependent constants C' and D.
”E[VQS(H)VQS(H)T} - G||2
1
<IKG(0) - SO VROVE(D) T~ Ko@) S k@) VE(D)
1 1 PN
<|IKa(0)— > VEi(O)VE(©) " - KG(H)E > VEO)VE(0)" + Ka(0)~ Z VEi(0)Vki(6)" Z VEi(
1 ~
<Ka(O)~ | S (VR(OVE(®) "~ VE@)Tk(B) )2 + [Ka(6) - Ko@)l 3 Vhil ) ll2-

Because
Kg(0) = O(1+ [|All2 + [IA]3),
%II > (VE(O)VE(0)T = VE:(0)VE:(0) )l = O A2 + [ A]3)
| K6(0) = Ka(0)] = (Al + [ A3)

where we have data dependent constants.
Then, we have

IE[gs(0)gs(0)T | 6] — Glla < A1]|0 — 8l|2 + As]|0 — BII2 + As]|0 — BII3 + A4]l0 — G]|3,

for some data dependent constants A, Az, A3, and Ay.
Combining above results and using Theorem [, we have

[tE[(6; — 0)(0; —0)") — H'GH |5

<f+,/—+tn

B Experiments

Here we present additional experiments on our SGD inference procedure.

B.1 Synthetic data
B.1.1 Univariate models

Figure [8[shows Q-Q plots for samples shown in Figure
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Figure 8: Estimation in univariate models: Q-Q plots for samples shown in Figure

B.1.2 Multivariate models

Here we show Q-Q plots per coordinate for samples from our SGD inference procedure.
Q-Q plots per coordinate for samples in linear regression experiment 1 is shown in Figure[9] Q-Q plots per coordinate for
samples in linear regression experiment 2 is shown in Figure

e
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Figure 9: Linear regression experiment 1: Q-Q plots per coordinate

Q-Q plots per coordinate for samples in logistic regression experiment 1 is shown in Figure[11] Q-Q plots per coordinate
for samples in logistic regression experiment 2 is shown in Figure

Additional experiments
2-Dimensional Linear Regression. Consider:

1 08

_ Tl
Yy =11 + 22 + €, where LJ N (07 [0.8 1

}) and € ~ N(0,0? = 10%).

Each sample consists of Y = y and X = [z4, IQ}T. We use linear regression to estimate wi, ws in y = wiz1 + waxs. In this
case, the minimizer of the population least square risk is w} = 1, w3 = 1.
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Figure 10: Linear regression experiment 2: Q-Q plots per coordinate
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Figure 11: Logistic regression experiment 1: Q-Q plots per coordinate

For 300 i.i.d. samples, we plotted 100 samples from SGD inference in Figure|13| We compare our SGD inference procedure
against bootstrap in Figure Figure and Figure[13dshow samples from our SGD inference procedure with different
parameters.

10-Dimensional Linear Regression.

Here we consider the following model

T
y=1x w*+e,

where w* = \/%[17 1, -+, 1]T € RY, 2 ~ N(0,%) with ¥;; = 0.8/°=7, and € ~ N (0,02 = 20?), and use n = 1000 samples.
We estimate the parameter using

n

= . 10, T 2
W = argmin — » (z; w—y;)°.
gmin ; 3 (2] w — ;)
Figure[14shows the diagonal terms of of the covariance matrix computed using the sandwich estimator and our SGD
inference procedure with different parameters. 100000 samples from our SGD inference procedure are used to reduce the
effect of randomness.
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Figure 12: Logistic regression experiment 2: Q-Q plots per coordinate
2-Dimensional Logistic Regression.
Here we consider the following model
1 2
]P’[Y:Jrl]:IP[Y:fl]:i, X|Y~N(p=11+01Y, 0* =1). (63)

We use logistic regression to estimate w, b in the classifier sign(wz + b) where the minimizer of the population logistic risk is
w* = 0.2,b" = —0.22.

For 100 i.i.d. samples, we plot 1000 samples from SGD in Figure In our simulations, we notice that our modified
SGD for logistic regression behaves similar to vanilla logistic regression. T his suggests that an assumption weaker than
(6 — g)TV f(0) > |6 — 9] |3 (assumption (F}) in Theorem 1) is sufficient for SGD analysis. Figure and Figuresuggest
that the tn? term in Corollary is an artifact of our analysis, and can be improved.

11-Dimensional Logistic Regression.

Here we consider the following model

1

*  bootstrap
s 1 SGD s

w2
w2

. ol ,
(a) SGD inference vs. bootstrap (b) t = 800 ()n=0.1

Figure 13: 2-dimensional linear regression
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" " "

(d)n = 0.05 (e)n = 0.01 (f) n = 0.002

Figure 14: 11-dimensional linear regression: covariance matrix diagonal terms of SGD inference and sandwich estimator
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(d) Vanilla SGD with n = 0.1 (e)t = 1000 and n = 0.1

Figure 15: 2-dimensional logistic regression

where ¥;; = 1 and when i # j ¥;; = pl"=7| for some p € [0,1), and p = \/%[1, 1, ---, 1]7 € R'%, We estimate a classifier
sign(w ' x + b) using
~ 1 &
w,b = argmin — Z log (1 + exp(=Yi(w' X; + b))) . (64)
wb T

Figureshows results for p = 0 with n = 80 samples. We use ¢ = 100, d = 70, n = 0.8, and mini batch of size 4 in vanilla
SGD. Bootstrap and our SGD inference procedure each generated 2000 samples. In bootstrap, we used Newton method to
perform optimization over each replicate, and 6-7 iterations were used. In figure[17, we follow the same procedure for p = 0.6
with n = 80 samples. Here, we use t = 200, d = 70, n = 0.85; the rest of the setting is the same.

B.2 Real Data
B.2.1 MNIST

Here, we train a binary logistic regression classifier to classify 0/1 using perturbed MNIST data set, and demonstrate that
certain adversarial examples (e.g. [10]) can be detected using prediction confidence intervals. For each image, where each
original pixel is either 0 or 1, we randomly changed 70% pixels to random numbers uniformly on [0, 0.9]. Figure[18|shows
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Figure 17: 11-dimensional logistic regression: p = 0.6
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each image’s logit value (log géiﬁzgi) and its 95% confidence interval computed using our SGD inference procedure. The

adversarial perturbation used here is shown in Figure|19|(scaled for display).

TR
(a) Original “0”: logit -72.6, (b) Adversarial “0”: logit 15.3,
CI (-106.4, -30.0) CI(-6.5,26.2)

I N

(c) Original “0”: logit -62.1, (d) Adversarial “0”: logit 1.9,
CI (-101.6, -5.5) CI(-4.9,11.6)

(e) Original “0”: logit -42.9, (f) Adversarial “0”: logit 4.8,
CI(-75.4,5.1) CI(-3.4,17.9)

(g) Original “0”: logit -77.0, (h) Adversarial “0”: logit 13.3,
CI (-110.7, -32.2) CI (-8.0, 25.7)

Figure 18: MNIST
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Figure 19: MNIST adversarial perturbation (scaled for display)
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