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Solving a Mixture of Many Random Linear Equations by
Tensor Decomposition and Alternating Minimization

Xinyang Yi Constantine Caramanis Sujay Sanghavi

The University of Texas at Austin
{yixy,constantine}@utexas.edu sanghavi@mail .utexas.edu

Abstract

We consider the problem of solving mixed random linear equations with & components. This
is the noiseless setting of mixed linear regression. The goal is to estimate multiple linear models
from mixed samples in the case where the labels (which sample corresponds to which model) are
not observed. We give a tractable algorithm for the mixed linear equation problem, and show
that under some technical conditions, our algorithm is guaranteed to solve the problem exactly
with sample complexity linear in the dimension, and polynomial in k, the number of compo-
nents. Previous approaches have required either exponential dependence on k, or super-linear
dependence on the dimension. The proposed algorithm is a combination of tensor decomposition
and alternating minimization. Our analysis involves proving that the initialization provided by
the tensor method allows alternating minimization, which is equivalent to EM in our setting, to
converge to the global optimum at a linear rate.

1 Introduction

In this paper, we consider the following mixed linear equation problem. Suppose we are given n
samples of response-covariate pairs {(y;, ;) };_; that are determined by equations

k

yi =Y (i, Bj) M =), fori=1,....n, M)

i=1

where x;, 3; € RP, {B;} are k model parameters corresponding to k different linear models, and z;
is the unobserved label of sample ¢ indicating which model it is generated from. We assume random
label assignment, i.e., {z;} are i.i.d. copies of a multinomial random variable Z that has distribution

P[Z = j] = wj, for j =1,2,...k. (2)

Here {w;} represent the weights of every linear model, and naturally satisfy Zje[k] wj = 1. Our
goal is to find parameters {3;} from mixed samples {(y;,z;)}_;. While solving linear systems is
straightforward, this problem, with the introduction of latent variables, is hard to solve in general.
Work in [25] shows that the subset sum problem can be reduced to mixed linear equations in the case
of k = 2 and certain designs of «; and B;. Therefore, given {(y;, ;)}}_,, determining whether there
exist two @’s that satisfy is NP-complete, and thus in general the k = 2 case is already hard. In
this paper, we consider the setting for general k, where the covariates x;’s are independently drawn
from the standard Gaussian distribution:

x; ~ N(0,1I). (3)



Under this random design, we provide a tractable algorithm for the mixed linear equation prob-
lem, and give sufficient conditions on the 3;’s under which we guarantee exact recovery with high
probability.

The problem of solving mixed linear equations (or regression when each y; is perturbed by a
small amount of noise) arises in applications where samples are from a mixture of discriminative
linear models and the interest is in parameter estimation. Mixed standard and generalized linear
regression models are introduced in 1990s [23]| and have become an important set of techniques for
market segmentation |24]. These models have also been applied to study music perception |22] and
health care demand [10]. See |11] for other related applications and datasets. Mixed linear regression
is closely related to another classical model called hierarchical mixtures of experts |13|, which also
allows the distribution of labels to be adaptive to covariate vectors.

Due to the combinatorial nature of mixture models, popular approaches, including EM and
gradient descent, are often based on local optimization and thus suffer from local minima. Indeed,
to the best of our knowledge, there is no rigorous analysis of the convergence behavior of EM or
other gradient descent-based methods for £k > 3. Beyond real-world applications, the statistical
limits of solving problem by computationally efficient algorithms are even less well understood.
This paper is motivated by this question: how many samples are necessary to recover {3;} exactly
and efficiently?

In a nutshell, we prove that under certain technical conditions, there exists an efficient algorithm
for solving mixed linear equations with sample size O(k'"p), and we provide an algorithm which
achieves this. Notably, the dependence on p is nearly linear and thus optimal up to some log
factors. Our proposed algorithm has two phases. The first step is a spectral method called tensor
decomposition, which is guaranteed to produce e-close solutions with O(1/2?) samples. In the
second step, we apply an alternating minimization (AltMin) procedure to successively refine the
estimation until exact recovery happens. As a key ingredient, we show that AltMin, as a non-
convex optimization technique, enjoys linear convergence to the global optima when initialized
closely enough to the optimal solution.

1.1 Comparison to Prior Art

The use of the method of moments for learning latent variable models can be dated back to Pear-
son’s work [15] on estimating Gaussian mixtures. There is now an increasing interest in computing
high order moments and leveraging tensor decomposition for parameter estimation in various mix-
ture models including Hidden Markov Models [1], Gaussian mixtures |12]|, and topic models [3].
Following the same idea, we propose some novel moments for mixed linear equations, on which
approximate estimation of parameters can be computed by tensor decomposition. Different from
our moments, Chaganty and Liang |6] propose a method of regressing yz3 against :131@3 to estimate
a certain third-moment tensor of mixed linear regression under bounded and random covariates.
Because of performing regression in the lifted space with dimension p3, their method suffers from
much higher sample complexity O(p®) compared to our results, while the latter builds on a different
covariate assumption .

Mixed linear equation/regression with two components is now well understood. In particular,
our earlier work [25] proves the local convergence of AltMin for mixed linear equations with two
components. Through a convex optimization formula, work in [8] establishes the minimax optimal
statistical rates under stochastic and deterministic noises. Notably, Balakrishnan et al. [4] develop
a framework for analyzing the local convergence of expectation-maximization (EM), i.e., EM is



guaranteed to produce statistically consistent points with good initializations. In the case of mixed
linear regression with 8; = —3; and Gaussian noise with variance o2, applying the framework leads
to estimation error O(y/(c2 + ||B1]l5)p/n). Even in the case of no noise (o0 = 0), their results do
not imply exact recovery. Moreover, it is unclear how to apply the framework to the case of k > 3
components. It is obvious that AltMin is equivalent to EM in the noiseless setting. Our analysis of
AltMin takes a step further towards understanding EM in the case of multiple latent clusters.

Beyond linear models, learning mixture of generalized linear models is recently studied in [19]
and |16]. Specifically, [19] proposes a spectral method based on second order moments for estimating
the subspace spanned by model parameters. Later on, Sedghi et al. [16] construct specific third order
moments that allow tensor decomposition to be applied to estimate individual vectors. In detail,
when k = O(1), they show that obtaining recovery error € requires sample size n = O(p®/c?). In a
more recent update [17] of their paper, they establish the same sample complexity for mixed linear
regression using different moments, which we realize coincide with ours during the preparation of
this paper. Nevertheless, we perform a sharper analysis that leads to a near-linear-in-p sample
complexity n = O(p/e?).

Conceptually, we establish the power of combining spectral method and likelihood based esti-
mation for learning latent variable models. Spectral method excludes most bad local optima on the
surface of likelihood loss, and as a consequence, it becomes much easier for non-convex local search
methods such as EM and AltMin, to find statistically efficient solutions. Such phenomenon in the
context of mixed linear regression is observed empirically in [6]. We provide a theoretical explana-
tion in this paper. It is worth mentioning the applications of such idea in other problems including
crowdsourcing [26], phase retrieval (e.g. |5, [9]) and matrix completion (e.g. [14, |18 [7]). Most of
these works focus on estimating bilinear or low rank structures. In the context of crowdsourcing,
work in [26] shows that performing one step of EM can achieve optimal rate given good initializa-
tion. In contrast, we establish an explicit convergence trajectory of multiple steps of AltMin for our
problem. It would be interesting to study the convergence path of AltMin or EM for other latent
variable models.

1.2 Notation and Outline

We lay down some notations commonly used throughout this paper. For counting number k, we
use [k] to denote the set {1,2,...,k}. We let a V b, a A b denote max{a, b}, min{a, b} respectively.
For sub-Gaussian random variable X, we denote its 1)o-Orlicz norm [20] by || X ||y, i-e.,

1X |y, = inf {z € (0,00) | E[2(|X]/2)] < 1},

where 2(z) = exp(z?) — 1. For vector a € RP, we use ||a||; to denote the standard ¢, norm of a.
For matrix A € RP1*P2 we use oi(A) to denote its k-th largest singular value. We also commonly
use omax(A), Omin(A) to denote 01(A) and op, ap, (A). In particular, we denote the operator norm
of matrix A as ||A[|,,. We also use ||T'[|,, to denote the operator norm of symmetric third order
tensor T' € RP*PXP namely
ITl,, = sup |T(wuw).
ueSr—1

Here, T(A, B, C) denotes the multi-linear matrix multiplication of T' by A € RP*P1 B € RP*P2 C €
RP*P3 namely,

(T(A’Ba C))(m,n,t) = Z T(i,j,k)A(i,m)B(j,n)C(k:,t)a for all (ma nyt) € [pl] X [pZ] X [p3]
i,5,k€[p]



For two sequences f(n), g(n) indexed by n € N, we write f(n) = O(g(n)) to mean there exists
a constant C' > 0 such that f(n) < Cg(n) for all n € N. By f(n) = O(g(n)), we mean there exist
constants C, C’ > 0 such that f(n) < Cg(n) - (logn)". We also use f(n) < g(n) as shorthand for
£(n) = O(g(n)). Similaly, we say f(n) 2 g(n) if g(n) = O(f(n)).

The rest of this paper is organized as follows. In Section [2] we describe the specific details
of our two-phase algorithm for solving mixed linear equations. We present the theoretical results
of initialization and AltMin in Section [3.1] and [3:2] respectively. We combine these two parts and
give the overall sample and time complexities for exact recovery in Section [3.3] We provide the
experimental results in Section [4] All proofs are collected in Section [5]

2  Algorithm

A natural idea to solve problem is to apply an alternating minimization (AltMin) procedure
between parameters {3;} and labels {z;}: (1) Given {8;}, assign the labels for each sample by
choosing a model B that has minimal recovery error |y; — (x;, 3)|; (2) When labels are available,
each parameter is updated by applying the method of least square optimization to samples with
the corresponding labels. One can show that in our setting, alternating minimization is equivalent
to Expectation-Maximization (EM), which is one of the most important algorithms for inference
in latent variable models. In general, similar to EM, AltMin is vulnerable to local optima. Our
experiment (see Figure (1)) demonstrates that even under random setting x; ~ N(0,I,), AltMin
with random initializations fails to exactly recover each B; with significantly large probability.

To overcome the local-optima issue of AltMin, our algorithm consists of two stages. The first
stage builds on carefully designed moments of samples, and aims to find rough estimates of {3;}.
Starting with the initialization, the second stage involves using AltMin to successively refine the
estimates. In the following, we describe these two steps with more details.

2.1 Tensor Decomposition

In the first step, we use method of moments to compute initial estimates of {3;}. Consider moments
mo € R,my € RP, My € RP*P and M3 € RP*PXP a5

1 & 1 ¢
mo = - E yi27 my = on E yfsci, (4>
1=1 i=1
1 & 1
Z 2
My = 2n i=1 Yixi QT — pMmo: I, (5)
1 n
M3 = 6n ;:1 yf’wi ®@x; @x; — T (my), (6)

where 7 (+) is a mapping from RP to RP*P*P with form

T(my) = Zm1®€¢®ez’+€¢®m1®€¢+€i®€i®m1-
i€lp]
It is reasonable to choose these moments because of the next result, which shows that the expecta-

tions of My and M3 contain the structure of {3;}. See Section for its proof.

4



Lemma 1 (Moment Expectation). Consider the random model for mized linear equations given in

, and . For moments Ms and M3 in and @, we have

k

2] =D wi-B;® B, (7)
=1
]k

Mz =) w;-B;© 06,0 (8)
j=1

With the special structure given on the right hand sides of and , tensor decomposition
techniques can discover {(wj, 3;)} in three steps under a non-degeneracy condition (see Condition.
First, apply SVD on E[M;] to compute a whitening matrix W € RP*¥ such that W TE[M,]W =
I,. Then we use W to transform E[M3] into an orthogonal tensor E[M3|(W, W, W), which is
further decomposed into eigenvalue/eigenvector pairs by robust tensor power method (Algorithm.
Lastly, {(wj, B;)} can be reconstructed by applying simple linear transformation upon the previously
discovered spectral components from E[Ms](W, W, W). With sufficient amount of samples, it is
reasonable to believe that My and M3 are close to their expectations such that the stability of
tensor decomposition will lead to good enough estimates. For the ease of analysis, we need to
ensure the independence between whitening matrix W and Mj3. Accordingly, we split the samples
used in initialization into two disjoint parts for computing {mg, My} and {m;, M3} respectively.
We present the details in Algorithm

Algorithm 1 Initialization via Tensor Factorization
INPUT: Samples {(y;, z;)}" .

n2

1: Randomly split samples into two disjoint parts {(y;, z;)}t, and {(y}, ) }2,.

20 mo < oo o T 1%7 my < 6n2 Y2 yp.

3: My <+ 2n1 Zz:l yi T, QIT; — 2m0 I M3 + 6n2 2?21 y;3x/ ® ;1:; X :1:; — ’T(ml)

4: Compute an SVD of the best rank k approximation of My as UXU ', where U € RP*K,
Compute whitening matrix W « UX~1/2,

Ms «— Ms(W, W, W).

6: Run robust tensor power method (Algorithm [2)) ' on M3 to obtain k eigenvalue/eigenvector pairs
{(ijﬁj)}j 1

7w (0 — l/w ,6( ) & (WT)T,BJ, for all j € [K]. [

OUTPUT {( (0] Bk

o

LW )T denotes the Moore-Penrose pseudoinverse of W', i.e., W(W T W)L,



Algorithm 2 Robust Tensor Power Method (Algorithm 1 in [2])

INPUT: Symmetric tensor T € RF*#¥*F Parameters L, N.

1: for j=1,...,k do
2: fori=1,...,L do

3: Draw ,3(()1) uniformly at random from S*~1.
4: fort=0,...,N—1do
! 1) Al l ! l

Bl 1B 8", B <8 |8, ©)
5: end for
6: end for l l l
7 I* « arg maXxjey] T( gv),,@](\/), ](V))
8: Do N power updates (9 starting from ,8% ) to obtain Bj. Let w; < T'(Bj,B;,8;).

9: T+ T— @B}m
10: end for _
OUTPUT: {(@;,8))}"_,

2.2 Alternating Minimization
The motivation for using AltMin is to consider the least-square loss function below

Ln,({B;}) = min ZZ (i, Bj) )2 1(z =J).

21,...,2n €[K] =1 =

The minimization over discrete labels {z;} makes the above loss function non-convex and yields
hardness of solving mixed linear equations in general. A natural idea to minimize £,, is by minimizing
{zi} and {B;} alternatively and iteratively. Given initial estimates {,Bj(o)}, each iteration t = 0,1, ...
consists of the following two steps:

e Label Assignment: Pick the model that has the smallest reconstruction error for each

sample
zi(t) = argmin lyi — (@i, ,Bj(t)>| (10)
JE(K]
e Parameter Update:
ﬁ;” ) — arg};%ﬁ% (i — (20 B))21(= = j). (11)
=1

AltMin runs quickly and is thus favored in practice. However, as we discussed before, its convergence
to global optima is commonly intractable. In order to alleviate such issue, we already discussed how
to construct good initial estimates by method of moments. Here, we introduce another ingredient—
resampling—for making the analysis of AltMin tractable. The key idea is to split all samples
into multiple disjoint subsets and use a fresh piece of samples in each iteration. While slightly
inefficient regarding sample complexity, this trick decouples the probabilistic dependence between



two successive estimates {ﬁ](t)} and {[3§t+1)}, and thus makes our analysis hold. The details are
presented in Algorithm [3

Algorithm 3 Alternating Minimization with Resampling

INPUT: Samples {(y;, i)}, initial estimates {[3§U)}, number of iterations 7.

1: Split all samples into 1" disjoint subsets {(yft), azgt))}?:/f,t =0,1,...,T — 1, with equal size.
2: fort=0,1,..., T —1do

zi(t) + argmin |yi(t) - (wgt), ﬁ(t)>\, for all i € [n].
J€lk] !
4:
n/T
(t+1) . ® (t) 2 t _ . .
B arg min '_1(yi (x;”, B)*1(z; ' =j), for all j € [k].
5. end for

OUTPUT: {8\")}%_,.

3 Theoretical Results

In this section, we provide the theoretical guarantees of Algorithm [I] and [3] For simplicity, we
assume the £ norm of 3; is at most 1, i.e.,

max ||3;]l, = 1.
mas 16,

Moreover, we impose the following non-degeneracy condition on {3;}.

Condition 1 (Non-degeneracy). Parameters Bi, ..., B are linearly independent and all weights w;
are strictly greater than 0, namely
w = min w; > 0.
JjElk]

Under the above condition, My = Eje[k] w;jB; ® B; has rank k, which leads to
O = O'k(MQ) > 0.
We use A to denote the minimum distance between any two parameters, namely

A := min p— (P
me[k]ﬂ#”ﬂl Bill,

The above three quantities (w, oy, A) represent the hardness of our problem, and will appear in the
results of our analysis. For estimates {3;}, we define the estimation error £({3;}) as

E(B}) = inf sup ||B; — B (12)
JelK]

)
2

where the infimum is taken over all permutations 7 (-) on [k].



3.1 Analysis of Tensor Decomposition

Our first result, proved in Section [5.4] provides a guarantee of Algorithm [T}

Theorem 1 (Tensor Decomposition). Consider Algorithm |1 for initial estimation of {B;}. Pick
any § € (0,1). There exist constants C; such that the following holds. Pick any e € (0,C4/k). If

2 2 3
o> Gy <p10g(12k/55)10g ny vk> and ny > Cs ((k \/p)log(l?)Qk/é)log n2 ., k )7 (13)

2 2
woE w woE wi

then with probability at least 1 — §, the output {,3](-0)} satisfy

E{BY) <e.

Theorem [1f shows that ni,ns have inverse dependencies on w, 0. In the well balanced setting,
we have w = Q(1/k). In general, oy, can be quite small, especially in the case where some parameter
B3 almost lies in the subspace spanned by the rest k£ — 1 parameters and has a very small magnitude
along the orthogonal direction. Below we provide a sufficient condition under which o has a well
established lower bound.

Condition 2 (Nearly Orthonormal Condition(n,~)). For all j € [K], ||Bjll, = 1 —n. Moreover,
(B, Bj)| <~ for alli,j € [k],i # j.

Under the above condition, the next result provides a lower bound of 0. See Section [5.2] for the
proof.

Lemma 2. Suppose {B;} satisfy the nearly orthonormal condition with n,~y. Then we have
o = w(l—n—ky).

In the following discussion, we focus on balanced clusters, i.e., w = 1/k. We also assume that
{B;} satisfy Condition |2 with n < 1 and v < 1/k, which leads to o3 = Q(w) according to Lemma
2l Now we provide two remarks for Theorem [I]

Remark 1 (Sample Complexity). We treat ¢ in Theorem 1| as a constant. Then implies that
n =ny +ny = O 2k%plog klog3(p/e)) is sufficient to guarantee that the estimates produced by
Algorithm [1| have accuracy at most e. Moreover, we have n; = O(e~2k5p), ny = O(e2(k® + k*p)),
which indicates that more samples are required to compute M» than M3. To provide some intuitions
why this conclusion makes sense, note that the estimation accuracy of My determines the accuracy
of identifying the subspace spanned by {3;} in the original p-dimensional space. While M3 has
higher order, it is only required to concentrate well on a k-dimensional subspace computed from
M thanks to the whitening procedure. It turns out subspace accuracy has a more critical impact
on the final error and needs to sharpened with more samples.

Remark 2 (Time Complexity). Except the line 6 in Algorithm 1} the other steps have total complex-
ity O(n(p? + k3)). Note that it’s not necessary to compute Ms directly since we can compute M
from whitened covariate vectors W T ;. Running time of robust tensor power method is O(k*NL).
According to Lemma W4} it is sufficient to set N = O(logk + loglog(1/e)) and L = O(poly(k)) for
some polynomial function poly(-). When k is large enough, L can be very close to be linear in k
(see Theorem 5.1 in [2] for details). Roughly, we take L = O(k?), which gives the running time of
Algorithm [2| as O(k%log k) when & > poly(1/k). Therefore, the overall complexity of Algorithm
is O(n(p? + k®) + k®log k).



3.2 Analysis of Alternating Minimization
Now we turn to the analysis of Algorithm Let ¢g : =& ({,3](-0)}).

Theorem 2 (Alternating Minimization). Consider Algom'thm@ for successively refining estimation
of {B;j}. Pick any 6 € (0,1). There exist constants C; such that the following holds. Suppose

1
msa<MAQA,mNM%%M,

and n satisfies

kp y log(SkQT/5)> .

WTZ@(W ~ (14)

With probability at least 1 — 0, {Bj(-t)} satisfies

t
g({l@](t)}) < <1> €05 fOT' t=1,...,T.

2
See Section [5.5 for the proof of the above result. Theorem [3] suggests that with good enough
initialization, iterates {,BJ(-t)} have at least linear convergence to the ground truth parameters. Due
to the fast convergence, it is sufficient to set 7' = O(log(1/¢)) to obtain estimation with accuracy e.
In the case of well balanced clusters, i.e. w > 1/k, ¢ is required to be O(A/k?) in order to guarantee
the convergence to global optima. Next, we give two remarks for sample and time complexities. In
our discussion, we assume w = 1/k and that § is a small constant.

Remark 3 (Sample Complexity). For accuracy e, it is sufficient to have n = O(k?plog(1/e)) when
p satisfies p 2 logk + loglog(1/¢). Compared to the sample complexity of tensor decomposition,
AltMin avoids the high-order polynomial factor of k. Moreover, it also changes the dependence
on ¢ from 1/£2 to log(1/¢), which is a big save especially when we focus on exact recovery, which
can happen as we show in the next section, after one step of AltMin when £ < 1/p. Notably, the
statistical efficiency comes from a good initialization provided by tensor/spectral method. On one
hand, AltMin alleviates the statistical inefficiency of spectral method; on the other hand, spectral
method resolves the algorithmic intractability of AltMin.

Remark 4 (Time Complexity). Each iteration of AltMin has time complexity O(np®/T + kp?).
Hence, the overall running time is O(np? + kp3log(1/ 6))ﬂ Using the minimum requirement of n, we
obtain complexity O(k?p?®). Recall that solving linear regression by most practical algorithms has
complexity O(p?). Therefore, even labels are available, solving k sets of linear equations requires

time O(kp?®). AltMin almost has an extra factor k as the price for addressing latent variables.

3.3 Exact Recovery and Overall Guarantee

We now consider putting the previous analysis of tensor decomposition and AltMin together to
show exact recovery of {3;}.

2Factor p® in the second term stands for the complexity of inverting a p-by-p matrix by Gauss-Jordan elimination.
It can be further reduced by more complicated algorithms such as Strassen algorithm that has O(p2'807).



Lemma 3. Pick any 6 € (0,1). For any fized estimates {Bj}§:1 and some constant C, if

4]

< —A
~ dnk "’

1 ~
02 C= (pViog(k/s)) and E({B;))
Running one step of alternating minimization according to and ustng n samples and initial
quess {B;} produces true parameters {3;} with probability at least 1 — 4.

We provide the proof of the above result in Section [5.6] Putting all ingredients together, we
have the following overall guarantee:

Corollary 1 (Exact Recovery). Consider splitting n samples from into two disjoint sets with
$iz€ Ningt, Moy s inputs of Algorithm [1 and [3 for solving mized linear equations as a two-stage
method. Pick any 6 € (0,1). There exist constants C; such that the following holds. If we choose
T = Cilog(kngy/d) in Algom'thm@ and (Nipit, N, p) Satisfy

(K* + 1/w*)(p/of + K> + p) log(k/d)
wop A2

k
Ninit > C2 < log® (nit) + m) ;

k
N > C3 (f + j;) IOg(knnalt/5)>

p>Cy [log <§> + log log <k7galt)] ,

then with probability at least 1 — §, we have exact recovery, i.e. {B](.T) }g‘?zl = {ﬁj}g‘?:l.

and

The proof is provided in Section When w 2 1/k and Condition [2] holds with v < 1 and
n < 1/k (A 2 1in the case), Corollary |1|implies that n = nii +na; = O(k'%plog klog? p) is enough
for exact recovery with high probability, say 99%. With this amount of samples, Remarks [2| and
give the overall time complexity as O(k'p(p? + k3)log klog® p). Note that solving k sets of linear
equations (labels are known) needs at least kp samples, and usually requires time O(kp?). Hence,
under the aforementioned setting, our two-stage algorithm is nearly optimal in p with respect to
sample and time complexities.

4 Numerical Results

In this section, we provide some numerical results to demonstrate the empirical performance of
the proposed method (combination of Algorithms [1|and [3]) for solving mixed linear equations, and
also compare it with random initialized Alternating minimization (AltMin). All algorithms are
implemented in MATLAB. While sample-splitting is useful for our theoretical analysis, we find it
unnecessary in practice. Therefore, we remove the sample-splittings in Algorithms (1] and 3} and
use the whole sample set in the entire process. AltMin is implemented to terminate when the label
assignment no longer changes or the maximal number of iterations T is reached. In all experiments,
we set T' = 200.

10
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(a) (b) (c)
Figure 1. Plot of estimation error (log scale) versus number of iterations in AltMin. Each panel
shows 50 trials for random and tensor initializations respectively. The circle markers indicate the ter-
minations of AltMin due to local minima, i.e., the label assignments do not change in two consecutive
iterations. Tensor decomposition is implemented with L = 200k%, N = 20log(k).
Datasets. For given problem size (n,p, k), we generate synthetic datasets as follows. Covariate

vectors {x;}7 ; are drawn independently from N(0, I}). Model parameters {3, }§:1 are a random
set of k vectors in SP~!, where every two distinct Bs have distance A = 1.2. Therefore, these
parameters are not orthogonal. Suppose B € RP** denotes the matrix with B; as the j-th column.
We let B =UA'Y2VT where U € RP*¥ represents the basis of a random k-dimensional subspace
in RP. Matrices A,V € RF¥*¥ are from the eigen-decomposition of symmetric matrix C = VAV T,
where the diagonal terms of C are 1 and the rest entries are 1 — A?/2. We assign equal weights
w; = 1/k for all clusters.

Results. Our first set of results, presented in Figure [I], show the convergence of estimation errors
of AltMin with random and tensor initializations. Recall that estimation error is defined in .
In random setting, AltMin starts with a set of uniformly random k vectors in SP~'. We find that
AltMin with random starting points has quite slow convergence, and fails to produce true Bs with
significant probability. In contrast, with the same amount of samples, tensor method provides more
accurate starting points, which leads to much faster convergence of AltMin to the global optima.
These results thus back up our convergence theory of AltMin (Theorem , and demonstrate the
power of using tensor decomposition initialization.

The second set of results, presented in Figure [2] explore the statistical efficiency of the proposed
algorithm—tensor initialized AltMin. For fixed k = 3, Figure reveals a linear dependence of
the necessary sample size on p, which matches our results in Corollary [I With fixed p, Figure
([b) indicates that O(k3) samples could be enough in practice, which is much better than our
theoretical guarantee O(k'?). Sharpening the polynomial factor on k is an interesting direction of
future research.

5 Proofs

In this section, we provide proofs for Lemma [I] and the results presented in Section [3]

11
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Figure 2. Exact recovery probability of “Tensor + AltMin” with varied (n,p,k). The color of
every dot represents the recovery probability computed from 100 independent trials according to the
colorbar on the right side. Tensor decomposition is implemented with L = 200k*, N = 20log(k).
The dashed line in (a) shows function n = 30p. The dashed line in (b) shows function n = 12k3.

5.1 Proof of Lemma [1]

Recall that z; denotes the latent label associated with each sample. Suppose X ~ AN (0, I,), and Z
has the distribution of each z;. We find that

Elmo] = Y El(X, B)*]-P(Z =)= Y w; [1Bill5. (15)

J€k] J€k]

1
Efma] = ¢ > E[(X, 8;)°X] - P(Z = j).
JEI]
One can check that for any 3, E[(X, 8)3X] =3 ||BH§,8 Therefore,
1
1]=3 > willBlls B;- (16)

JE[K]

For M, plugging into @ yields

ij XIBJ 2X®X _*ZWJ”BJHQ p

JE[k]

One can check E[(X, 3;)?X ® X] = 2,@-5; + H,Bng, which leads to E[Mb] = 3,1 wjﬁj,B]T.
For M3, plugging into gives

ij [(X, B;)3X 8] — war 185113 B;).

Je[k]

Then it remains to show that for any 3,

E[(X, 8)>X %] = 68%% + 3T(||8II3 B)- (17)

12



We directly verify the above inequality. Let X = (X1,...,X,)", 8= (B1,...,By) . For (4,5, k) €
[p] x [p] % [p], let Lijp, Rijx be the (i, 7], k)-th entries of E[(X, B8)3X®3] and 68%° + 37 (/|85 8)
respectively. Due to symmetry, it is sufficient to consider the following cases.

o i # j#k#i Wehave R, = 63;3;8;. Meanwhile,

Lijie = E[(X, B)°X; X; X;] = E[68;8;8:. X7 X; X}.] = 60:3; B

o i =j#k. Wehave R;j;, = 6ﬁ126k +3 H,@Hgﬁk, and

Lijr = E[(X, B)’ X7 Xy

= E[8 X7 X;] + E[367 81X, X} + E[38,8; X} X; X[
tep]t#i,k

= 36} + 9878 + 3B (IBII5 — 87 — BY) = 6878k + 318I3 Br-
e i =j =k We have Ry, = 643? + 98|35, and

Lijr =E[(X, B)’X7] =E[BX{]+ ) EBBSIX/!X]]
JE[pl,j#i
= 1562 + 98:(118115 — B?) = 6628x + 3118I13 Br-

In the above calculation, we frequently used the fact that odd-order moments of symmetric Gaussian
is 0. We finish proving , and thus conclude the proof.

5.2 Proof of Lemma [2
Recall that o), = op(Ms) = ok(Xjek) wiBLB] ). We always have

ok = wor( D BrByL)-

JE[K]

Let B € RP** be the matrix with columns Bj. Then we have

k(Y BrBL) = omin(B' B).

JE[K]

Thanks to the nearly orthonormal condition, matrix D = B' B has diagonal terms greater than
1 — 1 and the rest entries have magnitude smaller than ~. Therefore, for any u € S¥~1, we have

2
w'Du > (1) ull; = y[ulf > 15—k,

which completes the proof.
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5.3 Proof of Corollary

Linear convergence of AltMin requires g9 < (1/k? A w)A. Plugging it as accuracy into Theorem
shows that it suffices to let

k' +1/w?)(p/o} + k* + p) log(k/6)
ngAQ

>

Ninit <

k
log® (ninit) + —~

The condition of n in Lemma is implied by the condition of n/T" in . Therefore, if {,BJ(-Tfl) le

produced by AltMin satisfies £ ({ﬁ§Tﬁl)}) < 4153 - A, Lemma mplies that the T-th step of AltMin
(using na1¢ /T samples) produces {B3;} with high probability. Thanks to linear convergence, we have

8({,8](.T_1)}) < (1/2)T*1A. So it suffices to have

(1/2)T71A < LN

™~ knai

Hence, choosing T' = C'log(knay/0) with sufficiently large constant C' satisfies the above inequality.
Plugging this choice of T into shows that it suffices to let

kp  log(k/8) + loglog(knay /0
nalt2<j+og(/) Z%og(nlt/)

) log(knp,,, /9).

Condition on p in Theorem [2] then becomes p 2 log(k/d) + loglog(knai/0), under which the above
requirement of n,; can be strengthened to

TNalt 2

kp —p
ke <w + w2> log(knin,, /9).

5.4 Proofs about Tensor Decomposition

In this section, we prove the guarantee of tensor decomposition. Let My := E[Mjy] and M3 :=
E[Ms3]. The proof idea of Theorem [I| is to show how approximate the empirical moments are
to their expectations, and then establish the dependence between errors of approximation and
estimation. Therefore, our proofs break down into the next two subsections. In Section [5.4.1] given
the approximation errors of moments

€ 1= || My —M2H0p7 (18)
€3 = || M3y(W, W, W) — Ms(W, W, W)

op’

we follow the processes shown in Algorithm [1| to obtain an upper bound of the estimation error

5({/@]@}) in terms of €2 and e3. In Section [5.4.2) the dependence between €2, €3 and sample size
is revealed by concentration analysis. We put these two parts together in Section to prove
Theorem [l

5.4.1 Error Transfer

We now turn to show the how error is transfered from approximation bound to initial estimation.
Recall that the robust tensor power method is run on tensor M3(W , W, W). We let W be the

14



whitening matrix of My. Then tensor M3(W, W, W) has orthogonal factorization

k
Ms(W, W, W) =) w888,
j=1

where w} = 1/,/w;, 8 = /ijTBj and ’,6;

robust tensor power method presented in |2].

, = 1 for all j € [k]. We will use the next theory of

Lemma 4 (Guarantee of Robust Tensor Power Method, Theorem 5.1 in [2]). Suppose T' € RF*kxk
s a tensor with decomposition T = Z?Zl )\j,B?S where every Aj > 0 and {B;} are orthonormal. Put

A= max;jep{Aj}, A = minjep{A;}. Let T =T + E be the input of Algom'thm@ where E is a
symmetric tensor with ||EHOP < €. There exist constants C; such that the following holds. Suppose
e < C1A/k. For any § € (0,1), suppose (N, L) in Algom'thm@ satisfy

N > Cy - (logk +loglog(A/e€)), L > Cs- poly(k)log(1/4),

for some polynomial function poly(-). With probability at least 1—0, {(/):j, ,@])} returned by Algorithm
(3 satisfy the bound

Hﬁj - ﬁw(a‘)HQ <8¢/An(iys g = An(p)| < Be, for all j € [K],

where 7(+) is some permutation function on [k].

Without loss of generality, we set the permutation 7(-) in the above result to be identity. Lemma
[ implies that if
S — 1
e:=|[Ms(W, W, W) - Ms(W.W,W)|_ < o
then with high probability, {(@;, Bj)}le produced in the line 6 of Algorithm [1| satisfy

-, < =3 - <5

Then we have

Hﬁj(»o) _BjHQ = ||l w1, - Wy W )1 )
< & wWTB; - @, W s+ |@W e - W W is|
<|lz;(wTiB; —&; W Hig, Lo wi .
< |@whig; —a;wT)is, T @(WT)TB}—@(WT)%} |+ w' .
<|@W N8 —&;whis)| + wi-w' e w' .
< [wt Op-HBj—ﬁ;- H|wi - e[
< ey [l 4 |[wh-w| s | W]
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Recall that oy = o(M3). Put 01 = 01(M3). Let M} be the best rank k approximation of Mp.
We have o
HMé_MQH <62+0’k+1(M2) < 2¢9,

where the last step follows from Weyl’s theorem. Using the properties of whitening in Lemma 9 by
replacing A, A with Mo, M), when e3/0}, < 1/6, we have

| o

op

HWT—WJr < dey |[W [0k = dear/o1 /0.
op op
We thus obtain A
Jol€
|81~ 5], = 2rvee s =2, (20)
k

It remains to relate € to €2 and e3. We apply a series of triangle inequalities as follows.

e=|Ms(W,W,W) - Ms(W.W,W)|_
= |M3s(W, W, W) - M3(W,W,W) + Mj(

< || M3(W, W, W) — M3y(W,W,W) + Mj(
+||Ms(W, W, W - W)||
< 3], (W], [W = W, + [Ms(W. W, W) - My(W, W, W)

op
+ HMZS(Wa W7 W) - MS(Wa W’ W)Hop
[ —_ 2 J— —_— —_ J—
< HM3H0p HWHop HW o WHop + HM?’Hop HWHop ”WHOP HW o WHop
s, IW I, [W = W, + e (21)

Applying Lemma [J] again, we have

Wi, <2|W|,, =2/Vor, [W-W|_  <de/V/o’. (22)

Plugging it back into the last line of yields

B 28
“M3(W7W7W)_M3(WaW7W Ho < \/35

We thus obtain the following error bound by putting (20) and (23) together:

1Ms]],, +es. (23)

1€ Vo | M op €
L

Recall that, in order to obtain , we have to make sure € < 1/k as required in Lemma
Then inequality indicates that it’s sufficient to require

5
€2 S ﬂ
kM|,

H@]@ . ng2 , for all j € [k]. (24)

(25)

1
d es < =
al 63Nk7

which will be used in the concentration analysis.
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5.4.2 Concentration Analysis

Now we turn to the analysis of the concentration of empirical moments, and we derive upper bounds
on € and e3. Note that M3 involves Gaussian’s high-order moments (up to 6th moment). In order
to deal with the heavy tail, we will leverage a truncation argument, where we introduce truncated
response Y, as

(26)

sign(y;) - M, otherwise

where M > 0 is some threshold chosen in our analysis. When M is sufficiently large, we have
y; =y, for all ¢ € [n] with high probability, which means the tail bounds about {(y},;)} still apply
to original samples {(v;, z;)}. The advance of analyzing concentration using (y., ;) is that y; - x; is
sub-Gaussian random vector thanks to the boundedness of y;. One should note that truncating y;
might change the expectation of moments slightly. Therefore, a tedious but important part of our
analysis is to show that the expectation deviation from truncation is much smaller compared to the
desired tail bound. In detail, we have the next result proved using the truncation idea. See Section
for the complete proof.

Lemma 5 (Concentration of Empirical Moments of Single Model). Suppose n samples x1, ..., T,
are generated from N(0,1I,) and y; = (z;, B) for some fived 3 € SP™L. Let

:%Zy?%y M; = ZyQ 2, Zyg @3,

i€[n] ze[n

Moreover, let My = E[mg],m1 = E[my], My = E[Ms], M3 = E[Mj3]. There exist constants C;
such that the following holds. Pick any 6 € (0,1) and any fired matriz S € RP*S with s < p.

1. If n > C1/0, with probability at least 1 — §, we have

log3/2 n, 2
|57 (my =), < calsi, max{ log (5) | f} | (27)

2. If n > Cs3max{1/4, s}, with probability 1 — &, we have

HST (M, — M) SH < C'4||SH2 ii;ﬁmax{ log <<25)’\/§} (28)

3. If n > Csmax{slog (%) ,1/0}, with probability at least 1 — §, we have

_ log3/2 n, 92
(0~ 31) (5.5.5)],,, < CullSI, =" fog (). (29)

This result provides concentration bounds of the moments constructed from single linear model.
In the case of mixture samples {(y;, ;) }~,, we can split the set into k sets {(yl( 2 (J))}Z Ll =

Z
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,k, where the j-th set corresponds to linear model 3;. Therefore, for the moments given in

1 PG
E w]mo , mu =g g wjmgj),

JElk]
M—EZ@-MU)—Em-I M—EZA-MU)—T( )
2 = 2 ] 2 2 0 ps 3 = 6 Wy 3 my),
JeElk] JElk]
where &; denotes the empirical proportion of each model, and we let m(()j) = ,%].Zle[nﬂ ?JZ(J) )
2 (5 j 2 (o2 j )3 (5)®3
gj) — nlj icln ]yz(J) 5)7 M2(J) — % ] yl() EJ) 7M3(]) — nijzg'e[nj] yi(J) :BZ(J) .

Next, we w1ll derive concentration bounds for mg, mq, My, M3 respectively. To ease notation,
for every moment, we use n to denote the number of samples for computing it, while they might be
computed from different sets of samples in Algorithm [T}

Bound of |my —mp|. We find that

o = mo — 0| < S @ [m — B[ + 3 185 - wyl - Blm)

jelk) jelk]

< sup [m{ — Elm{)| + > @ — wy| - Elm{)
i€l jelk

< sup \m(()j) \—i— Z &5 — wjl, (30)
]e[k‘} ]e k]

€w

where the last step follows from the fact E[m (])] < 1 due to the assumption max;e [|B;ll, = 1. We
first bound €,. Note that ni; is a sum of n Bernoulli random variables with success probability w;.
Lemma [§ gives that for any ¢t € (0,1)

3t2 )
P (|&; — wj| > tw;) < 2e” Tk "™ < 9~ 3 /8,

Using union bound and setting t = 1/8log(2k/d)/(3wn), which can be less than 1 when n >
C'log(k/0)/w for sufficiently large C, we obtain

3wn

Now we turn to the first term in (30). Note that y? = (;, 8;)? is sub-Gaussian with constant
Orlicz norm as [|3;]|, < 1. Then by standard concentration of sub-Gaussian (e.g., with p = 1),
we find that there exist constants C,C” such that if n > C1log(k/§), we have

P (sup |m((]j) — E[m((]j)ﬂ >C'|—log <§>> <.

=0 wn

for any § € (0,1). Excluding the probability d, we obtain

c0 S V/1og(k/d)/(wn) + €. (32)
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Bound of ||m; — ™ ||,. Similar to (30), we have

€1 = |[|mi — M|, S sup ngj) — E[mgj)]H2 + €, - sup HE[mgj)]H

J€lk] J€[¥] 2

< sup ngj) — E[mg])]H + €.
jE[k] 2

Using in Lemma [5| by setting S = I, and replacing ¢ with 0/k, we have that the condition
n 2 k/(wd) leads to

_ log*?(wn)
2 ™ Jwon

holds with probability at least 1 — §. Conditioning on this event leads to

e1 < log®?(wn)/plog(2k/0)/(wn) + €. (33)

sup |[m{?” ~ Em{]|
JE[K]

plog(2k/9)

Bound of HM2 - MQHOP. We find that

€9 5 Z @jMQ(j) — Z WjE[MZ(j)] + |m0 — Mo
JE(K] JE(K] op

+ €w + €0,

< sup || M~ B[
JElk] op

where the second step follows from similar calculation in and the fact HE[MQ(] )] < 1 for
op

all j € [k]. Applying by choosing § = I, and setting § to be §/k, we have that when
n 2w max{k/d, p},

< log(wn)y/plog (2k/5) /(wn)

op

sup [ B{pg)
JElk]

holds with probability at least 1 — §. Conditioning on the event, we conclude that

€2 < log(wn)+/plog (2k/0) /(wn) + €, + €o. (34)

Bound of HMg(W, W, W) - M3(W, W, W)Hop. Now we condition on the event €3/}, < 1/6,
which can lead to |[W]|,, < 2/,/0} as shown in [22). Let e7 == || T(my — ) (W, W, W)
Recall that €3 is defined in . We find that

lop-

<Y oMW ww) - S wEMY (W W W) +er
JEK] JEk]

< sup HMéj)(W,W,W) — E[MY (W, W, W)
JEK]

op

+ €, + €T
op
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Again, the last step follows from similar steps in and the fact that

HE[M?EJ')(W, W, W)]

S [Ema|iwis, s Wik, s 1/ved

op op P P

Note that W is computed from My. Due to the sample splitting in Algorithm [I, W is independent
of Mj3. Therefore, we can apply by replacing S, with W, 4d/k to obtain that

<~ klog¥/2(wn)v/log(@k/8)/(@n)  (35)

op \/OL

sup 84" (W, W W) — BIM) (W W W)
Je

holds with probability at least 1 — ¢ under condition n 2 k/(wd). For T(:), we have that for any
u € RP,
17 (u)

which is proved at the end of this section. We have

3
er SIW s, 0 S er/Vor.

lop < 3l[2ellz, (36)

Conditioning on leads to

€3 S ! sk log®?(wn)\/log(2k/6) /(wn) + e + €1/y/0%. (37)

VOk
Proof of Inequality . For any v € SP~!, we have

T(u)(v,v,v) =3 Z u,-vz-vjz =3 Z uiv; o3 = 3(w, v) < 3ul,.

i,5€[p] i€[p]

5.4.3 Proof of Theorem [

With the previous analysis, we are ready to prove Theorem [I} In the first place, we combine the
ingredients in Section [5.4.2] Recall that we split n samples into two parts with size n; and ng for
computing mg, My and mq, M3 respectively. Putting , , together and using union
bound, we have

P<@smamm pmﬁi““)zam (38)

under condition nq 2 %(% V p). Putting (31)), and together leads to

plo < (k;\/\/ﬁ)loggﬂ(gm) log(12k/9) >6/2 (39)
3 @3 wno -

under conditions ny 2 k/(wd) and e < 01 /6. In order to guarantee Hﬁj(.o) — BjHQ Seforallje [k],

using the error transfer inequality (24)) and noting that o7 < 1, HM;:,HOP < 1 under assumption
maxcy [|Bjll, = 1, it is sufficient to require

€2 < Vore, e3Se. (40)



The above condition on €z leads to €2 < 01/6 for ¢ < 1. In addition, in order to let hold,
€2, €3 have to satisfy condition . This is implied by when ¢ < 1/k. Using the relationship
between €9, €3 and nq,ny in and , it is sufficient to require

2 2 3
ny > plog(12k:/<55);og (n1) y k and ny > (k*V p) log(likéé) log®(n2) y £7
woje w woje wd

which concludes our proof.

5.5 Proof of Alternating Minimization (Theorem (2]

It is sufficient to show the linear error decay in one step. Then the error bound for each step t can
be obtained by induction. Without loss of generality, we focus on the first step ¢t = 0. Also we
assume 7(j) = j for simplicity. Let B = n/T be the sample size in the first step. Let A; denote
the index set of samples that are clustered to model j in the label assignment step, namely

Ay i={ie [B] | Iy — (@i, B < lyi — (i, B7)] forall £},
We use A; to denote the set of samples that are truly generated from model 3;, namely
Ai = {ie[B] | yi=(z B}

Introduce ¢g as a shorthand for £ ({B§O)}). According to our assumption, g9 < A/k2.
Let X, := ) .. A; wzsz be the empirical covariance of samples in A;. The updated estimate

ﬁj(.l) has the form
5](1) =37 ) i
’iE.Aj
We thus obtain

BV =8 =% | Yo | =8y =2 | Yy — il B,

iI€EA; i€A;
=37 > D @l (B-8)
telk] ic Ay N A

By the Cauchy-Schwartz inequality, we obtain

A3 > w8 - 8))

6" =8, = ="

op

telk] ic Ay N A 9
-1 T
<=, (2] X wel o)
~——— \t€l¥] |[ieA; N A; 2
Uy ~~ 4
Uz

Next we bound the two terms U; and Us respectively.
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Bound of U;. First note that HE;I = 1/0min(X;). We find that

op
T T
O-min(Ej) = Omin Z Tix; > Omin Z T;,x; .
i€A; ’L'E.AjﬂA;

For X ~ N(0,1I,), we define event &; as

& = {Ix, B = 8;) < (X, B - ), forall 1},

Accordingly, we have
Elziz] i € Aj N A =E[XXT|E]. (41)

To provide a lower bound of P(&;), we have

P(&) =1-P(E) >1-Y Px, B - 8)% > (x,8” - 8;)%}
t#j

a B~ B
(>)1;M@1(k1)72:2>1;€. (42)
2
Step (b) holds because since for all ¢ # j,
o -, _ e
Pl T AL, 5w

Tk?’
where the last step follows from condition g9 < A/(7k?). Step (a) in is from the next result,
which is proved in Section [6.2

Lemma 6. Let X ~ N(0,1I,). For any two fized vectors w,v € RP, we define
&= A{|(X,u)| < [(X,v)[}.
We have that when |[ully, > [|v||5,

]P)(g) < ||UH2
=l
The next result, proved in Section [6.3] establishes the spectral structure of the covariance matrix
Of X ‘ 5]'-

Lemma 7 (Conditional Spectral Structure). Let X ~ N(0,1,). For any k fized vectors uy, ..., uy, €
RP, we define event
&= {[(X,u)| < (X, uy)|, forall je[k]}.
When P(E) > 0, we have
Omar (EIXXT | €]) <.
and
1—k(1-P3))

P @) (43)

i (E[XXU&’]) >
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The above result suggests that

ominEXXTIE)) > LR L PEN 8

> % (44)

Next we will show ‘Tmin(ZieA nAs x;x] ) is close to its expected value |.A; iAo min (E (XX TIE)).

First, we prove |Aj NAZ| is large enough As P(€j) > 1 —4/(7k*) > 1/2, we have E[|A; N A5 >
E[} A5l = 2w;B. Therefore, [A; N AZ| is summation of B independent Bernoulli random variable
with success probability at least w;/2. Then we have

* ]' * *
P <|Aj N A%l < 4ij> <P (‘Mj N AL = E[l4; N A

1
> 4ij> < 2e7CWiB < 9B (45)

where the second step follows from Lemma [§] and C' is some constant. Conditioning on the event
|A; N A% > w;B/4, we obtain |A; N Aj| 2 p when B 2 p/w.

Note that X is sub-Gaussian random vector. Part (a) of Lemma (15 shows that X is still sub-
Gaussian vector conditioning on &;. Using the conclusion |A; N .A;‘\ 2 p, concentration result of
sub-Gaussian in (setting ¢ = 1/7 and K to be a constant) yields that, for some constant C,

P > ma! —EXXTIE)| >

< 9¢~CwiB < 9o—CwB, 46
|AﬂA* s = 2e < 2e (46)

op

Putting and together and using Weyl’s theorem, we have that with probability at least
1—de”Cwb

1 1 2 1
Omin Z a:z:I:ZT > |A; ﬂA;| . <0mm(E[XXT } &) — ) > —wjB- - = —w;B,
ieAjﬁA;

We thus obtain
P (Uy > 14/(w;B)) < 4e~ 9«8, (47)

Bound of U;. Recall that

Uy = Z Z zix] (B — Bj)

t#5 |[ArNA, 5

We will bound every term with different ¢ separately. Note that for any vector & € RP and positive
semidefinite matrix A € RP*P we have

||A$H§ < Umam(A>ZUTAZB.
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Introduce Q; = ZA;FQAJ_ :L'Z:L'ZT We find

2

o omiw! (B B))|| < omaa(Q) D (Bi—By) x| (B - B;)

AINA; i€AINA;
= Umax(Qt) Z <mi76t - 16]'>2
iEA: I'IAj

<20ma(Q) Y (@i, 8 — B) + (2,8 - 8))?)

1€ATNA;

2

(a)
< 20ma(@) Y. (@i, B — B + (@i, B — 8))?)

’LG.A;( QA]'

< 4Uguzm(Qt) ’ 5%7

where step (a) follows from the fact that for each ¢ € Af N A;, (xi, B — 6§0)>2 < (xy, By — 6,50))2
due to the label assignment rule. Accordingly,

Uy <2 Z Umaz(Qt)go- (48)
t#]

It remains to bound 0,4, (Q;). For each t, define

A= {i € A7 | (@i, Bi— B < (i, B — B}

as the set of samples that are generated from model ¢, but have smaller reconstruction error in ,8](-0)
compared to ﬁgo). We have A; N A} C A} which leads to

Umaa:(Qt) < Uma:v( Z xzx:> (49)

i€ AL
In parallel, for X ~ N(0, I,,), define

& =X, B~ A7) < (X, B~ B},

Let €9 be an upper bound of &g.

g 2w Bg
0 2wibgo

B[l A} = B[4 ] - P(£]) = wB - P(E}) < w,B A-z A

where the first inequality follows from Lemma @ and the last step holds when g < A/2. Note that
\A;\ is a summation of independent Bernoulli random variables with success probability at most
2wiEg/A. Then by Lemma (8] we have

P (JAL| — E[JAL|] > 2w BEg/A) < 23w B0/ (A) < ge—wBEo/(44), (50)
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Following Lemma (7| (by setting k = 2), we have
Omae (E[XX T | E1]) <2

Part (b) in Lemma suggests that X ‘ Sj'? is still sub-Gaussian random vector with constant Orlicz
norm. According to the concentration result in Remark 5.40 of |21], we have that with probability
at least 1 — 2e7P,

Umax me <|At(2+(7l\/77))

ZGAt
where 7 <, /p/|A%|. We thus have

Omaa( Y wiw!) SpVIAY S p+ A
i€ AL

Putting the above result, (50) and ( . together, and taking the union bound over all t # j , we
have that with probability at least 1 — ke P — 2ke3wB%/(44)

Zo'max(Qt) S Zp+ |A§| < 2kp+ Zthgo/A < kp + Bgg/A.
t#£j t#£j t#j

Plugging the above result into yields that for some constant C

P (Uy > C(kp+ Bzo/A)eq) < ke P + 2ke3wB%0/(44), (51)

Ensemble. Combining the bounds of U; and Us, there exists a constant C' such that when B 2
p/w,

(kp + Bgo/A)eg
ij

~~

U

< 4e~C'9B | 9ke P 4 Qe 3wBE0/(48)

Jo -] 2

Now we set £g = wA/(4C). Then the condition B > 4Ckp/w leads to U < 2eo. Accordingly

<Hﬁ(1 BJH Z% ) Ue=C'9B | e 4+ ke 3 B/(160) < 9pe—p 4 gle=C1e®B < le

where the last step follows from conditions B > w~2log(8k*T/§) and p > log(2k?T/§). Taking
union bound over all j € [k], we finish proving the error decay in the first iteration. Using the same
calculation for all T iterations and taking union bound concludes the proof.

5.6 Proof of Lemma [3]

For X ~ N(0,1I,), define event &;, which indicates the case that sample from model j is correctly
assigned label j, as

& ={I(X. B; = B < (X, B~ B))|, forall t#;}.
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According to in the proof of Theorem [2, we have

€

]P’S»)>1—ZHB§O)H2>1—I<:—1
R PR I T

where £:= & ({,@J}) Taking union bound over all n samples, we have that the probability of correct
assignment of all labels is at least

/\

1—n(k— )A—

>1-4/2,
where the last step holds when £ < ;2-A. When n > 2 v Llog(k/§), using Lemma [8 and union

bound, it is guaranteed that, with probablhty at least 1 -4 / 2, each cluster has at least p samples.
Therefore, correct label assignment will lead to exact recovery.

6 Proofs of Technical Lemmas

6.1 Proof of Lemma [5l

Suppose S has an SVD § = UXV', where U € RP*$, V € RP*® have orthonormal columns
U'U=V'TV =1, We can always find o € R®, v € R? such that 3 = Ua + ~, where U~ =
and a3 + 7]} = 1. We let X ~N(0.,), Y = (X, 8).

Proof of Inequality (27). We find
_ 1 &
|s7 tm1 )| - HVEUT (n Zly% _E [YSX]>
( Zy3UT ) [Y3UTXD

pU 'z, —E|Y3UTX
Z

2

2

< [151lp

2
n

% S (e, &) + )% ~E [({e, X) +2)°X]
i=1

= [1Sllop : (52)

2

where we let X == U'X, Z = (v, X), and {(z,x;)}7" L, are n independent samples of (X Z).
Thanks to the rotation invariance of Gaussian, we have X ~ A(0,I,) and Z ~ N(0, 7]l3). More-
over, X and Z are independent since U T~ = 0.

For any 71,7 > 1, define events

£ = {|<a,)})| <71,|Z| < 7'2}, En = {{a,x;)| < 11,]|2i| < 1o, forallie[n]}. (53)

26



We have

% > (e @)+ 20)'% ~ E | (o, X) + 2)° X
=1

2

<

% Z((a, T;) + )% — B [((0@5@ +2)°X | 5}

2

dy
+ HIE (e, %)+ 2)°% | €] B [((er, ) + 2)°X] HQ .

~~

da

For term ds, using in Lemma |13| by replacing (a, b, 71, 72) in the statement with

(ledlly s lIvllg s 7o/ Mlelly s 72/ 17¥112);

we obtain

2 2
1 2
T1 - P) T - pi _ 2 _ 2
dy < 1 ( e Z2lel3 4+ < ¢ 2I’YQ> < 7'1(7'16 T /2 + e 7'2/2),

lexll, 171l

where the last step follows from the fact that function ze=®/2 is monotonically decreasing on x > 1.

To ease notation, we let

X' ~X|E Z'~Z|€E (54)
Suppose {(Z, z/)}; are independent samples of (X', Z'). We observe that

1771

U5 (e &)+ 2)°F ~ B [((@, X)) + 2)X]

P(dy > t) <P (
=1

> t) +P(ES).
2

Since |(o, XY 4+ Z'| < 11 + 72, ({a, X') + Z')3X" is sub-Gaussian random vector with Orlicz norm

|l X+ 272 X|| S (m 4 ),

p2

By concentration result in Lemma we have that for some constants C4,C5, condition
n > C1s(m1 + 712)%/t? leads to

g

Meanwhile, the variance of (e, X ) and Z are both at most 1. We thus obtain

3 e @) + 24T~ E (e X+ 2
i=1

> t) < e—Cz’ﬂt2/(Tl+T2)6.

2

P(ES) < ne' ™™ + ne' ™7 (55)
by using Gaussian tail bound and union bound. Accordingly,

P(d > 1) < e~/ (M4m)® 4 pel=tf | pel=73

Setting 71 = 79 = Cy/Iogn for sufficiently large constant C and t < (11+72)3/1/n ( log(%) Y, \/5),
we have dy < 1/n and P(d; > t) < /2 + 1/n. Requiring n = 2/ gives our result.
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Proof of Inequality . We find

|sT (M, - M) s

= lvsUuT Zymw [YQXXT] Usv'’

op
16 [n]

op

<82, | -3 vwal B[V RXT)|

ze[n] op

where Z; and X are defined according to . Using the &, &, defined in , we have

L Z V2E T — [YQJNQN(T}

zE [n]

< ;i(m, T;) + 2)° %@, —E [(<a, X)+22XXT | g]
di =
+ HE [((a, )~(> +Z)2)?)?T | g] _E [((a, )Z') + Z)Q)’Z)’ZT: R

~~

d2

Applying in Lemma [13] via setting (a,b, 71, 72) in the statement to be

(el Ivllz s i/ llelly s 72/ 1vll2)

provides that

2 2 2
3 __ T
dy < 7713 23 T T 5l anE < e 4 rymye /2T,
el lexlly f[l2
where the last inequality follows from the fact that functions 232"/ 2, ze=%"/2 are monotonically

decreasing when x is sufficiently large. B
We follow the same idea used before to bound dy. Introduce X', Z" according to . Then we
obtain

Tllanu &) + )@@ —E [((, X) + 22X X7
i=1

P(dy > t) <P >t | +P(EY). (56)

op

Since [(a, X'V +Z'| < 11 +72, ({(a, X')+2Z') X’ is sub-Gaussian random vector with norm O(7; +7).
Applying in Lemma we have that for t € (0, (71 + 72)?) and some constants C7,Cs, the
condition n > C1k(m + 72)*/t? yields

LS (o @) + 7@~ (o ) + 27X T
=1

>t < e*CQntQ/(Tl+T2)4.

P

op
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Plugging it back into and using the bound of P(€°), we obtain

]P)(dl > t) < e_CQntZ/(Tl+72)4 + nel_712 + 7’L€1_T22,

Choosing 11 = 70 = C+/log n for sufficiently large constant C' and letting ¢ =< 10% ( log (%) \% \/§>,
we have that when n > C’(1/ V s) for sufficiently large C’, it is guaranteed that P(d; > t) < § and

da < 1/n, which concludes the proof.

Proof of Inequality . Using the Cauchy-Schwartz inequality and the definitions of ; and
X in , we have that

|(Ms — L) (S.S.9)]),, < ISI, - % S Eesmesn-E[Y'YeXoX]
1€[n] op

Again, we use the event &, &, in to bound the operator norm. In detail, we have

=1 "

dy

L 2w B [yixe) | <

ze [n]

+ HE [(<a, X) 4 2)3X®8 | 5] ) [(<a, X) + Z)?’)?@ﬂ

~~

da

op

Applying in Lemmaby setting (a, b, 71, T2) in the statement to be (||e||y, |[Yll5, 71/ |ledls s 72/ |Yl5),
we obtain

PR T ot 5
dy < —1 ce 2)el13 713 2 2H7H2 2H‘rH2 < e -1 /2 + r¥me —TE/2-3/2
lee]l5 leell3 171l
2 2
where the last inequality follows from the fact that functions 2°e=* */2 ,23e /2 2e~*"/2 are mono-

tonically decreasing when x is sufficiently large. For term d, mtroducmg the X' , Z" according to

, we have

1 ¢ N . - -
Pl 2 ) <P (|| =3 (o &) + )87 —E |((e, X) + 2K | 2] +P(E).
=1

op

Note that ({c, X'} 4+ Z')X" is sub-Gaussian random vector with norm O(ry + 73). Applying (60)
in Lemma we find that for any ¢ € (0,(m + 72)3y/s) and constants Cj,Cs, condition n >
& (’7’1 + 7'2)682/t2 yields

— % — L
P(dl Z t) S e Cc2 k2(7‘1+7‘2)6 + ]P)((‘:TCL) S e Cc2 k2(7'1+7'2)6 + 77/617712 + nel*TQZ'

3
Setting 71 = 7 = C'v/logn for sufficiently large constant C, ¢t =< Svi;%" log (%), and assuming

n 2 max{slog (%) ,1/6}, we obtain that P(d; < t) <6 and dz < 1/n, which concludes the proof.
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6.2 Proof of Lemma
For two vector u, v, we define angle a(u,v) € [0, 7] as

o _(u—v) (utw)
[+ vlly - [lu =l

a(u,v) := cos
Without loss of generality, we assume wu, v live in the subspace spanned by e1, es. We use x1, 2 to
denote the first two coordinates of X. We can let
21 = Acosf, xo = Asinb,

where A is Rayleigh random variable, and 6 is uniformly distributed over [0,27). Conditioning on
&, the range of 0 is truncated to be [Ao, 6y + a(u,v)] U [0y + 7,00 + ™ + a(u, v)], where 6y depends
on u,v. Therefore, we have

T
I, > [oll, o
cosia(u, ) > 1213 1015
Jul + 1ol

So we have a(u,v) € [0,7/2]. Using the fact that o < § sina for any a € [0,7/2], we have

1
P(€) < = sinfa(u,v)] < Hu|2|2 ||’vH22 < ||’U||2
2 Jull?+ [ol2 ~ Il

6.3 Proof of Lemma
Note that conditioning on &£ or £¢ will not change the distribution of || X|,. We thus have
E[IXI3 | €] =E[I1XI3 | &] =EIX]3 =»

Hence,
Trace (]E [XXT ‘ 5}) =p. (57)

Also note that E [XX—r ‘ 5] and E [XX—r ‘ 5‘3] have at least p — k eigenvalues that are 1 since
{u1,...,ur} spans a subspace with dimension at most k. Therefore we have

Omas (B [XXT | €]) < Trace (B [XXT | €]) = (0 - k) < k.
The above inequality also holds for oy,qs (IE [X X' ‘ EC]). Note that
I, =EXX']=E [XXT | 5} P(E) +E [XXT | 50} (1—P(E)).

Suppose v is the eigenvector that corresponds to the minimum eigenvalue of E [X X7 ‘ 8]. There-
fore, we have

1=o'E [XXT | 5] oP(E) + v E [XXT | 50} (1-P(&))

Samm( [ XT}ED +UTE[ XT\sc} v(1 - P(£))
)B(E) + k(1 - P(E)).

< omin (E[XXT | ]
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7 Auxiliary Results

Lemma 8 (Sum of Bernoulli Random Variables). Suppose X1, ..., X, are n independent Bernoulli
random variables with P[X1 =0] =1 —p and P[X; = 1] = p. Let

For every t > 0, we have

P(|X — E[X]| > tp) < 2e” 2<t+3> "

Proof. We find that X; — E[X;] has variance p(1 — p) and |X; — E[X;]| < 1. Using Bernstein’s

inequality, we have
f2p2 /2

P (|X — E[X]| > tp) < 2¢ p0-nFt/3 < 2¢” 2<t+3)np
O

Lemma 9 (Properties of Whitening Matrices, Lemma 6 in [6]). Suppose A and A are both positive
semidefinite matrices in RP*P with rank k. Let W, W € RP*F be whitening matrices such that
WTAW = I, —A|| Jop(A) < 1/3, we have

op

W <21wl,,. | ,
op
\ <20 [|W],, ., HWT—WT §2a-‘
op op
Lemma 10 (Concentration of Sub-Gaussian Vectors). Suppose @i, xa,...,x, € RP are n i.i.d.

sub-Gaussian vectors with Orlicz norm &1 ||y, < K.

1. There exist constants C; such that for every t > 0, when n > C1(K/t)*p
P Z T — >t | < e Cnt?/K, (58)
ze[n 9
2. There exist constants C; such that for every t € (0, K?), when n > C1(K?2/t)?p
P Z ziw] —E|ma] || >t| <e K (59)
op
3. There exist constants C; such that for every t € (0, K®\/p), when n > Cy(K?/t)*p?

U ST aP B[] >t < et/ eR), (60)

i€[n] op
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Proof.
1. Note that

1
—Zwi—E[wl] = sup
2

i€[n] uesr—!

- Z xi, u [(xi, w)]|.
i=1

Since x; is sub-Gaussian vector, then for any fixed w € SP~!, (x;, u) is sub-Gaussian random
variable with norm K. Therefore, (x;, u) — E [(x;, u)] is also sub-Gaussian with norm at most 2K.
By standard concentration of sub-Gaussianity, for some constant C', we obtain

'

It is possible to construct an e-net S, of SP~! with size |Se| < (1 + 2/€)? (Lemma 5.2 in [21]).
Applying probabilistic union bound leads to

P [ sup
UES,

For any z € SP~!, we can always find u € S, such that ||z — ul|l, < e. Then

S5 i, w) B [{ai, w)]
=1

> t) < el—CntQ/K2

n

U5 i, )~ Elfa, )

z—l

> t) <1+ 2/6)%1707”2/[(2.

U5 i, )~ Elfa, )
=1

3w, =)~ Elfmi, 2)]
=1

<

1
N
1€[n]

2
Therefore, we obtain

n

- Z (x;, u [(xi, w)]|. (61)
=1

— € uGS

- : <wi7 Z) - EKml? z>] <

Setting € = 1/4 and assuming n > C’(K/t)?p for sufficiently large constant C’ completes the proof.
2. Refer to Theorem 5.39 in |21] for the proof.

3. Note that for any 3-way tensor T' € RP*P*P and two vectors u,v € RP that satisfy ||u — v||, <,
we have

T(u,u,u) — T(v,v,v) =T(u—v,u,u) + T(v,u —v,u) + T(v,v,u —v)

<3e- sup [T(a,b,c)| <27e||T,,,
a,b,ceSr—1

where the last inequality follows from Lemma . Constructing an e-net S, on SP~! and following

similar idea in showing , we obtain

1 1
77— E 27 it a3 5
g{;x 1 < 1— 27c nes "%2}@“ w)? —E [(21, w)?].
op
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Now we set € = 1/54, which leads to |S.| < 109”. For any fixed u € SP~!, (x;, u) is sub-Gaussian
random variable with norm K. Using the concentration of cubes of sub-Gaussians (Lemma and
applying union bound, we obtain

\/p3log (109/8) + 2p2log?(109/6)n

1
P | sup —Z(wi, u>3—E[(m1,u)3] > CK? <46
u€eS |1 ! n
i€[n]
70/ nt2
for any ¢ € (0,1) and some constant C' > 0. Finally, for any ¢ € (0, K3\/]5), setting 6 = e ~ »?KS,
n > C"(p/t)?K° for some constants C’, C” completes the proof. O

The next result shows a tail bound of a finite sum of sub-Gaussian random variables. A similar
result is proved in the case of Gaussian in |12|. Here, we present our proof that can cover general
sub-Gaussian distribution.

Lemma 11 (Sum of Cubes of Sub-Gaussians). Suppose X1, Xo,..., X, are n i.i.d. sub-Gaussian
random variables with Orlicz norm || X1y, < K. There exists an absolute constant C' such that for
any 0 € (0,1),

Vog?(1/8) + 210g?(1/8)n

n

> CK?

ZXS

Proof. For any positive even integer ¢ and ¢t € R™, by Markov’s inequality, we have

P(igxf— >t>—P<<i§X§’—E[Xﬂ>q>tq>
el e-n)]

Let X1, X}, ..., X, be another set of n i.i.d. samples. We find

(o5 [ =i e)

=1
®) n 1
< Ex, x'.0, ﬁZai (X} — X73)
=1
- 1 -




where (a) and (c) follow from Jensen’s inequality. In step (b), we introduce Rademacher sequence
01,09,...,0n, le., P(o; = 1) = P(o; = —1) = 0.5. To ease notation, we let Z; := 0;X;. So
ain = Zf’ and Z; is still sub-Gaussian with norm K. It thus remains to bound E [(Z?:l Z?)q].
Note that Z; has symmetric distribution around 0, so E[Z?] = 0 for any odd integer a. Accordingly,

we have
=(%2)]- ¥ MElr]s ¥ Tl

Qi+ +gn=q/2 =1 Q1+ Fqn=q/2i=1
where the last inequality follows from the basic property that if X is sub-Gaussian random variable
with norm K, then (E[|X|9])"/¢ < K /g for all ¢ > 1. Since all ¢; < /2, we have

(ipﬁ)lS<W2+n—v(K¢@fq§<MM+n—1kY”(K¢MYA

q/2 q/2
Putting all pieces together, we have
1= s 3
Pl 21 X7 - E[X7]
1=

Setting ¢ = [log(1/4)], t = 18eK? V1087 (1/3) +2log? (1/d)n completes the proof. O

n

E

>t> < <18K3q\/q+2n>q
- nt )

Lemma 12. For any symmetric 3-way tensor T € RP*P*P

sup [T (aw,v,w)| < 9T,

u,v,weSP—1
Proof. For any u,v,w € SP~!, we have

2|T(’U,, ’U,’LU)| = |T(U,U, w) + T(v,u, w)| = ‘T(’U, +v,u+ ’U,’LU) - T(’U,, u, w) - T(Uv U,’LU)|
< T(u+v,u+v,w)+[T(u,u,w)|+[T(v,v,w)| <6 sup [|T(a,a,b),

a,beSp—1
where the first step holds because T is symmetric. Moreover, for any u,v € SP~!, we have
6T (u,u,v) = [T(ut+v,ut+v,ut+v)+T(v—uv—uv—u)—2T(v,v,v) <18[T|,,.
Combining the above two inequalities leads to

swp  |T(w,v,w) <3 sup [T(u,u,0)] < 9T,

u,v,weSr—1 u,veSP—1
O

Lemma 13 (Conditional Mean Deviation). Let X ~ N (0,1,), Z ~ N(0,1), and assume X and Z
are independent. For any 11,7 > 1,v € SP7L, we define event £ := {|(X, v)| < 71,|Z| < 7}. For
any a,b >0, let Y :=a- (X, v) +b-Z. There exists constant C' such that the following inequalities
hold.

1.
HE [Y?’X | E]-E [Y3X] H2 < C(a® + ab?) <7’f’e_712/2 + 7’17’26_7—12/2_7—22/2) . (62)
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HE |:Y2X®X ’ g] —E[Y2X®X]H <C(CL +b2)< T1/2+7'1T26 7'1/2 T2/2> (63)

[Ef°’XeXeX | -E[Y’XoXeX]|, <C(a’+ad?) ( “T/2 B e 2 72/2> ‘
(64)
Proof. 1. There exists u € SP~! such that
6 :=|E[Y’X | €] —E[YVX]|[, =E[Y*X, u) | ] —E [Y*(X, u)]

Due to the rotation invariance of spherical Gaussian vector, without loss of generality, we can simply
assume v = e; and u = ce; + deg, where ¢ +d> = 1. Let X = (Xl,Xg,...,Xp)T. Using the
symmetricity of X1, Z, Xo when conditioning on £¢, we have

E[Y?(X, u) | €] =E[(aX1 +b2)*(cX1 +dX3) | ] =K [a’cX] + 3ab®cX{ 2% | €] S a®|c|+ab®|c].
Note that X1, Z, Xo are also symmetric when conditioning on £¢, we thus obtain
E [YS X, u) | E]PEY) = [a cX{ + 3ab*cX? 7> | £ P(E°)
< adlere £2 4 ab?|c|rymoe T £/2- 72/2,
where the last inequality follows from Lemma Now we turn to d;. We find

51—E[Y3Xu\5]— (VX u) | E]PE) —E[Y*(X, u) | E]P(E)
< |E[Y*(X, u) | €]|PE°) + [E [Y¥(X, u) \50} (€9].
< (a3|c| + 3ab®|c|)e —TE/2= T2/2+a3]c\7 e Tl/2+ab2|c\71726_712/2_722/2

(a —|—ab2) (7‘ e~/ + T e —Ti/2- 72/2)

2. There exists u € SP~! such that
=[E’XeoX | €] -E[Y’X o X]|,, =E[Y*(X, u)?®| €] -E[Y*(X, u)?].
Using the same simplification argument in (a), we have

E[Y*(X, u)? | €] =E [(aX1 +bZ)*(cX1 + dX2)? | €]
=E [a®®X] + b’ * X7 2% + a*d* X7 X5 + V' d* X527 | €] S a® + b2

Applying Lemma [14] again leads to
E [Y2<X w) 2 ‘ gc] (&) < 2027'36 T2/2 b2027- 7_26—73/2—722/2 + a2d27_16—712/2 + b2d27_26—T22/2
< (a® +b?) (7’ e T1/2+7'17'2€ /275 /2)
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Overall, we have
S =E[YXX, u)® | €] —E[Y*X, u)? | E]P() —E[Y*(X, u)? | £]P(£°)
<|E[YHX, u) | E]|PES) + |E [YZ(X, uw)® | £ P(E°)]|.
< (a? +b2)( T2 4 e /2T /2>

3. There exists u € SP~! such that
&=[EYf’XeXxeoX | -EY’XeXeX]|, =E[Y (X, u)’| €] -E[Y* (X, u)’].
Using the same simplification argument in (a), we have
E[Y*(X, w)® | €] =E [(aX1 + bZ)*(cX1 + dX5)® | €]
=E [a*P X} + 3ab*PX{ 2% + 3aPcd® X1 X3 + 9ab’ed’ X7 X327 | €] S a® + ab®.
Applying Lemma [I4] again leads to
E [Y3<X u)? ‘ ENPE) S adc3rie” /2 + ab?*c*ri e 4 a Sed*rime 2732 bR ed?ry e TH/2TTE/2
< (a® + ab?) (7’ e Tl/2+7’ Toe TE/27Ts /2)
Finally, we have
53 =B [Y*X, u)® | ] —E [Y*(X, u)® | E]P(E) —E[Y3(X, u)® | £]P(£°)
< |E[Y2(X, u)? | E]|P(EY) + |E [Y3(X, u)® | £TP(EY)].
< (a® + ab?) (T e 71/2—1—7 Ty T2 T2/2>
O

Lemma 14 (Conditional Moments of Gaussian). Suppose X ~ N(0,1). For any T > 0 and positive
integer a, we define

ma(7) =E[X* | |X|> 7] P(IX| > 7).
Then we have that for all a = 2,4,6,..., we have

me(7) = (a — 1)mg_o(7) + ZrolemT,

Proof. The result follows from elementary calculation on Gaussian’s probability density function.
We omit the details. O

Lemma 15 (Sub-Gaussianity). Let X ~ N(0,1I,). For any k fized vectors uy,...,ur, € RP, we
define event
€= {[(X, wi))| <[(X, uy)l|, forall j ek}

(a) Suppose P(E) > 1 > 0. There exists constant C that only depends on T such that for any fized
x € SP71, we have that

P((X,z)|>t]€)< e~ for all t> 0.
(b) In general there exists constant C' such that for any fived x € SP71,

C/
P((X,z)|>t]|€&) < el_4k1°g(k+1>t2, for all t>0.
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Proof. Since X is sub-Gaussian random vector, equivalently there exists constant C' such that for
any fixed & € SP~1, ,
P{(X, z)| >t} <1Ae"C" forall ¢t>0.

(a) Note that

P(I(X, @) > ) = P(I(X, @)| > ¢ | £)P(E) + B (1(X, 2)| > ¢ | £°) P(£Y)
> P((X, z)|>t]|&).
Hence, , ,
P((X,2)| >t]|E) <1AT IO <1 A0
where the last inequality holds for C'(7) = C(1 —log 1)~ L.

(b) Without loss of generality, we assume that wuq, ..., uy live in the subspace spanned by ey, ..., ej.
For any vector u € RP, we let up,) be its sub-vector that contains the first k coordinates, and u
be its sub-vector that contains the rest coordinates. For any & € SP~!, we have
P(I(X. 2)| > 1 ] €) <P (|(Xp. @)l > 1/2] €) + B((XL, @1)] > 1/2)
<P (|<X[k}, :c[k]>| > t/2 } 5) + 61_0t2/4

<P (| X, > t/2 ] €) + €10/, (65)
Note that conditioning £ does not change the distribution of HX (k] H2 We thus have

P(I1Xull, > /2| €) = (X, > 1/2) < 3P <|X¢\ > 2\%) < k- el mCt/ R,

1€[k]
Combining with the above inequality yields that
P([(X, 2)| >t ] &) < 1A (k+1)elCF/ER) <1 pel-Co,

where the last inequality holds by setting Cy (k) = WC(RH)' O
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